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1. TecnnitH epeHxuii mM3a33131

TecnnitH Hap: TyxaH ynam»knanT auddepeHuman TarinTranniiH anrebp 6a aHaanUTUK
cypanraa,
Tecen XxaparxKcaH xyrauaa: 2019-2022,
TecnniH HUNT canxyyxunt: 35 caqa Terper,
TecnnitH 6arMinH 6ypanaxyyH
Yaupaary: A. Ffantbasp (MYWC, XLUYWUC, npodeccop)
Mmuwyya;:
1. 3. Yyran6asap (MYUC, LUYC, asg npodeccop, Ph.D, yHACIH ryiusTrary)
2. A. AasHuonmoH (MYWUC, WWYC, asa npodeccop, Ph.D, yHACIH rynusTrary)
3. . XoHrop3yn (MYUC, XLUYUC, asa npodeccop, Ph.D, yHACIH rynuaTrary)
4. 3. Tanxener (MYUC, XLUYUC, marucTp)
5.3. TanmaH (MYUC, XLUYUC, maructp)



2. CypanraaHbl 30puaro, TyyHuii buenant

“TyxaltH ynamxknant guddepeHuman TarlwMTranuminKH anrebp 6a aHannTUK cyganraa” cagasT
CYypb CyAanraaHbl TOCO/T Hb MAaTEMATUK GU3UKUAH YHACIH TIFWUTIINYYANUNH WNNAUAH
YaHapblH Tanaapx cyaanraaHbl Tecen berees

1. KBaHT MeXaHWKUIMH YHACIH TIrWUTIaNYYANIMH HAr 6onox LLpeanHrepuinH TarwmnTranmimH
WHURANIAH Tanaap

2. Xyrauaaraap aBcaH ynamxnan Hb byTapxan 33parTai 6avix gynaaHbl 6010H AONATUOHDI
TITWUTIINYYAUNH WUAOWIAH Tanaap

r3C3H 2 YHAC3H YnUrNaNTai 6onHo. TecnnitH xyrauaaHa Ynrnan Tyc bypaap 6ume gaacaH
CyAanraaHbl CEMUHAPYYAbIT TOFTMOJ ABYY/IXK, aXMCaH TYBLUHWI OOYTHYYAbIT YT CyAanraaHs,
XaMpyyaK 6ancaH. MeH cyganraaHbl ABLUbIH YP AYHIYYAUAT Tyxan BypT Hb 3pa3m
WWHXUATIIHUIN XYPAYYLRAa UNTIIXK 6aricaH berees, Ta4r33pUIMT HIMTIIH ONOH YICbIH 8HAeP
39P3MN3MNINH CITIYYNYYASA X3BAYYACIH tOM. TOCNUIAH ABLAA MaTeMaTUK GU3MKUIH 3arBapyyabir
cyanax, TYYHUIr 604UT ambapanaac Yy43H rapcaH 60410ryyabir WNIAAIX34 X3P3r/1aX,
OHOYTHYYAbIH XMY33133P 0K aBCAH M3AJ13r33 6ATXKyyNax, XaP3rNaxK Cypax yin ABLbIT AIMMKUX
YYAH33C “X3parnasHnint matemaTuK” apasm WUHKUATIIHUIA XYPAYYA, YUNLBIPNINTIN XamMTapcaH
CyAanraaHbl CEMUHApPbIT 30XMOH Baliryynaxas, TeCnmiiH 6arvinH ruwyysa rap 6ue opoaucoHooc
rafiHa CaHXyyruiH A3mMKnar y3yyax 6aiinaa.

IXHUN YUTNINNIAH cyaanraaHbl Yurnan 6onox LpeanHrepuinH TarwMTraNMnAH WURA, Xapranisax
onepaTopblH cneKkTp 6a capHUAbIH 60ANOrbIH Tanaapx cyAanraar TOCe. 3X3N13X34, TOCOBK
baicHaac nnyy epretreceH bereeg Tyxannban xyralaaHaac xamaapcaH noteHuuan byxmm
WpeanHrepuinH TarWMUTr3AMNH WURANKAH XyBba, AanabaTuk Teopem buenaxryin 6amx »Kuwsasr
rapracaH rom.

TecnuniH TarnaHr yin axunnaraa 6010H yp AyHr Lar xyrauaaHbl Aapaansiaap HIrTraX rapraH,
3U3CT Hb FOA YP AYHIYYAMAT aypbAacaH 60aHO. MeH caHXyYrMitH TaknaHr HIMMXK opyyacaH 60aHo.
XaBcpanTtag, XxaBAyyNCIH eryyanyya, 3x XyBb, XypablH xeTenb6epyys 6010H caHxyyruiiH
6apMmMTyyabIr XaBcapranaa.






byisr 3

Cynajaraanbl yp AYH

3.1 IllpeauHrepuiin onepaTopbiH CIIEKTP, cap-
HUJIBIH OOJIJIOTYY/I, NI NITH YaHap

3.1.1 Perynap norenmmas oyxwmit Illpeaunrepuiin ome-
PaTOpPOOP LRIMYH XApUJIIaH YAJIWIITIAT JTeXeX

[[IpeuHrepuita omepaTopblH CAPHUJIBIH OOIOTBIH TOJT ACy YA TYYHUI 107
ITHOHBI OIEPATOPBIH OPIMUH Oaiix, IyHIpT Oaiix 3cox Tyxait Gaiimar. OJsioH
Oueniin OOJJIOTBIH XYBbJI 9HY acyy bl 1990-331 ona Bosikep DHC HapbiH
SPAIMTIJ IIHIICIH I0M. Y YHI3C Iaaliaa J0JMMOHbI OIePaTOPLIH YaHaAPY Y-
JIbIH Tajaapx (Tyxaiban LP-zaarjargax 3cx) cyjajraar XdMKI3¢ 60JIOH
MOTEHITUAJIBIH TOPOJI, YaHapaac XaMaapyyJaH OJIOH Cy/raaduj] XuizK Oaiina
[17], [2], [4]. Bux napaax axkimaapaa mprsn xapuia yiaaasa oyxuit [1pe-
JIMHINEPUITH OIIePaTOPBIH JOJTHOHBI orlepaTophir suruitd IlpeuHrepuiia ore-
PaTOPLIH JIOJTHOHBI OLEPATOPBIH XA3raap X3/103P39p HWISPXUiLIK 6010XbIT R3
J199px N Ouenitn OOJJIOTBIH XYBbJI OATa/K XapyyJicaH OOJIHO. YYHT XOJI-
6ooroit axbir [1| axkuig aBa y3cau Oaiimar.

R3 m9p Y = {y1,...,yn} racon suraarait N 1ar asba. H = L*(R3) or-
TOPIryiiJ IPIraH Xapuinan yitaaisa oyxuit Hpenunrepuitn onepartop H, y Hb
y; mar Oyp mp «o; € R, j = 1,..., N mapamerpaap ererex 3axblH HOX-
10JIO0D TO/IOPXONJIOTICOH 0OTe6/] Pe30JIbBEHT aINITTAJIBIH TycJIaMKTairaap



ON4IBII

N
(Hay = 287" = (Ho = 27"+ ) (Tax(2) ;e ¥ ® G, (3.1)

je=1
Gaitnar rse. Duia Hy = —A b weseet Ilpenunrepuiin oneparop, z € CT =

{z€C|Sz >0}, a=(a,...,ax) € RY. Men sug 'y y(2) ub

Foy(z) = ((aj — i—i)%e —G.(y; — ?Jé)gj > ; (3.2)

je=1,...,N

xX37109p oI, tementyyn 2z € C-33¢ xamaapcan rojiomopd dyHKIyym Oaiix
N x N xaMK99T3il cuMMeTp MaTpull 1oM. Duj d;, ub Kponekepuiin cuMBoiI,
MOH

ezz\x| 6iz\x—y|

G:(2) = S —— 0a G¥(x)

= Ll (3:3)

 drlz —y
(Ho — 2%)~! oneparopbin nem oM. T3rBsi1 JOJTHOHBI OllepaTop Wozfy defined
by the limits

itH,,

Wiyu= lim e"feve oy gy eH (3.4)

t—to0
Hb opmux Oa ryiaT O6yoy Image Wiy = H,. Oaitna. Dun H,. #6 H-1 Xap-
raisax H,y ms7 orropryii.
Perynap norennman 6yxuit [llpepuarepuiin orepaTopbir

Hy(e) = —A + i_v; Aig(f)vi (x - yi) , (3.5)

3

92K TOJOPXONUIBE.
Tarean € — 0 yea 199px OepaTopyyIa ] Xapraa3ax JOJITHOHBl OTlepaTo-
PYY/L X3PX3H XOJIOOTJIOXBIT JapaaxX yp JAYHIDIP OaTasizK y3YY/IcdH O0JTHO.

Teopem 1. Bud nomenyuan Gyrxyyyd dapaax noxusyyduiie ranzadaz 29e:
(1) Vi,..., VN nv 60dum dynrxyyyo 662000 p < 3/2, ¢ > 3 xysvd

(x)’V; € (IPNLH(R?), j=1,...,N (3.6)



(2) Ai(e), ..., An(g) mv e > 0-29¢ Tamaapcan, 6odum C?-aneutin dynry 6a
Ai(0) =1, XNi(0)#0, Vj=1,...,N.
batie.

(3) Hj = —-A+V,, j=1,...,N onepamopvir 0 snepeu Hv pe3onarcmai
batie.

Taz26a. dapaax e2yyrbspyyd yhaH 6atiHa:

(a) Hy(e) mvoe — 0 yed Y 0doop batipaaz, o = (ay,. .., ay) napamempsssc
ramaapdaz yd2an Tapusyar yianan 0yrul H,y Illpedunzepuiin one-
PAMOP PYy Pe30AbEEHMbBLH, Ty 4Mmat doxosmulin ymeaap Oyy

lim(Hy(e) — 2°) 'u = (Hay — 2°) 'u, Yu € H, (3.7)

e—0

batina.

(b) Wave operators for the pair (Hy(¢), Hy) xocwin xy6vd modopxotinozo-
COH Wff’g doa2uoHvL Onepamop

itﬁy (5)

ngu = lim e e Moy ueH (3.8)

t—*+oo
. o . o +
Ho Ty umat dexesmutin ymeaap opwux ba 2ytuom batina. Wy . onepa-

mop Ho
lim [|W5u — W ulln =0, uweH. (3.9)
E— ’ ’

mauuameaﬂuﬁa TaHzaHa.

3.1.2 ApumabaTtmK Teopem OMe Xyt 6aiiX HIr9H TOXUOJIII-
JIBIH TaJjiaap

Xyraraanaac xamaapcan norennuas oyxuit lpeauarepuitn TSIImATI/IMITH
MUiiT Hb YPT XyTraraan asMap YaHaprail 6aifx Hb COHUPXOITON 601I0TY Y IbIH
HAr Omyrs. XyraraaHaac XxaMaap/ar MoTeHInasl Hb yeTait (pyHKIr 6aiix 9¢BaI
XaHTaJITTall Xyraraanbl Japaa HeJlee Hb Oaracar 39p3r OJI0H TOXUOJIJLITY Y IbIT
aBY Y3/I9T I0M . Y VH JIOTPOOC AHXHBI HOXIINNH DyHKIMAT ['aycesin TapxasiT-
Tail TOCTIM, SKCIIOHEHITNAJ Oyyp/aar XyBuitH (DYHKITIIP COHMOCOH TOXUOJIIONT
[[IpeuHTepUitH TOTMUTTJIMITH MW Hb XaHTAJATTall yPT XyraraaH] aHXHbl



HOXIIUIH (DYHKIMIH JaHapaa XaJrajgar r3CH yp AyHr AguabaTuk 1exe.-
tuitn Teopemoop T.Karo [12] 6arancan Gaiimar. Y1 TeopeMbIl 9XJ199]] TOMb-
€0JIBbE.

H ub I'nnsbepr orropryit 6a {H(t): —a < t < a} ub H-1 TOHOPXOii-
JIOTJICOH ©6PTO6 XOCMOI' ollepaTophiH Oy Oadir. 0 < € < 1 6ara mapamerpIdc
XaMaapCcaH

icdu(t) = H(t)u(t) (3.10)

HIpeuHrepuity TSTIIUTIIMAHE MU Hb 10p ranr yaurtap rpymn U (t, s)-r
Tojtopxoiior me. A(t) 6a ¢(t) ub xapransan H(t) onepaTopbiH Tycraap-
JIArJICAH XyBHUIH yTra, HOPMWIOLJICAH XyBUITH QYHKIL OyIOy

H(t)p(t) = At)e(t), lle®l* =1, —a<t<a

Gaiir. Bopu-®ox 6a Kato [3], [12] mapeia yp nyH 60s10x A 1rnabaTuk JeXe I THiiH
TeopeM €coop HlpeanHrepuitd TOIIATISIAITH

ieOua(t) = Ht)uo(t), u-(0) = p(0), (3.11)

Komwitn 6oyrorsin muiig u.(t) = U:(t,0)¢(0) #b 0 < € — 0 yex xyBuiin
dyuknnita € opunug —0 < t < 0, 0 < § < a XyramaaHbl TYPIIAI OPIITHX
OyI0y ©6peep X3J1031

Hua(t) — e—ifz“lfg ,\(s)dSSO(t)“ < Cse (3‘12)

Gaitna. uy || - || up L?(R) orropryiin HOpM.

Omoo A(t) xysmitn yrra up t < —L yen H(t)-miin Tycraapiarjican xy-
BUIH yTraac TaCpaJTTyil CIEKTPUNH PYY MIUJIXKIII, XICIT Xyraraani Oymy
—L <t < L yen racpasrrryii cektp jorop(embedded eigenvalue) Gaiizk Gaii-
raajl, JaxuH t > [ yes TycraapsarjcaH XyBHIH yTra pyy HMIHJZKAX TOXHOJ-
o agnabaTuk TeopeM XydauHTIH 60stoxbir S.Teufel [15] 6arancan Gaiiar.
Tareasn emuex Toxuosnona —L < t < L xyramaaus! Typug H(t)-witn xy-
BUITH yTra aJjra 00JIK, 30BXOH TACPAJITIYHl CIEKTP VI O0JI MU aMap
Haiix Tajaap gMap HIT Yp JAYH Oaixryit oM. Buj 9H> TOXHOIBIT Japaax
60I0rJIOr YKUIIISTIIP aBd y33x31 Aauabaruk TeopeM OHesaarryii 600X Hb
XaparjcaH oM.

1
1e0pu, = —éﬁgug +V(t,z)u., wu.(—L—1,2)=po(z), (3.13)
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OOJJIOTBIH XYBbJI, MOTeHIMA Hb t < —L, t > L yeJ rapMOHUK OCIUJLIATOP
b6a —L <t < Lyen V(t,x) =0 6ywy

(t+ L)*2?/2, t<—L,
V(t,x) =< 0, —-L<t<L, (3.14)
(t — L)*x?/2, L>t,

rse. Anxupt noxiymiin yuki po(z) = (71) e /2 up H(—L—1) = —(1/2)A+
(1/2)x? onepaTopbln HOPMUJIOTICOH XyBuitH yHKIL oM. D13 22t norennual-
tait [Ipemunarepuite TormuTramite mwiiauita Tastaap [16] axuimaa aBa ys3-
con baiigar. Popmast yp AYHD TeopeM X37103P33p Ordbe.

Teopewm 2. (1)
o—1/4

' +
(\/561/5 + Z’)l/2
—i(red s (L) + J3(2))

me(1l/e) = O(e). (3.15)

I2(t) = ST TR (D) (3.16)
batie. (3.13) 60droevin wutid u.(es,x) = v.(s,x) 6oa e — 0 yed
lv-(1/e, 2) — me(1/e)e /2= 2| < Ce. (3.17)
Ond O(€) apambutin uwyyH Ho
Ime(1/e)|* = 771 (3 4+ 2v/2sin(1/e)) = 7' RIZ(1/2) (3.18)

batina.
(2) @o(x) = 7 de anTHoe HoTuAuln Pynkyuin 1/ zyeayaand yadox
mazadran nwo 1/+/2 4+ O(e) Gatina.

—x2/2

3.1.3 Ksant opusbl Ilaynu-®uepiiuitn 3arsap

[[IpeuHTEpUitH TITMUTTI Hb ATOMBIH 1IOM 0a 3JIEKTPOHBI XapUJINaH Yilrd-
JIJIEIT Tafioapagar 6eree s YyH 133D XapbIAHTYi CyJl XapuJIaH YHIdId1
00J10X OPHBI YITYIIJIUAT TOOIICOH 3arBapbIl’ 000X Hb MaTeMaTUuK (DU3UKUITH
0ac HAM9H COHMPXOJITON OOJIOr0 X3AUN U HAJII KOMILIEKC, sipBUrTail 00/I-
soro rax toonoryaor|10], [11], [7], [6].

Bu 915 axkuiiaa desieer 66eM/1 (3JIEKTPOH) 1IOOH TOOHBI (DOTOHBI YilId-
JI9X3JT SHEPTUITH MIIKIIT XIPXIH dBargazk Oaiiraar xapyyJcaH Malll SHTUIH
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3arBapbIl aBY y33:K Oaiiraa oM. @OTOHBI TOOH 93P 3aar/iaj TaBbcaHaap 00/1-
JIOTBIH aHAJUTHK IMUWIANT OJ2K, yAMaap Xapraj3ax OllepaTOPbIH CHEKTPBIH
Tajgaap Malll TOIOPXO#l yp JYVH rapraxk aBcaH IOM. DH 3arBaprail TecTsii
acyyuieir [13], [8], |9] axkityyman xenaex Gaiican Gerees GUIHIN SHY arXKIIbIH
auxuabl i T.Miyao [14] ercen 6osiHo. Dx193/] 3arBapaa TOBY TaHUJI-
IyyJ/IK, Jlapaa raprazk aBcaH yp JYHIDY TeopeM X3JI09pa3p Ouube. Bu

H=L*R)F.
racoH ['mpbepTt orropryit aBu y33x Oereej; F Hb
F = @Zozo]:(n) =: Bpl, (®S)
Gaiix @ok orropryit 6a S = L*(R3) & L?(R3) Gaiir. ®"S-s3p S orropryiiu
n-JaXUH aBCaH CUMMETD TEH30D YDPZKBIPUNT TIMJIITIIIB.

v=(v(k,1),v(k,2)) € L*(R?)® L*(R?) Bekropbi XyBb1 a(v), a*(v) racsm
"annihilation"6a "creation"omeparopyybir

af(v) = i/aﬁ(k, No(k, N)dk

GaiiIaap TOIOPXOAIHO. DHJI @ 3CBIT a*-I af 197K TOMIIIIIICOH Oa aﬁ(kz, A) Hb
TYYHUIT OTIEPATOP 1OM Hb Oaiir.
Yemneer dhoToHbI 3HEprA

Hy = Z/w(k)a*(k,)\)a(k,A)dk,

rak ererjex 6a w(k) = |k| GouHo.
Kpanrunnargcan opubir A, () = (Ag(x), Aga(x), Ags(2)), 2 € R? rax
TOMJIITIIIBIII

1 < ‘ .
Agj(w) = —= > / ej(k; A) [Q(k‘)e_’k'xa*(k:, N+ g(k)e*a(k, /\)] dk
V23
tozopxoitorior Gaiir. Dux e(k, A) = (e1(k, A), e2(k, A), es(k, A) ub
k-e(k,A\)=0, e(k\)-elk,p) =20\, Apu=1,2

12



HOXITYY/IUAT XaHTaIar MoJapu3aliiitH BEKTOP 'K HIPJISIIIDX BEKTOPYYI 60-
Jior. Taran 6u [laynmm-@uepriuiin orepaTopbir

1
H = 5(—@% ®1—ed ()’ +1® Hy,

92K TOJOPXOMITHO. DHJI € OPHbI XapUJIIaH YITIJIURH KOHCTAHT.
O/100 TOTA) MOMEHTBIH OrTopryit pyy Oyysrasan [laymmu-Puepruitn ore-
paTop Xstbap x3J109pT opox Gereeji F ortopryii

Ap) = 50— Py —cAy(0)) + H

OTIEPATOPBIT aBY y39X31 XaHraarTaii. GoToHbl TOOT 2-00p XsI3raapJjaH, Xap-
ransax [aynun-@uepruita oneparopbir H (p) razk mamsrase. Tarsan gapaax
TeopeM OUeTHd.

Teopem 3. (1) dypvmn p € R? zyevo

1 i <1
zo(|pl) = min {—(p — k) + |k| + %} _ )Pt xopos [p| < 1,
bewt (2 Ip] = 1/2 + v, xopsB [p| > 1.

o (|pl, 2) rasmeatin mypyd batie. o = HLU‘32R2+20 6a R > 0 moo 1o yavmpa-

Azaan yiruaautn paduyc. Tozeon H(p) onepamopvin cnekmp Ho

spec H(p) — 2*(p) U lzo(Ipl), +00), 0<|p| <p ven,
[z0(|p]), +00), BycaJt TOXHOJIIOT

batina. 1o z*(p) nwo H(p)-vn xysutin ymea 60.amo.
(2) E,(p) = inf H(p) 22694 apexmue macc 220tc Hapa2209x mooe

1 . 0’E,(p)
— = lim ———= .
Megy =0 Alp* lp=0

220ic modopxotinve. Iayiu-Puepyuiin H(p) onepamopvin xy6vd

11— Sme’In(R/2+1)
merp 1+ Sme2In(R/2+1)

MOMBED Ty uHmMIU balina.
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3.2 Xyramaaraap Oyrapxaii 3p>MOHNiiH yJIaM»K-
JaJITail, XyBbcaxX KodddunnueHTTaii, KOHBEKII-
AN Py3nitH TITOIATTI, NTHBAPUAHT IIINii-

AYYAUH TyXan

OmuBep XoBucaitabia 1880-1 OHBI yeI 30XUOTACOH JAaMXKYy/aX IIyTraMbIH Ia-
XUJITAaH COPOH30H JIOJITHOHBI IMTHK YaHaAPBIT UIIPXUIIIX Tesrerpad it Tor-
MIATIYT Hb OHJAOP JaBTaMKTall IaxXm/raaH X3/IX39 33P3T IMaXUIraaHbl caJ-
OapT yyxas yyparrait 6aiigar. OJIOH TOPJIHITH COHTOAOr TYXailH yaIaMzKJIaT
nuddepeHIma TIMIUTIIYYIRIH Xyramaaraap aBcaH yjJIaM:KJaabllr OyTap-
Xail 9PIMOUNH yaamzKkJiaa O0JITOH COJILCOH XYyBUJIOAPYY/ Hb TyXallH (hU3UK
Y3ODUIYYARNAT WYY caiftH Taityibapiajgar 600X Hb CYYINWH KUIYYISI OJIOH
cyllaaraaraap xaparjgak oOafina. Buj sns axkiaap

re
e v 3.19
20 _ f(x)u, + gla)u, (3.19)

TITMIUTIIIUIT cylaIHa. JH1 OyTapxail 3paMOouitn ysramzkiaa ub Puman-JlynBusuibia
TOJIOPXOMJIOJITOOD

O%u(z,t) %, x3p3B a € N,
ote ﬁ%fg (tfsggf%ds, xapsB o € (n — 1,n) 6an € N.

(3.20)

ereryicon Gereon f(z), g(r) b xaHranTTail ynaa auddepeHnuaaIariar

dyHKIyY/I OaitHa.
Vr cucremuiin eMHe cyiariacan Oaimalr:

e (3.19) cucremuiin o = 1 6oson g(x) = 0 Toxuosier Bmoman, Kywmeit
wap 1987 owy [34] axkusn Jlu-ruitn Gy/IrsH aHMUILIBIT XUHK, 3apUM
MHBApUAHT MIUAYYAUNAT OJICOH.

e 2015 onx Xyamn, [llen map [37] axuig eMHOX 3y JypbIarcan ax-
JIBIH XyTalaaraap oyrapxait spsMouiin Toxuo/yibia 6yoy (3.19) cucre-
muiie « > 0, g(x) = 0 Toxuosyibir cynak Jlu-ruiin cummerpyyauiir
OJI2K XapyyJIcaH.
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e 2019 ong 6ux [38] axwmwig a > 0, g(xr) = 0 TOXMOUIBIT CyIAJIK,
JIu-ruita cumMeTp OY/IT9H aHTMJLIBIT XUWZK, WHBAPUAHT MIANWTYYIUNAT
Tycrail (OYHKIPID WIIPXUWIK OJICOH. YT axKjIaap CyJaJcaH CHCTEM
MaaHb XyBbcax Koddduiment f(x)-99¢ xamaapaH XyBbcard Hb siirar-
JlaX, XyBbcard Hb siIrarjiaxryit 0000 XyBbcard Hb sijIrarjax a 60J110r,
sJITArJIaxryit 1 6aitzk 60110 3 TOpeJi T aHruIaraazxK odafiraar oK TOr-
TOOCOH.

Dms axku 6u emue cynaican [38] axkiaa eprerren g(x) # 0 Toxmos-
aeir cymasna. ToBuxonoo, 6w f(x) 6omon g(r) XyBbcax QyHKIYYIIIC Xa-
maapyyiaas (3.19) cucremuiin JIu-ruitH GyJIrsH AHTUJIBID XUK, AHIHIAJ
6osiron jtaxp JIu-ruitn cumMerpyy/ac Torrox JIu anaredpuiin ontumast aJi-
reOpuiir oJIK, ONTUMAJI aJreOpUitH XyBUPraaT Oyp/ Xapraja3ax WHBAPUAHT
ity yauiir Murrtar-Jledpdaep, eprerrecen Paiit, @okc ity Tycrait pyHK-
Y Y/I99D WISPXUIK Xapyy/IHa.

3.2.1 Xyramaaraap Oyrtapxaii 3p>MOuiin yaamMzKJaajaTait
KOHBeKIT-Tndy3uiftH TyxaiiH yaaMkKJaaaT audde-
peHIaJ TITMMTTJniiH Jlu-ruiin cumMeTp aHa-
JIN3

(3.19) cucremuiin JIu-ruiiH cuMMeTPYYARAT OJIOXBIH TYJIJ GHJT 9XIT939T

)E' (Uta - Ux) ‘(3.19) =0,
X (v — f(2)z — g(x)u)]319) = 0.

I'9CYH TOMOPXOMJIONY CUCTEMUIH MIUAIMAT 0JIOX €CTO. DHI OPrOTTOCOH MH-
duHITE3NMAT YYCIYVYDP Hb

0 0 0 0 0 0
— @_9 w2
=85 T o a5 T G T ¢

8

31}
(3.21)

92K TO,ZLOpXOfIJ'IOI‘,ZLOHO Sun 7, &, i1 60108 ¢ HH uHGUEETE3NMANYY, (1%,
p™ ¢ Gomon ¢ (n =1,2,...) ub [40]-1 ereracen epreTrecen uHMOUHM-
Te3UMAaJIyy/1, OaifHa. To;;opxouﬂorq CUCTEMUNIT 3aJ1a/12K OUIBIJT

1)
(@ —¢ )|319 107 (3.22)
(¢(a) — fobuy — fu( ) — gué — g“)}(3.19) =0.

@ 9
o 0
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6ostHO. /199pX cucTeMuiin XOOPOH 100 MIyraMan xaMaapaiaryin Dy "u, Dy v,
D ™y, DY M0y, g,y Us, Vgy Ugp, Uglt, UgUy, V2 TICIH TYXaHH yIAMIKIALYY-
JIBIH OOJIOH TOI'TMOJI TOO Oyoy 1-mitH emMHOX KO3 duuenTyyuir oyruir
Hb TYC TYC TOUTIH ToHIY Y0971 (3.22) crcreM Hb

@ an’uu _ a n+1 _ —
T B
o —07 n—].,?,..., (324)
Dr&) =0, n=12..., (3.25)
fru — aDy(T) — ¢y + & =0, (3.26)
frw — ¢ =0, (3‘27)
aapJ aa,uu aaluv B
S U Vg T 9o — =0, (3.28)
by -
o =0 n=12, (3.29)
a)0"¢, « nils B
Jou —afDy(1) = fo€ — friu+ f& =0, (3.31)
0% 0%, 0%y,
ge Vi e T 9ud —aguDi(7)
—gou§ — g — fra =0, (3.32)
Te = Ty = Ty = 07 (333)

601HO. D, OuJl (1, ¢ MHOUHUTEIUMATYYIBIT 14 OOJIOH ¥ XyBbcardjiaap Iry-
raMaH K y3Hd. (3.23)-(3.34) mormmTraayyas anaau3 xuiicassp ous (3.19)
CUCTEMUNT Jgapaax 2 JIYTHIJITUAT XUk O0JTHO.

1. (3.19) cucrem HB JypBIH XYBbJI JJapaaX CUMMETPYY/ATIi OaiiHa

0 0 0 0
Xo=c(x,t)=— + ca(x,t)=— 6omon X; =u— +v—.
0=l )8u 2 )81) ! ou ov
Du, ¢1(z,t), co(x,t) up (3.19) cucremuitn xypoin mmits Oaitna. Mgk
X CHMMeTp Hb AHXHBI CHCTEMHUIH ITyraMaH YaHapbIl' NIIPXANIIK Oaii-
HA.
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2. f, g koabdurment GyHKIyyImitH gapaax Toxuosryyaal (3.19) cuc-
TeM Hb HIMAIT Jlu-ruitH cummerpTsit Gaitra. (3.23)-(3.34) Tormmrrs-

JIVYID/, aHaan3 Xuiicaadp f, g xKoaddunment GyHKIyya Hb f, — 29
wpxuitma 0-13i TOHIPX 3caxvdc xamaapan (3.19) mapaax Xoép To-

XHUOJIJIOJJT, XyBaarjaHa.

Toxumosgoa 1

fe—2g # 0 19k y3be. DH3 Toxnoam011, (3.23)-(3.34) TOrMUTTIIYYI,T AHATNS
XUPCHUH JIYHJI Iapaax XoEp J9J1 TOXUOJITY Y/ TapHa.

Toxmoamoa 1.1

/
( f (x)) — \;% 2 0 TOXMOJIJIO aBY y3be. f 00I0H ¢ (DYHKIYY/L Hb

Tk fe
x) = — + =, M, ER, A #0
9(x) Nt [ f e 5 A2 2 #
1
. — _ef? S
xanragar Gaitna. Tarsaa aypeir f(x) Gonon g(x) = W= + &2 ( smp

A1, A2 € R, Ay # 0) dbyukuuiin xysb (3.19) cucrem vb Xg, Xi-93¢ rajna

1 1 0 t o fx _1 0

Xo=f2 (A “idr )| — 4+ ——=———= (A 2 —.

2 f<1+/f x)@x+a8t 2f%<1+/f x)uﬁu
HAMAJIT CUMMeTPYYATi OaiiHa.

Toxuoamoma 1.2

/
( f(x)> — \?% # 0 roxmosmon aBa y3wbe. Tareasn nypoin f(z) dyHKI
6oJ10H

g(m):Agf%+%, X €R, Ay £0

dbyuxnuiin xysb (3.19) cucrem jJapaax HIM3JIT CUMMETDPYYITiH GaiiHa

10 fr 0

3: 2 — —

ox ﬁu%

17



Toxmongoa 2

fz —2g = 0 ToxumoJIbIT aBY y3be. DHI Toxuosno i (3.19) cucrem gapaax 3
HIMSJIT CUMMETPYYIT Oaiina

o= /f_d —+32—f—"ﬁ/f‘%dxu%,

adt  2f3 0
10 0
X5 = J a—gf—% du
1 0 1 0
X@ = f ’U@ﬁ*f u%

Bu sus xacruitn rost yp AyHr?s japaax Oaiijaap TOMBEOZK OOJTHO.

Teopem 4. (3.19) mazwumesruiin cucmemdap 62020coH TY8bLCAT KoIPPHuyU-
enmmati, oymaprati apamoutin duddepenuuan Mma2uuUmearuin cucmem a6y
y3ve. Tr2ean,

i)

iii)

dapaaz 2ypsar mozuoadarooc aszaamati dypwr f(z) 6oaon g(x) Pymx-
wyydutin xyevd (3.19) cucmem o

—i—cz(:v,t)2 and X; = u2 +v— 0

0
oncl(xvt)_ 81]’ ou a

ou
2ocon T0€p cummempmati batina. Ind, ci(x,t) boson cy(x,t) no (3.19)
cucmemutin dypuir wutd 6atina.

dypon f(x) 6oson g(x) = ﬁ + f—; (om0 A, Ay € R, Ay #0)

Pynruyyduin zyevd (3.19) cucmem no Xy, Xi-c 2adna dapaax cum-
mempyyomati batina

ol 1 0 t o fx _1 0

dypoin f(x) 6oaon g(x) = Xof? + %I (om0 Ao € R, Xy # 0) Pyrrxyyy-
dutin zyevd (3.19) cucmem no Xo, X1-¢ 2adna dapaax cummempyyo-
mati batina

10 Ja 0

3: 2 — —

ox Qf_%u%
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i) dypon f(x) boron g(x) = f? dynryyyouin zyevd (3.19) cucmem no
Xo, X1-¢ 2adna dapaax

X, = f3 /fd —+——— /f 2d:cu—

a Ot
10 0
X5 = f %—H—%U%a
1 0 1 0
X6 = f U%‘i‘f U%

3.2.2 Jlu-ruiin cuMMeTpYYad3p YycrarJacsH Jlu asnareob-
puiiH 131 aJareopyy/blH ONTUMAaJ CUCTEM

Jnddepennman TITMUATTIIUHH OYJIMIH aHAJIU3UAT XUWXUWH TYJIT TOTCTO-
JIer XaMk33cT Jlu anrebpuiin 191 aarebpyyasr 00X Hb dyxast Gaiiar. [24]
AXKIJIJT JTyp/icaH aBTOMOPMU3MUIIH OYITI9p UKUIT XIMAKIICT 191 aaredpyy
Hb Oue Ouenjd Oyyx yuup Oue OueH 3 Oyyrarryit suraartait 131 aaredp
DOJITOHOOC HAT HAT CUMMETPUHIT TOJI060TY OOJITOH COHI'OH aBY YYCI'9CIH CHUC-
TEMUHIT ONTUMAJT CUCTEM I'92K HIPJIIHI. 6 XYPTIIX XIMKIICTI JIu anredpuiin
ONTHMAJ cHCTeMUiT [48] azkuii oJicoH baiiaar 6eree | GUAHNUIT Cy/Iax CHCTEM
MaaHb aJib 9 TOXHOJI0/ 6-aac Oara xamxk3cT JIu anredprTait cummeTpyy/I-
TIU yuup cuMMeTpyyauitn JIu anreOpyyablH OonTUMAJ CHCTEMJ Xapraj3ax
CUMMETPUIIH UHBAPUAHT IIUAIYYAUAT OJIOXO0M, XaHTaJITTal IOM.

Bus (3.19) cucremuita GyJIrsH aHIMMUIBIT XUHCOH yaup 07100 MHMUHUTE-
3uMaJl CUMMETPYYIuitH JIu ajredpuiti HIr X9MKIICT ONTUMAJ CUCTEM OOJIOH
OY/Ir9H MHBApPUAHT MIUHAYYIHHT 01bE. YyHIdC Xoimxu cyaaaraany oum X
CUMMETPUIT TOOIIOXIYIA.

Toxuosigo ii)

Dus roxuososy (3.19) cucrem

% __ v

L ; (3.35)
9% __ A2 f(x)2 f(2)a :
ot f(x)uac + (M-‘rff(a:)_%da: + 5 ) u,
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6omro. Dup f(x) xanranarrail ynaa anddepennuamaaargax GyHKIL, A, Ay €
R, Ay # 0 baitna. xapraa3ax nH(OUHATEIUMAT CUMMETPYY/T, Hb

0
X = u—+v—

1 1 a t a fm _1 a

Xo = fz A 2dr | — 4+ —— — —F [ A d —

9 f2(1+/f2x)8x+a8t 2f§(1+/f2x>u3u
baitna. X1, X9 up Abesmiin JIu anredp yycrsx 6a omruMaj CUCTEM Hb

U=Xy, Uy=X94+aX;, sanaeR

6OJIHO. UQ—,H XapraJjizax XapaKTEPpUCTUK TITHTIUTIIJI Hb

2 2dx _ fa -3
1 [a Y ()\1—|-ff dm)} u
_1
6os10x Oa 3H13¢ | nHTErpaIyy Hb 2 = (/\1 + [f _%dx) “t 6a
u:f_% AL+ f_%dx agpz,
(M + [ 5 4de) ol2) .

v = ()\1 —|—ff’%dx>aw(z)

6ostHo. (3.37)-miir (3.35)-1 opiryysicHaap 6ui XyBbCATYIBIH TOOT OYypPY YK

o 3.38
szf = (a4 X))y — 22¢.,. (3:38)

d 1
{gf = ay — <29,

epauita guddepennuan TITIUTIIINHH cucTeM rapraxk aBHa. U; cummerp
Jlapaaruiii TOOIOOH,T ¥ MOH Tapax 0eree/i siMap 9 WHBAPUAHT NN OTOXTYil.

Toxmomnmoun iii)
D Toxunosony (3.19) cucrem
0%u

ote = Vs
> 1 339
{ngf(x)ux+</\2f§+f?z> u, (839
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6oro. Dup f(x) xaHranrTail yiaaa mquddepenimanraiariiar GyHKIL 6a Ay €
R, XAy # 0 baitna. xapraa3ax nHOUHATEIUMAT CUMMETPYY/T

X = —_— _— X g 2 — Y —
T Y —H](%’ s Ox Qf%uau

600X Oa KOMMyTaTop Hb () yIUp OMHOX TOXMOJIOITON ajumaap Abeauitn
oyssr 6ostHO. OTUTUMAJ CUCTEM Hb

Uy =X1, Uz3=X3+4+aX;, whereaeR
GosHo. Us cuMMeTpuii XyBb/] XapaKTePUCTUK apra X3P3rIacHIdD
w=frexp(af fido) glt),
v = exp (aff’%dx) W»(t),

MHBapUaHT IMIHUIAITIH 600X Oa Xajabapdiarical CUCTEM Hb

d%et) _
{ i = an(t), )

(3.40)

Tl = (a+ h)e(t)

OOJIHO.

Toxuosgomn iv)
Dus Toxuosgoy (3.19) cucrem Hb
0%y
o = U (3.42)
{% = f(x)u, + %’”u,

6osro. Du f(x) xaHramaTTail yiaaa racpanaTtryil quddepennuaraiariax QyHKIL
baiina. Tooroor xsbapaaaxbiH TYJIL Ou

R TR B Ay T}
Vo= —X; =-— %(‘%ﬁg%“a%’

Y= X, :u%+q;%7

Yi= X Zf_év%Jrfm%.



=<

o

o
olo|olo| X
olo|olo| X

Y, | =Y 0
Y3 0 0
Yy 0 0

Xycnart 3.1: Yy, Ys, Vs, Yy-nitnH KoMmMyTaTOp XYCHSIT.

Cyyphb COHTOXK aBbs. 99pX cyypuilH XyBbJ KOMMYTATOPHII XYCHIIT 3.1-11
xapyysaB (9HJ, 4, j-99p Xapraj3an Mep 6a GaraHbIl jLyraapJias).

Xycuarr 3.1-93¢ Jlu anrebp ub [48]-uitn Ay & 2A; anrebprait agaun 60710xX
Hb Xaparigana. Tuiimdc Yy, Yo, Y3, Yi-p yycrarucsn Jlu anredbpuiin ontumalt
cucTeM Hb Japaax Oaiijjraap ererioHe.

U = Y3=Xj,
Uy = Yi—a1Ys—aYy = —a1 Xy — Xy — axXg, o071 a1,as € R,
Us = Yo—a1Y3 —aYy = —a1 Xy — X5 — ax X,
sng (a1, a2) € {(£1,a),(0,£1),(0,0)|a € R},
Us = a1Ys+Y,=a1X1+ Xg, 981 a1 € R.

U,-nitH XyBbJT ”HBAPUAHT T'aIapryyTHilH HOXIIOJ

f% (ff‘%dx> Uy + Luy = (al S ff‘%dx) u+a2f_%v

1 1 2 (3.43)
f2 (f f‘?dm) Uy + tup = apw + asf2u,
60J10x 6Oree I SHIIIC 2 =t < [f _%dx> e Amnzar Oyoy XyBUPraJjT Hb
ai+az ai—az
wm £ (5 e () e
1 ai+taz 1 a1—az :
o= re)" o) = (S 1 rde)” T ()
aitra. (3.44)-uitr (3.42)-1 opiyysacHaap
d%p — 1
g = (a2 m)p =20, (3.45)
dzo (a2 - @1)?/1 + EZ’(/)Z
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XsLI0apUIarJcan CUCTeM rapHa. lTeceeTsnursp, Us-i1 xapraa3ax XyBUPrajIT

w=fFexp (a1 +az) [ fHde] p(t) + [ exp (a1 — a2) [ fEdx] ()

1 1 (3.46)
v=exp |(a1+2) [ fEde] o(t) = exp | (a1 — aa) [ f- 3] w(8),
boJiox Oa xsabapuiarical CUCTEM Hb
d(;ffst) = (0“2 + a1)90<t)7 (347)
%a(t) = (ag — a1)y(t).

6osH0. Ug-J1 Xapraj3ax UHBApUAHT Wi OalXTyii.

3.2.3 DyirsH mHBapMaHT NIANAYY/

OMHOX X3C3I'T OJICOH XsI0APIITYY/ICAH TITIIUTTIIYYANNH A IIAT 010X 3a-
maap (3.19) cucremuita nnBapuanT muiiauiir oamo. (3.38)-c (3.41)-m1 ereracen
XAa0aPIIyyJICAH CUCTEMYY/T Hb

d b
Y a2y
& g (3.48)
= asp+ —2¢,
dz> Q@

I'9C3H epPOHXUil X9109pTaii baiiraar xap:k 00JHO. DHI, a1, Ao, by, by Hb TOITMOJT

Toouyyz Oaitna. g(r) = @ ven (3.45), (3.47) cucremyys Hb
a- b
L —ap+ ag, (3.49)

epeHXUIl X3/109pTi OaiiHa. DHM, a, b Hb TOITMOJ TOOHYYI OaitHa. Oepeep
x37169.1, (3.19)-nitH wHBaApUAHT UKL 010X OOIOrO Hb YHICIHS (3.48)
6onon (3.49) TOrMUTTIMIHE MHAAAT 010X GOJIOT0 PYY MIMJIZKIIYD [ICIH
yr oM. (3.48), (3.49)-mite mmiiuite Tyxait 6ux [39] axkuigaa 13arIpIHrYit
nypbjcan 6erees [38] axbm Jlemma 2.1, 2.2-00¢ 6ujt japaax yp JyHD Iy
raprax aB4d 00JTHO.

Oua Murrar-Jleddrep 6010H epretrecen Paitt hyHKIIp MIpXuitar-
COH muiAyya Hb z € R myzkum Togopxoityiorycon Oaitraa 6o Pokc-Dita
(BYHKIPID WISPXUIIITACIH THHAYYA Hb 2 > (0 My»KUJ TOZOPXOIIOrICOH
Oaiiraar Jyprbs.
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Toxnosgo i)

D3 ToxMoI0, (3.35)-mitH mumiiayya qapaax 6aiiaap UIIPXUAIITIIHS:

1. 0 < a < 1 yex [39]-miitn Jlemma 2.1-miir ammraasan (3.38)-1 a; = a,
as = a+ Ay 6a by = by = 1 raxx asbas oun

wz,t) = cf 2(x) <A1+/f‘§da:)ago(()\1+/f‘5dx)_l/at),
o(z,t) = c()\1+ / f%dx)aw (()\1+ / f%dx)_l/at> (3.50)

OrerJCOH MHBAPUAHT IIAHATIH OOTHO. DHII,

—2a 1’2
7= IR (e |

(1, 20) 1_
(5:1), (*5* +3.1)

2. a>1 yexn Jlemma 2.1 [39]|-uitn rypasayraap xscruiir ammuriaasa Ou

u(z,t) = cf 2(x) (A1+/f‘5dx>ago(()\1+/f‘5d9:)UCE%.}L)
o(z,t) = C(A1+/f-édx>a¢ ((A1+/f-%dx)l/at) (3.52)

92K OIOTJICOH MHBAPUAHT MU ITIH OOTHO. DHII,

n a k a+A2 k 1
_ a-h 2| (5= 3 +11), (52 =50 +5,1), (L)
SO(Z) Z Ck 1% 3\1]1 |:4Z (1 +a— k?, 2@)
+2 Z Cr 22 [422a
P(z) = 2 Z ckylzza’kgklll {4220‘

+ Z Cr 2™ [4220‘

baneN: 0<n—-1<a<n,c cy, ca (k=1,...,n) Hb TOrT™MOI
TOOHYY/I, OaitHa.

Z—Qa

(z) = HpY {T

(-3l g0
(1420 — k,2a) ’

(£ (5 £ et 0]
(14 2a =k, 2a)

5=+ 1), (52— +11), (11
(1+a—k,2a)
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3.2.4 Toxwuosgon ii)

Dy Toxuosaon Jlemma 2.2 [39]-uitr a1 = a and as = a + Ay ammraacHaap
(3.39)-mitn 1wy

wet) = e (a [ 5 ) oo,
v(z,t) = exp (a/f—édx) o), (3.53)

I'92K OJIIOHO. DHJT

ot) = Z k1t F Eogitar (ala + X2)t**) +a Z ot Eag1p2a-r (ala + A)t**)
k=1

k=1
n

P(t) = (a+ A9) Z Ck,1t2a_kE2a,1+2a—k (a(a + )\z)tm) + Z Ck;,2ta_kE2a,1+a—k (a(a + )\2)t2a> ;

k=1 k=1

baneN: 0<n—-1<a<mn,cy, k2 (k=1,...,n) Hb TOITMOJ TOOHYY/I
baitHa.

g(z) = 0 Toxuommony sesxen f(r) = x? yea i (3.19) TormmTra XyBhb-
card Hb sUITArIax THCMATTII KT ([38]) 601 199PX TOXHOIII0IT Iy PhIH
f(z) dynkuumitn XyBbJ XyBbCAIY Hb SITATIAX TITTIUTTIJ KIS FOM.
Tyxaitn6as, 6un >xkunrs 6oiron (3.19) Tsrmmrraamitn muituiir f(z) = z°,
g(z) = 32° + 23 yen (3.53)-99p ererjcen u(z) mmitauiir ¢ =0, ¢11 = 1 yen
Sypar 2.1-11 1ypcaK y3YY/I9B.

3.2.5 Toxwuosmoa iv)

f, g-witH eMHOX TOXHOJIITyy/Iaac siraatail Hb IypbiH f(x) 6a g(x) = %“” Haiix
TOXUOJIJ0JI]T MHBAPUAHT MUY/ Hb OyTapxail spsMouit xoép epauiin aud-
depeHIag T TITMUTIIIYYAURH MUY YIURH HURI09D X3703p33p UIIPXUii-
marens. Ug-11 xapramsax (3.42)-uifn mHBapHaHT MUYy Hb Japaax Oaii-
J1aap UO3PXUNJISTIIHD:

1. 0 < a < 1vyen [39] axkmbma Jlemma 2.2 a = ag—aq, b = 1 yen ammriaBai
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(a) The case a = 1 (b) The case o = £

Bypar 3.1: f(x) = 22, g(x) = 32° + 2* yeniin (3.19) TormmTrIMIAH MW
(3.53)

NaHBapuaHT HIHfI,ZL

,ld
u(w,t) = cf atnr@g (—%; —a, 1+ (ay — az)oz) ;

14
v(z,t) = —ctl @y (‘%; —a, 1+ (ag — ag)a> (3.54)
OOJIHO.
2. a > 1 yen (3.45)-mite SXHAN TOrIMATISL ¢ = a1 + az, b = —1 6a

XOED Jaxb TATMIATIII a = ag — a1, b = 1 rak [39] axkibm Jlemma 2.2
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amuriaasai Uy-J1 Xaprajizax WHBAPUAHT TTUHTYY/T Hb

) aitaz—1  n f- 2du
u(z,t) = f72 </f 2d.:1:) taZcm(f ) Ok tl (3.55)

Q|

(/f d””) e ickz(” ) b | ——— |357)

00JIHO. DH]T
_ o] (e —a—E4+1,1),(1,1)
er(z) = 2T { & (1+a—ka) ’
_ @ (—CL1+CL2—§+1,1),(1,1)

Dalina.

[39] axkmbia Jlemma 2.2 amuriaaasn Us-7 xapraia3ax WHBAPUAHT AT

u(z,t) = f_% exp ((a1+ag)/f‘édx)tachJt_kcpk(t)

k=1

k=1

v(xz,t) = exp <(a1 + ag) / f%dm) [ ick,ltkgpk(t)
k=1
— exp <(a1 — as) / fédx) t« Zn:cmtkz/}k(t), (3.58)
k=1
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00JIHO. DHJT

or(t) = Eapva-k((ar +a2)t?),  ¥r(t) = Earva-r((az —ar)t?)

6a (ay,as) € {(£1,a),(0,£1),(0,0)|a € R} Gaiina.
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CyaanraaHbl YA aKuanaraa, CaHXyy, CyAanraaHbl yp AYHIMIAH HIITr3

2019 oHA, ryiAU3TracaH Yin aXunnaraa:

1. 2019 oHbl 1 capaac 6 capbiH XyrauaaHg, TeC/IniiH 0poaLorimMa xamtpaH “MaTemaTnK GU3MKUIMH
TIrWMTran” HIPTIN cyAasiraaHbl CEMUHAPbIT TOFTMO/ ABYY/IK, OyTapxain yiamXKnanT cuctem
TIMWMUTII/IMIMH Tanaap 3pa3M LMHKUATIIHUIN BYTIINYYLAUIT YHLUWK, UNTTIA TaBunaa. MeH
LWpeanHrepunH TarwnTrainimH 2 6a 3 XaMK33CT ortopryiia MpuHbl GyHKUWIAH YaHapbIH Tanaap
CypanraaHbl axknyyaTait TaHUAUNAA. YT CEMUHAPT Tecens, oOpoaLLoryg00oc ragHa marncrp,
[OOKTOPbIH OKOYTHYYA TOITMOJT OPOALCOH 6OHO.

2. 2019 oHbl 1-6 capa 3 X3MK33CT OrTOPryia, Tercrener TOOHbl AenbTa GyHKUYYAUIH HUINN163p33p
WUN3PXNIMN3rasx noteHuman byxuii LpeanHrepmninH onepaTopblH AOATMOHbBI ONEPaTopbIH Tasnaapx
cydanraar XMW, 3H3 Hb peryasp norteHuuan byxuii xapransax LpeguHrepuiiH onepaTopbiH
[OONITUOHbI ONEPATOPbIH XA3raap XaN63p3ap UN3PXMNN3roIXMINr baTannaa.

3. Teceng oponuorung 2019 oHbl 6 capblH 3-7 x00poHA 60sCOH “YNABIPNINTIA XamMTapcaH
MaTeMaTuK cyfanraaHbl CeMMHap-2”-uir 30xmMoH bGairyynanuax, IT zone KomnaHuiA 3yrasc
TaBbCaH 60AN0TbIT WWIAAIX34, NAIBXTIN OPOJILLIO0O.

4. 2019 oHbl 9 capaac 12 capblH XyrauaaHg, ToC/IMMH oposiLoryma xamtpaH “MaTtemaTtvk GU3NKUINH
TorwmnTran 11”7 HIpTa cyganraaHbl CEMUHAPbLIr TOFTMO ABYY/K, DyTapxal ylaMyKaanT cuctem
TIMWUNTIIMMH Tanaap 3pA3M LUMHXKUATIIHUA BYTIINYYOMIAT YHLIMXK, WATMAA Tasnnaa. MeH
“KBaHT MeXaHWKUAH HIM3INT 6yaryya’ C343BT CEMMHAPbLIT TOTTMOJ ABYYIXK, MarucTpaHT,
[OOKTOPAHT OLYTHYYAbIT Xampyynnaa.

5. 2019 oHbl 9-12-p capyyaan A.lantbasp Hb ANOHbI [aKYWIOWH KX CypryyaMnH npodeccop
K.AXnmatanm xamTpaH 3 X3MXK33CT OFTOPryin Tercresier TOOHbl AenbTa GYHKUYYAWNH
HUNNO3P33P WMAIPXMNNITAIX NoTeHuman Oyxuii LWpeauHrepuiiH onepaTopbiH  AOATMOHbI
onepaTopbiH Tasaapx cyganraar gyycrax, yr yp ayHr “Journal of Korean Mathematical Society”
CITIYyN4 eryynan 60NroH XaBNyya3X33p ABYyAaa.

6. 2019 oHbl 11 capg Teceng opoauoryng “XsaparnasHui matematuk-2019” Xypabir 30XMOH
baviryynaxag oponuox, AoKkTop 3.YyraHbasp, [.XOHrop3ya Hap UATI3A TaBbK, X3N13/1LYY/1133.

7. TecnuiH yaupaard goktop A.lant6asp Hb AnoH YacbiH MakywtonH Ux Cypryynumiti npodeccop
K.Axnmatal xaMTpaH xyralaaHaac xamaapcaH noteHuuan byxuii LpegmMHrepuinH TarwmnTranmiiH
WML Hb XaHrANTTal ypT XyrauaaaHa aHXHbl HEXLWIMAH QYHKLTIN OMPXOH 6ainx Tyxam
Aduabamuk meopemM-Unr XxaHraxryi 6angar scpar *KULWI3r raprax opoaasioro XMncaH 6onHo. Yr
AXKNbIT IPAIM WNHKUATISHUIN ryyAANIMH XaN03PT OpyyacaH.

2021 oHA, ryiAU3TracaH YA aXkuanaraa:

1.

34

2021 oHbl 1 capaac 6 capblH XyrauaaHg TeCAuMWH opoauorung “Jin 6ynar 1” 6onoH “Bytapxai
3pambuitH aunddepeHuman TITWUTI3A, TYYHUMA ToouoH 6omox apra” HIpTIN cypanraadbl
CEMUHAPYYAbIT yAMPAAH TOTTMON ABYY/MK, OyTapxal ynamMMKnanT cUCTEM TIMWWUTIIAUAH Tanaap
3PAIM  WUHKUAMIIHUIA OYTIINYYAUWAT YHLWMNK, WATIAA TaBuaaa. Yr cemuHapyydaz Tecenp,
OpPOJILLOrYA00C ragHa MarncTp, AOKTOPbIH OOYTHYYA, TOFTMO/ OPO/ILLCOH 60/HO.

2021 oHbl 1 capaac 6 capblH XyrauaaHg coHrogor andadys TarwmTranunini epretren 6onox advection/
convection TarWKWTIINMIAH WUAAYYLUAT Tycra GYHKUYYAUMAH TyCnamyKTanraap UA3pXUMACaH. Yr yp
OYHIYYA Hb 6MHO M343ra3XK 6alicaH COHrofor yp AyHr epretrexk 6airaa tom. LLUMHS yp AYHIMIAH
WMHK YaHapbIr cyanaxag, TyxaliH WwuhiayyauiiH rpadvKunr aypcnsx waapanaratan 6angar 6erees
3H3 Hb MEH TyXaWH Yp AYHI X3BANT3HA XYN193H aBaxaf AOXeMTain 6ananbir 6uin 6onrogor. IH3



10.

AXKNbIH XYP33HA, Tecens, oponuorung “EpaninH anddepeHumnan tarwmntran-Maple cuctem awmrnax
Hb” r3CaH cypax 6uurmir xasayynnaa. (Yr cypax OWMUTMIAH OHUNOT Hb WX, [334 CYpPryyauiH
6aKanaBpblH TYBLWWHA Y343T epaniiH anddepeHuman TarWnTraa XMUY33AUAH YAaMKAANT apryyablH
afNb Hb TOXMPOX 3CIXUIT TOrToonryimrasp Maple cuctemminH anddepeHumnan Tarwntran 604ox Lop
raHy, apra 6yoy dsolve KomaHAbIH aATOPUTMUIAH HIT YHASC 600X AuddepeHuman TarwmnTran 6o4ox
NIn cummeTpuiiH ByArsH XyBUPranTblH aprblH TyXalh OHO/IbIH TOBY GO/MIOH Yr M3AA3TMWAT alLMIIaH
dsolve KOMaHAbIr X3PX3H Yp AYHTIMrI3p awunrmiax Tyxan Tynxyy opyyncaH bairaa.) Cypanraadbl
AXKNbIH YP AYHT UMNAKT GaKTOp BYXMIA ONIOH YNACLIH CITIYYAL X3BAYYA3X33p 6314CH tom.

Tecenp oponuorumng 2021 oHbl 5 capbiH 8- “MaTtematunk 2021”-uiAr 30xmoH baiiryynanuax, Ntanm
60/s10H Monbl YACbIH 3PAIMTAMAT YPbXK oposiuyyncaH bereesn “Conservation laws for a certain
nonlinear telegraph equations” c343BT uaTraAMir TecaniiH rmwyyH [.XoHrop3yn, “Generalized
hypergeometric functions” cagaBT MATrANIT TECANIH TULWYYH 3.YyraHbasap Hap TaBuaaa.

TecnuiiH rmwyyH 3.MaHxener Hb 2021 oHbl 5 capblH 15-HA 601COH “X3parnasHuii matematmk 2020”7
3PASM  WMHMKUATIIHWI Xypang “XyrauyaaHaac xamaapcaH noTeHuuantah LWpepuHrepuitH
TOrWUTIIMAH  aHANUTUK WWAAMAH Tanaap” WATIIAWKT X3N3AUyynnsd. MeH TeCAUWH T[ULYYH,
MarucTpaHT 3.TanMaH "XaparnasHuit matematvk 2020” 3pasm WKMHKKMAMIHWIA xypang "Active
contour model with fractional order derivative” wntran, 2021 oHbl 11 capblH 25-HA 60ncoH
"MaTtemaTuk, TOOH TexHosorn 2021", spasm WUHKUATIIHUI Xypang, " LpeanHrepuintH onepaTopbiH
CapHUANbIH TyXain” C343BT UATIAA TaBbXK XIN3/ILYYAN33.

Tecnuii rvwyyg, 3.Yyran6asap, [O.XoHrop3yn Hap “XyBbcax Ko3dpdMUMEHTTIW wyramaH auoddys
TIrWUTIIANIMAH JIn Bynrasp nHBapUaHT Balix WKUNAYyauMiH Tanaap” c3a3BT UATIIANKT “MOHIoN YACbIH
rasbsat 6arw [A.llaraapbiH M3aHA3NCHWUI 90 KUAUAH 0" 3pA3M LUMHKUATIIHUIA Xypang 2021 oHbl
12 capbiH 16-HA, MATIIXK X3N3/1LYYA3B.

TecnuniiH rnwyyH [.XoHropsyn 2021 oHbl 11 capbiH 8-19-HUI eapyyaas Xerkux Oy opHyyabiH
3M3IrTaM 3pAaMTaAmMitH  BanryynnarblH VI dyynra yynsanTaHZ OPOJILOX, OJIOH YACbIH 3pA3m
WMHXWATIIHWUIA Xypang, “UHTerpo-cnaaiiH aprbiH TyCamyKTanraap sapranTuiiH aHKoAepTol poboTbIH
6alipwnbIr TOA4OPXOMAOX Hb” C34,B33P XaHaH UATIAN TaBbXK X3/13/1LYYN3B.

Xaauiirasp KoBuAblH Hexuen 6alanblH yimaac rafgaagaac 304MH Npodeccop ypbXK, XamTapcaH
Cy4anraa Xuix axabir ryMuaTraxk Yagaaryi 601084 eHAOP X6rKUATIN (ANOH, AHIAK 33p3ar) OpPHYYAbIH
3pAsMTIH, npodeccopyyaTal 3alHaac xapwiuaH, yAaalpanTtaih 6010BY XamTapcaH CyAanraaHbl
ark/laa TacpanTrymrasp AByy/K 6aiHa. Yr axkblH XYP33HA, TOCNUIAH rnwwyyH 3.YyraH6aap 2021 oHbl 6
capbliH 30-Hbl 8gep “Connecting Isolated Mathematical Researchers” cagast Erunert, Hurep, AHY, Ux
BpuTaHW 33par OpHYYAbIH MaTeMATUKY 3PAIMTANINH OPOJILLCOH CEMUHAPT 66PUIH CyaanraaHbl axun
6051004 KOBUABIH YenitH MOHIron MmaTemaTUMK4Y 3pAsMTAUNH Hexuen 6anasibiH Tasaap TaHUJILYY/K,
X3N13/1LYYN3B.

“XaparnasHuii matematuk 2021” 3pasm WMHKWUATIIHUIKA Xypan KOBWUAbIH Hexuen 6alignaac
wantraanaH 2022 OHbl 3XHUI yAUpPana 30XMOrLOXO0p XOMWNOrACOH Bereen Tyc xypans TeCAUMH
TULLYYA, 2-3 UATIA X3N13/1UYYA3X33p 631Trax baiHa.

TecnunitH rmwyya 3.YyraHbaap, [.XoHrop3yn Hap “Solutions on convection-advection equations”
AXKAbIT X3BN3NA erexes 6313H 60O/IroXK, CITIYyA4 erex WwataHaaa aBx balHa.

TecnnitH rnwyya, A.OasHuonmon, A.lfantbasp Hap Web of Science magsannnitH caHrminH BypTranTai,
0.4 umnakt ¢aktop b6yxmun “Hokkaido Mathematical Journal” catryynminiH 2021 oHbl Vol.50, No.3
ayraapt “Non-realtivistic Pauli-Fierz Hamiltonian for less than two photons ” eryyanir xagnyynnas.

2022 oHA, ryAU3TracaH Yin aXKunnaraa:

1.

35

TecnnitH oponuorumg 2022 oHbl 1 capaac 6 capblH xyrauaaHg “Numerical analysis of differential
equations” 6onoH “Jln 6ynrviiH anddepeHuman TIrWKUTIIA A3X X3P3rn33” HIPTIM cypanraaHsbl
CEMUHapPYYAbIr yaupAaH TOITMOAN ABYY/K, OyTapxal ynamKnant cUCTeM TIMWMTIAWMH TOOULOH
6op0x apra 60/10H epaniH 60NOH TyxaH ynamknant guddepeHuman TIrWUTIAMAH JIn ByaraH



XYBUPFanTblH Tafaap 3pA3M WUHXUATIIHUN OYTISINYYAUNT YHILUMNK, WATF3A TaBwunaa. Yr
CEMUHAPYYAAA, Tecensg Oopoauorygooc rafHa Maructp, AOKTOPbIH TYBLUHWIA OMOYTHYYZ TOrTMOA
0pPOAILCOH 60oNHO.

2. TecnuiiH oponuorumg 2022 oHbl 1 capaac 6 capblH xyrauaang guoddys, AOATUOHbI TIFWUTIIANIAH
epreTtren 6010x xyrauaaraap 6yTtapxai spamOuIiH yiamknanTan, xyBbcax KoappumumneHTTan audoys-
[ONTUOHDBI TIMWUTIIUAH JIn BYAraH aHaAM3UNT XyBbcax KO3QPUUMEHTIIC Hb XamMaapyynaH XU,
6ONOMKTOM TOXMONANYYAAL aHaIUTUK WHBAPWAHT wuniayyauir ®dokc-dinu, epreTreceH Pait
OYHKUYYAUAH TycnamiKTamraap  MA3pXMANACIH. XyBbcaxX KOIPOUUMEHTTIN byTapxait 3pambuitH
AnddYy3-40NTUOHBI TIFWMKTIIN Hb ONOH TOPAUNH OUBUK CUCTEMYYAUMH X3163/1337, X3BUNH BUW
TAPXaNTblH NPOLLECCUIT 3arBapumaaar yump yr TarwmTraiMnH MHBAPUAHT WKWIAAYYAUIAT ONIOX Hb a4
xonboraon eHaep om. 3eBxeH GU3NK NPOLECCUIAH 3arBapbliH WWUAAMUAT 6reef Y4 30TCOXTYM, KUHXIHI
WKUAZMUAT ONCHOOpP OyTapxal 3paMbuiH anddepeHunan TIrWUTIAMAT onpoauooroop 6080x
apryyabir XapblyynaH COHrOX 3amaap MaTeMaTUKWAH TOOLOH 600X CyAanraaHg 4 MeH awwurnax
600X oM. YT cyaanraaHbl aXablH YP AYHT UMMAKT GaKTOp BYXMIA ONIOH YACLIH CITTYYAL X3BNYYN3IX33pP
63103 6airaa 6onHo.

3. Teceng oponuoruymg 2022 oHbl 6 capblH 6-aac 10-Hbl X0OpoHA “YWNABIPAINTIA XamTapCaH
maTeMaTuK” cyaanraaHbl CEMUHapPbIH 30XMOH Banryynax 6art axkunnas. Yr cemuHapt MYUC, MITUC,
MYBUC, XAAUC, CI3UC, LUYA-H 40 rapy maTemaTUKy 3pA3MTIH, Cyanaadng, OlyTHYYA OPO/LOK
YnaaH6aatap rypun XXK, Oukutan ContowHc XXK, IpasHac MoHron XXK-c taBbcaH 6oanoryyapir
AMMKUATTAN WUAABIPNINK, WNMNANIT 6OANOTO TaBbCAaH KOMMNAHWYAAA TaHU/LYYNAB.

TecnuiiH yp AYHrUiAH TanaH /oH yarMiH papaannaap/

1. DpAsMm WKUHXKMATIZHMIA eryynan (1)

Galtbayar A., Yajima K., On the approximation by regular potentials of Schrodinger operators with point
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ON THE APPROXIMATION BY REGULAR POTENTIALS OF
SCHRODINGER OPERATORS WITH POINT
INTERACTIONS

ARTBAZAR GALTBAYAR AND KENJI YAJIMA

ABSTRACT. We prove that wave operators for Schrodinger operators with
multi-center local point interactions are scaling limits of the ones for
Schrédinger operators with regular potentials. We simultaneously present
a proof of the corresponding well known result for the resolvent which
substantially simplifies the one by Albeverio et al.

1. Introduction

Let Y = {y1,...,yn} be the set of N points in R® and T be the densely

defined non-negative symmetric operator in # = L?(R3) defined by
To = —Aloge r3\v)-
Any of selfadjoint extensions of Tj is called the Schrédinger operator with point
interactions at Y. Among them, we are concerned with the ones with local
point interactions H, y which are defined by separated boundary conditions
at each point y; parameterized by o; € R, j =1,...,N. They can be defined
via the resolvent equation (cf. [2]): With Hy = —A being the free Schrodinger
operator and z € Ct = {z € C |z > 0},
N
V) (Hay =)= (H 27+ Y (Cay(2) )6 ® G,
JiA=1

where a = (a1,...,ay) € RNV, T,y (2) is an N x N symmetric matrix whose
entries are entire holomorphic functions of z € C given by

¥ 2
@ Tay(a) = ((o5 = 5 )= el — w)dye) ,

J=1,...,N
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where d§;, = 1 for j = ¢ and d;; = 0 otherwise; Sjg = 1—0j¢; G.(x) is the

convolution kernel of (Hy — 2%)~%:
; eiz|x| 4 oy eiz|w7y\
(3) gz(x)—m an gz(x)—m'

Since (Huoy — 2%)71 — (Ho — 22)~! is of rank N by virtue of (1), the wave
operators Wai’y defined by the limits

(4) Wiyu = tl}i?oo etHoy g=itHoy = 4 e H

exist and are complete in the sense that Image Wiy = Hac, the absolutely
continuous (AC for short) subspace of H for H,y. Wave operators are of
fundamental importance in scattering theory.

This paper is concerned with the approximation of the wave operators W;ty
by the ones for Schriodinger operators with regular potentials and generalizés
a result in [5] for the case N = 1, which immediately implies that Wiy are
bounded in LP(R?) for 1 < p < 3, see remarks below Theorem 1.1. We also give
a proof of the corresponding well known result for the resolvent (H,y — z)~!
which substantially simplifies the one in the seminal monograph [2].

We begin with recalling various properties of H, y (see [2]):

e Equation (1) defines a unique selfadjoint operator H, y in the Hilbert
space H = L?(R?), which is real and local.

o The spectrum of H, y consists of the AC part [0,00) and at most N
non-positive eigenvalues. Positive eigenvalues are absent. We define
E = {ik € iRT*: — k% ¢ op(Hay)}. We simply write Hoe and Py
respectively for the AC subspace Hoo(Hy,y) of H for H, y and for the
projection Py.(Hy,y) onto Hec.

e H,y may be approximated by a family of Schrédinger operators with
scaled regular potentials

Vi (33 _ yz) ’
€

(6) lir%(ﬁy(a) — 2= (Hyy — 2% tu, Yu € H,
e—

N
) Hy(e)=-a+ ) )

in the sense that for z € C*

where Vj, j =1,..., N are such that H; = —A + V;(x) have threshold
resonances at 0 and A;(e),...,Ay(e) are smooth real functions of
such that A;(0) = 1 and \}(0) # 0 (see Theorem 1.1 for more details).

We prove the following theorem (see Section 4 for the definition of the threshold
resonance).

Theorem 1.1. Let Y be the set of N points Y = {y1,...,yn}. Suppose that:



APPROXIMATION OF SCHRODINGER OPERATOR 431

(1) V1,..., VN are real-valued functions such that for some p < 3/2 and
q>3,
(7) (x)?V; e (LP N LY)(R?), j=1,...,N.
(2) Ai(e),..., An(e) are real C* functions of ¢ > 0 such that
Aj(0) =1, XNj(0)#0, Vj=1,...,N.
(3) Hj=—-A+V;,j=1,...,N admits a threshold resonance at 0.
Then, the following statements are satisfied:
(a) Hy(g) converges in the strong resolvent sense as in (6) as ¢ — 0 to
a Schrédinger operator H, y with point interactions at Y with certain
parameters o = (aq,...,an) to be specified below.
(b) Wave operators W%E for the pair (Hy (), Ho) defined by the strong
limits
(8) Wi u= lim HtHy () g=itHoy ey
> t—+oo

exist and are complete. W}ﬂfs satisfy

. + +
(9) gl_rg% Wy u—Wiyulln =0, ueH.

Note that Hélder’s inequality implies V; € L"(R?) for all 1 < r < ¢ under
the condition (7).

Remark 1.2. (i) It is known that W;,‘L)E are bounded in LP(R?) for 1 < p < 3
([14]) and, if Aj() = 1 for all j = 1,...,N, [Wy_|lB(wr) is independent of
€ > 0 and, the proof of Theorem 1.1 shows that Theorem 1.1 holds with a = 0.
It follows by virtue of (9) that Wy, converges to Wo—o,y weakly in L? and
W;'EZO’Y are bounded in LP(R3) for 1 < p < 3. Actually, the latter result is

known for general @ = (. ..., an) but its proof is long and complicated ([5]).
Wave operators satisfy the intertwining property

f(Ha,Y)Hac(Ha,Y) = W;;f(HO)W;‘:;

for Borel functions f on R and, L” mapping properties of f(Ha,y)Poc(Ha,y)
are reduced to those for the Fourier multiplier f(Hp) for a certain range of p’s.

(ii) If some of H; = —A+V; have no threshold resonance, then Theorem 1.1
remains to hold if corresponding points of interactions and parameters (y;, ;)
are removed from H, y.

(iii) The first statement is long known (see [2]). We shall present here a
simplified proof, providing in particular details of the proof of Lemma 1.2.3 of
[2] where [6] is referred to for “a tedious but straightforward calculation” by
using a result from [4] and a simple matrix formula.

(iv) The existence and the completeness of wave operators W;E are well
known (cf. [11]).

(v) When N =1 and a = 0, (9) is proved in [5]. The theorem is a general-
ization for general a and N > 2.
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(vi) The matrix I'y y (k) is non-singular for all k£ € (0,00) by virtue of the
selfadjointness of H, y and Hy. Indeed, if it occurred that detT'y y (ko) = O for
some 0 < ko, then the selfadjointness of H,y and Hy implied that Iy (k)"
had a simple pole at kg and

(10) 2koRes:—k, (Fay (2)1);e(GY v) (u, G¥*)
N
= _Jm (- kg) Z “1)5e(GY v) (1, GY) # 0
], =

for some u,v € C§°(R?). However, the absence of positive eigenvalues of H, y
(see [2, pp. 116-117]) and the Lebesgue dominated convergence theorem imply
for all u,v € C§°(R?) that

li 2—k2 Ha .2\ —1
(2R (Hay ) )

= lim /W(E(d Yu,v) = (E({k2})u,v) = 0
" z=kotie,cl0 Jg p — (ko + i€)? )= 0J

and the likewise for (22 — k3)((Ho — 22)'u,v), where E(du) is the spectral

projection for H, y, which contradict (10).

For more about point interactions we refer to the monograph [2] or the intro-
duction of [5] and jump into the proof of Theorem 1.1 immediately. We prove
(9) only for W;,’ . as Hy(¢) and H, y are real operators and the complex con-
Jjugation C changes the direction of the time which implies Wy, _ = CW;E .Ch

We write H for L?(R3), (u,v) for the inner product and ||u/| the norm. u®v
and |u)(v| indiscriminately denote the one dimentional operator

(e 0)f(@) = [l f)(e) = | uleil )y

Integral operators T and their integral kernels T'(z,y) are identified. Thus
we often say that operator T'(z,y) satisfies such and such properties and etc.
By(H) is the space of Hilbert-Schmidt operators in H and

1/
ITlas = ( / / |T<x,y>|2dxdy)
R3 xR3

is the norm of By(H). (z) = (1 + |z[*)¥/? and a<|.|b means |a| < |b|. For
subsets Dy and Do of the complex plane C, D; € Dy means D; is a compact
subset of the interior of Ds.

2

2. Scaling

For € > 0, we let
(Ueh)(@) =2 f (/).
This is unitary in % and Hy = U HoU.. We define H(c) by

(1) H(e) = U Hy ()U., (Hy(e) — 22)"" = 2UL(H(e) — £222) 71U,
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Then, H(e) is written as

:—A+Z>\ (x—;)——A—i—V()

and W% . are transformed as

(12) W;E — t_I}mOOU eth(s)/s —tho/s2UE* — UEW¢(E)U;,
+ — itH () —1tH0 *
(13) Wy (e) t_l)linoo Uee U:

We write the translation operator by e~ 1y; by

7. f (@) =f(m+%), i=1,....N.
When € = 1, we simply denote 7; = 71, 5 =1,..., N. Then,

Vi (2= 2) = 7 V@)

3. Stationary representation
The following lemma is obvious and well known:

Lemma 3.1. The subspace D, = {u € L?: 4 € C§*(R3\{0})} is a dense linear
subspace of L*(R?).

It is obvious that HW;'_EUH (W Yu|| |lu|| for every v € H and, for
proving (9) it suffices to show that
(14) liné(WliEu,v) = (Wlyu,v), u,v€D,.
e— ’ ’

We express Wyt and W, via stationary formulae. We recall from [5] the
following representation formula for W; y

Lemma 3.2. Let u,v € D, and let Qjou be defined for j, £ € {1,...,N} by

1) L 7 ([ Car (075664 (600) ~ G-s)utuiy ) ke
Then

N
(16) <W+Yu vy = )+ Z 7 QjeTeu, v)

3, 0=1

Note that for uw € D, the inner integral in (15) produces a smooth function of
k € R which vanishes outside the compact set {|¢|: & € supp i}.

For describing the formula for W;{e corresponding to (15) and (16), we
introduce some notation. H™) = H & --- & H is the N-fold direct sum of H.
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Likewise TWN) = T'@® --- @ T for an operator T on H. Fori =1,...,N we
decompose V;(z) as the product:
Vi(w) = ai(2)bi(2),  aix) = [Vi(@)|'/?,  bi(e) = [Vi(a)[]sign(Vi()),

where signa = £1 if +a > 0 and signa = 0 if a = 0. We use matrix notation
for operators on HN). Thus, we define

a -+ 0 by -~ 0 A(e) - 0
A={: -~ s B=|: 0 A= 0
0 - an 0 - by 0 o An(e)
Since aj,b; and Aj(¢), s = 1,..., N are real valued, multiplications with A, B
and A(e) are selfadjoint operators on H™N) . We also define the operator 7. by
Tl,sf
Te:HO o1 f= e 1)
™Nef
so that

Z Aj( (:c - ;) =17 AN(¢) BT..

We write for the case ¢ = 1 simply as 7 = 7y as previously. For z € C, Gy(z2)
is the integral operator defined by

1 eizlz—yl
Go(eJuts) = 1= [ T——rutwd.
It is a holomorphic function of z € C* with values in B(H) and
Go(z) = (Hy — 2*)"! for z€C

and, it can be extended to various subsets of C* when considered as a function
with values in a space of operators between suitable function spaces. We also
write

Ge(z) = (H(e) — 2%) 7' for z € CT\ {z: 2% € 0, (H(¢))}.

Lemma 3.3. Let Vi,...,Vn satisfy the assumption (7) and z € T'. Then:
(1) ai,bj € L*(R3), i,j=1,...,N.
(2) aiGo(Z)bj S BQ(H), 1<4,7 <N.
Proof. (1) We have a;,b; € L*(R3?) for V; € L*(R3) as was remarked below
Theorem 1.1.
(2) We also have |a;|? = |b;|? = |V;| € L3/2(R%) and |z|~2 € L3/2>(R3). Tt
follows by the generalized Young inequality that

a;() 2 [b; (y) 2
// |ai(2)[*]b;(y)] T TR dedy < C|\Villpasz |Vl pase-
R3 xXRR3 ‘x_ |

Hence, a;Go(2)b; is of Hilbert-Schmidt type in L*(R3). O
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Using this notation, we have from (16) that
(17) (W;Yu, v) = (u,v) + ((Qe) T*u, T*”>H(N) :
The resolvent equation for H(¢) may be written as
G.(z) — Go(z) = —=Go(2)72 AAN(e) BT-Gc(2)
and the standard argument (see e.g. [13]) yields
(18)  Gu(2) = Go(2) — Go(2)r A1 + A=) Br.Go(2)7 )" A(e) Br.Go(2).

Note that 7. Ro(z)7} # Ro(%) in general unless N = 1.

Under the assumption (7) on Vi,...,Vn the first two statements of the
following lemma follow from the limiting absorption principle for the free
Schrodinger operator ([1], [7], [12]) and the last from the absence of positive
eigenvalues for H(e) ([10]). In what follows we often write k for z when we
want emphasize that k£ can also be real.

Lemma 3.4. Suppose that Vi,...,Vy satisfy the assumption of Theorem 1.1.
Let 0 <e<1. Then:
(1) Forwu € Dy, limsosupyeg || AT Go(k + id)u — AT.Go(k)u||3 vy = 0.
(2) limsyo sy [A(e) Ao (Golk + i) — Go(k))7 Al = 0.
(3) Define for ke C = {k e Sk >0},
(19) M. (k) = A(e) B1.Go (k)T A.
Then, M.(k) is a compact operator on HN) and 1+ M_(k) is invertible
for all k #0. (1+ M.(k))~! is a locally Hélder continuous function of
cr \ {0} with values in B(HWM)).
Statements (1) and (2) remain to hold when A is replaced by B.
The well known stationary formula for wave operators ([12]) and the resol-
vent equation (18) yield
(20) (Wi (e)u,v) = (u,v)
1 oo
= - (14 Mo (k)" A(e) Br{Go (k) — Go(—k) }u, AT.Go(k)v) kdk.
0
For obtaining the corresponding formula for W; ., we scale back (20) by using
the identity (12) and (13). Then
Ul =UT,

and change of variable k& to ek produce the first statement of the following
lemma. Recall 7 = 7.—;. The second formula is proven in parallel with the
first by using (11).

Lemma 3.5. (1) For u,v € D*, we have

2

21) (Wi u,v) = (u,0) - fm/ow kdk (1 4+ M.(—ck)) "' A(e)
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x B{Go(ke) — Go(—ke)Y M U*ru, AGO(ke)(N)U:Tv> .
(2) For k € Ct with sufficiently large Sk,
(22) (Hy () — k?)™ = Go(k) — 27 U-Go(ke) ™M A(1 + M_(ek)) ™
x A(e) BGo(ke) M U*r,
where Go(+ke) M) = Go(£ke) @ -+ @ Go(ke) is the N-fold direct sum of
Go(xke).

Notice that for u € D., {Go(ke) — Go(—ke)} MU ru # 0 only for R™! <
k < R for some R > 0 and the integral on the right of (21) is only over
[R™Y, R] C (0,00) uniformly for 0 < & < 1. Indeed, if u € D and 4(£) = 0
unless R~! < |¢] < R for some R > 1, then, since the translation 7 does not
change the support of 4(£/<), we have

FUru)(€) = e Flru) (5) o

€
unless R~'e < |¢| < Re and

{Go(ke) — Go(—ke) U Tu = 2im (€2 — K2 F(UX Tu)(€) =0
fork>Ror k< R

4. Limitsas e — 0

We study the small € > 0 behavior of the right hand sides of (21) and (22).
For (21), the argument above shows that we need only consider the integral over
a compact set K = [R™!, R] C R which will be fized in this section. Splitting
€2 =¢.¢/2.¢Y/2 in front of the second term on the right, we place one g!/2
each in front of BGo(+ke) MU and AGo(+ke) N U* or U.Go(ke) ™M A and
the remaining ¢ in front of (1 + M.(+ek))™!. We begin with the following
lemma. Recall the definition (3) of G.

Lemma 4.1. Suppose a € L?(R?). Then, following statements are satisfied:
(1) Let u € Dy. Then, uniformly in k € K, we have

(23) lim le? aGo(£ke)Uru — |a){(Gak, u)||r2 = 0.
e—
(2) Let u € L?>(R3). Then, uniformly on compacts of k € C*, we have
(24) le2 aGo(ke)UZ ull 2 < C(Sk) 2 lall 2 Jul 2

and the convergence (23) with k in place of k.
(3) Let u € L?>(R3). Then, uniformly on compacts of k € C*, we have

(25) lim [|> U Go (ke)au — Gi) {a, u)]| 2 = 0.
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Proof. (1) We prove the + case only. The proof for the — case is similar. We
have u € S(R?) and

Lo (k)T 1, etkelz—yl J 1 etklyl J
2 * = — - = — - + .
Shey(keute) = ¢ [ C—rutendy = - [ Cruty+enjay
It is then obvious for any R > 0 and a compact K C R that

(26) lim  sup |e?Go(ke)Uru(x) — (G, u)| = 0.
€20 2|<R keK

Moreover, Holder’s inequality in Lorentz spaces implies that
(27) [(Gr )] + [|e? Go(ke)UZ ul| oo < [|(4r]z])~!
It follows from (26) that for any R > 0

3,00lullz 1

(28) Jimy sup [l aGo(ke)UZu = a(Ge, )2 i<y = 0
and, from (27) that

le? aGo(ke)UZu — a{Gr, )| L2 (2> 1)
(29) < 2)lal| 2 (jafz r) | (47 [2]) I3 00l 3, — 0.

Combining (26) and (29), we obtain (23) for u € D,. (Since D, is dense in
L31(R3), (23) actually holds for u € L3-1(R3).)
(2) We have

2 ,—2SQke|z—y|
Go(ke 2 — / |a(z)| €
||(1 0( )HHS - 16\x—y|2

dzdy < C(Ske) a2,

This implies (24) as U is unitary in L?(R?) and it suffices to prove the strong
convergence in L? for u € C§°(R?). This, however, follows as in the case (1).
(3) We have

e} (U.Go (ke)au) (x) = /

rs 4|z — ey| “

ezk\zfsy\

(y)uly)dy
and Minkowski’s inequality implies
(30) e U-Golke)au = (G0 a, )] < [ 10 = 29) = Gul o )ty

Plancherel’s and Lebesgue’s dominated convergence theorems imply that for a
compact subset K of C*

sup (|G (- + ey) = Grll = sup [(F7'Gr)(€)(e™ — 1)l 2mg)
kek keK

( / sup [(€]2 — k2)~L(evE - 1>|2d£)
R3 ke K

<o ([ @ e - 1>|2d5)é
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is uniformly bounded for y € R® and converges to 0 as ¢ — 0. Thus, (25)
follows from (30) by applying Lebesgue’s dominated convergence theorem. [

We next study e(1+ M. (ek))~! fore — 0 and k € c’ \ {0}. We decompose
M. (k) = A(e)B1.Gy(ek)7} A into the diagonal and the off-diagonal parts:

(31) M.(k) = D.(ek) + eE-(¢k),
where the diagonal part is given by
M (e)b1Go(ek)ay - - 0
(32) D (ek) = : :
0 <+« An(e)bNGolek)an

and, the off diagonal part eE.(ek) = ()\i(E)bﬂi,EGo(Ek)T;»:Eaj&j) by

o (A, )
We study E.(ek) first. Define constant matrix G(k) by
A 1 etklvi—y;l
Gij(k) = Gij(k ) ij> gij(k)zﬂma i .

Lemma 4.2. Assume (7) and let Q C T be compact. We have uniformly for
k € Q that

(34) lim || B (£¢k) — [B)G(£k) (Al g = 0-
|B)G(£k)(A| is an operator of rank at most N on H®N)
IB)G(ER)(A] = (bi(2)Gas (k) ()3 )

Proof. We prove the + case only. The — case may be proved similarly. Let
k € K. Then,

eik\e(m—y)-Fyi—yj\ eikly,',—yj\
le(x —y) +vi —yil |y — il
e —y) +yi — vyl le(z—y) +vi — yillyi — vl
Clz — y|

(36)

<
(@ —y) + (i —y;)/el
for a constant C' > 0 and we may estimate as

||(Es,ij(5k) _ )\z(g)bzgzj( )QJ)U”LZ <C / |bz($)|x* |0,]( )U(y)|dyH

[(x —y) + (yi —y5)/el
[(@)bi(x) ) ay (w)uly)
SO l@—w+ <i—yj>/s|"‘yH
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/ ITi,e(<x>bi)(w)Tj,e(<y>ajU)(y)|dy‘ _
RB

|z -y

Since the convolution with the Newton potential ||~ maps L3 (R3) to L°(R?)
by virtue of Hardy-Littlewood-Sobolev’s inequality, Hoélder’s inequality implies
that the right hand side is bounded by

(37) Cll)bil| s [ (y)ajull poss
< COl{@)bi| s [z} ayl| s ull 2 = CI|<$>2V¢IIj% ||<93>2leljg [l 2

Let Br(0) = {«: |x| < R} for an R > 0. Then, for ¢ > 0 such that 4Re <
min |y; — y;|, we have

(35) < 4Ce, Vz,y € Bgr(0).
Thus, if V; € C§°(R?), j =1,..., N are supported by Br(0), then

N
| E=(eh) — A&)BG (k) Aller) < 402 Y [[Villzr = 0.
j=1
Since C5°(R3) is a dense subspace of the Banach space ((z) °L3/2(R3)) N
L'(R?), (37) implies ||E. (k) — A(e)BG(k)Allgm) — 0 as e — 0 for gen-
eral V;’s which satisfies the assumption (7). The lemma follows because A(e)
converges to the identity matrix. O

We have shown in Lemma 3.3 that b,Go(ke)a; is of Hilbert-Schmidt type

for k € T and it is well known that 1 + Aj(€)b;Go(ke)a; is an isomorphism
of H unless k?e? is an eigenvalue of H;(c) = —A + \;(e)V; (see [7]). Hence,
the absence of positive eigenvalues for H;(e) (see e.g. [10]) implies that 1 +
\;(e)b;Go(ke)a; is an isomorphism in H for all k € C' \ (7%i&;(c) U {0})
where £;(e) = {k > 0: — k* € 0,(H,;(¢))}. Thus, if we fix a compact set

QcT’ \ {0}. 1+ D.(k) is invertible in B(H)) for small ¢ > 0 and k € Q
and

1+ M.(ck) = (1 + D.(ck))(1 + (1 + D.(ek)) "  E.(ek)).
It follows that
(38) (14 M.(ck))™" = (1 +e(1+ D(ek)) ' E-(ck)) " (1 + D.(ck)) ™"
and we need study the right hand side of (38) as ¢ — 0.
We begin by studying (1 + D.(¢k))~! and, since 1+ D.(gk) is diagonal, we
may do it component-wise. We first study the case N = 1.

4.1. Threshold analysis for the case N =1
When N = 1, we have M, (ck) = D.(gk).
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Lemma 4.3. Let N =1, a = a1 and ete. and, let Q be compact in c" \ {0}.
Then, for any 0 < p < po, po = (3—p)/2p > 1/2, we have following expansions
in Q in the space of Hilbert-Schmidt operators Bo(H):

(39) bGo(ke)a = bDoa + ikebDia + O((ke)'7),
(40) M. (gk) = bDoa + (XN (0)bDoa + ikbDya) + O(e'*7),
(41) Dy=— !

drjz—y] 7' 4x
where O((ke) ) and O(e'*P) are Bo(H)-valued functions of (k,e) such that
1O((ke) ") |s < Clkel™?, [O(F)|lws < Clel'™?, 0<e<l, keq.

Proof. Since Sk > 0 for k € Q, Taylor’s formula and the interpolation imply
that for any 0 < p <1 there exists a constant C, > 0 such that

|eike\w7y| _ (1 + Zk€|1' — y|) | < Cp|€k|1+9|x - y‘1+P.

Hence
D.(ek)(x,y) — fiﬁ %yyﬁ - iksb(xifr(y)

We have shown in Lemma 3.3 that D, (¢k) and bDga are Hilbert-Schmidt oper-
ators and bDa is evidently so as a,b € L*(R3) (see the remark below Theorem
1.1). As (z)b(x), (y)a(y) € L?(R3), we have (z)’a(z), (z)’a(y) € L*(R3) for
p < po, and

//me |z — y|?*|b(x)a(y)|?dzdy < C||(x)’b(x)||3:]|(y) a(y) ||z

This prove estimate (39). (40) follows from (39) and Taylor’s expansion of A(g).
This completes the proof of the lemma. (I

We define
(42) Qo =1+bDga, Q= N(0)bDga +ikbDia, bDia = (47) '[b){al.

Regular case.

< Cplk"FPe Pl — y|?|b(z)a(y)].

Definition. H = —A+V (z) is said to be of regular type at 0 if Qg is invertible
in H. It is of exceptional type if otherwise.

Lemma 4.4. Suppose N =1 and that H = —A+V (z) is of regular type at 0.
Let Q be a compact subset 0f@+. Then

(43) lim sup [|e(1 + M (ek)) B = 0.
e—0 k’EQ

Proof. Since Qo = 1+ bDya is invertible, (40) implies the same for 1+ M. (ek)
for k € Q and small € > 0 and,

. -1 -1
Yim sup [|(1 + M (ek)) ™" = Qo llm ) = 0-

(43) follows evidently. O
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An application of Lemma 3.4, Lemma 4.1 and Lemma 4.4 to (21) and (22)
immediately produces the following proposition for the case N = 1.

Proposition 4.5. Suppose H = —A +V s of reqular type at 0. Then:
(1) Ase —0, W;{e converges strongly to the identity operator.
(2) Let Q C T" be compact. Then, a(Hy (¢) — k*)71b — aGo(k)b — 0 in
the norm of B(H) ase — 0 uniformly with respect to k € €.
(3) Let Q € CT. Then, lim sup [[(Hy () — k*)~! — Go(k)||s(#) = 0.
e=0keq,

Exceptional case. Suppose next that )y is not invertible and define
M=:KerQy, N =KerQ{, Qf=1+aDgb.

By virtue of the Riesz-Schauder theorem dim M = dim N are finite and M
and N are dual spaces of each other with respect to the inner product of H.
Let S be the Riesz projection onto M.

Lemma 4.6. (1) aDoa is an isomorphism from M onto N and bDob from
N onto M. They are inverses of each other.
(2) (ap, Doayp) is an inner product on M and (b, Dob)) on N.
(3) For an orthonormal basis {¢1,...,on} of M with respect to the inner
product (ap, Doay), define ; = aDoayp;, j=1,...,n. Then:
(a) {¥1,...,¥,} is an orthonormal basis of N with respect to (b,
Dobt)).
(b) {p1,---,0n} and {t1,...,1,} are dual basis of M and N respec-
tively.
(C) Sf = <faw1>901 ot <f?'(/]n><pn; f €EH.
Proof. (1) Let ¢ € M. Then, ¢ = —bDpap and aDpap = —aDgb - aDgap.
Hence aDgap € N. Likewise bDgb maps N into M. We have
bDob - aDoayp = (bDga)*p = ¢, @ € M,
aDoa - bDoby = (aDob)*p =), 1 € N
and aDga and bDgb are inverses of each other.
(2) Let ¢ € M. Then ap € L' N L7 for some o > 3/2 (see the proof of

Lemma 4.8 below) and ap € L N LP for some p < 3 by Hausdorff-Young’s
inequality. It follows that

= e\|2
(ap, Doayp) = /Rs |m|p£(?|

and (ap, Doay) = 0 implies ap = 0 hence, ¢ = —bDyayp = 0. Thus, (ap, Dyay)
is an inner product of M. The proof for (by), Dobt)) is similar.
(3) We have for any j,k =1,...,n that

(b5, Dobyoy) = (baDoay;, DobaDoaypy) = (—ap;, —Doapr) = d;x

¢ >0
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and {t1,...,¥,} is orthonormal with respect to the inner product (by), Dobi)).
Since n = dim N/, it is a basis of N.
(@), ¥x) = (p5,aDoapr) = (apj, Doapr) = 0k, J.k=1,...,n

Hence {¢;} and {t;} are dual basis of each other. Because of this, (c) is a well
known fact for Riesz projections to eigen-spaces of compact operators ([9]).
This completes the proof of the lemma. O

The following lemma should be known for a long time. We give a proof for
readers’ convenience.

Lemma 4.7. Let 1 <y <2 and 0 < 3/2 < p. Then, the integral operator
(y) "uly)
44 Q. u)(x) = / 2t dy
( ) ( Y )( ) RS |1‘ _ y|
is bounded from (L° N LP)(R3) to the space C.(R3) of bounded continuous
functions on R® which converge to 0 as |z| — 0:
(45) 1 ulle < Cllull(zonre)@s)-
For R > 1, there exists a constant C independent of u such that for |z| > R
C(u Ul o _
) - S s eltere o - [y

|| (x)?

Proof. We omit the index v in the proof. Since |z|~! € L3°°(R3), it is obvious
that Qu(z) is a bounded continuous function and that (45) is satisfied. Thus,
it suffices to prove (46) for |x| > 100. Let K, be the unit cube with center z.
Combining the two integrals on the left hand side of (46), we write it as

. 2y2 — ) ) ~"u(w)
@i - 9P =1 </ AS\K>|xy<|xy|+|x>dy

flo( )+Il(

When |z — y| <1 and |z| > 100, |z|, {x), |y| and |z — y| are comparable in the
sense that 0 < Cy < |z|/{z) < Oz < oo and etc. and we may estimate the
integral over K, as follows:

c / |u(y)] c
47 Ip(x)| < dy < ull e .
(47) Lo ()] @) 7 — ] <x>7|| Lo ()
We estimate the integral I;(z) by splitting it as I1(z) = I1o(x) + I11(x):
-1 y*(y) Tuly)
Lig(z) = — dy,
St W v ey
-
o) = - 2yx(y) "u(y) dy.

2] Jravke, [ —yl(lz =yl +[z])
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Since |x — y| + |z| > C(z)" " (y)*77 for |z > 100, Holder’s inequality implies
c |u(y)| c
@) @l <o [ dy < rllulloges).
ol(@) T Sk, fe =yl = ()T D

Let ¢’ be the dual exponent of o. Then, ¢’ > 3 and via Holder’s inequality

o 1/0’
'

If || < 100]y], then ()"~ ' ((z) + (y)) > C(z)” and
0_/ 1/0”

) Oy
S Vi <<x —@ T <y>>> W) gyl e
When |z| > 100|y|, we may estimate for 1 <y < 2 as
(' c
(@ —y)(lz[+ly)) = (z—y)(z)"

IN

It follows that
’ 1/0’

<y>177 0 Cc A
oy /|$>100|y<<x—y><<x>+<y>>> W)=l e

Estimates (50) and (51) imply

c
(52) [ ()] < [[ul| Lo
(z)”
Combining (52) with (48), we obtain (46). O
Lemma 4.8. (1) The following is a continuous functional on N:
1 1

N3 Lip) = o /RS a(z)p(x)dr = E(a,g@) e C.

(2) For ¢ € N, let u= Dy(ayp). Then,
(a) u zsg G sum u = uy +ug of up € C®°(R3) N L¥(R3) and uy €
(W2te2 N W22+e)(R3) for some € > 0. It satisfies

(53) (A 4+ V)u(x) = 0.
(b) w is bounded continuous and satisfies
L(p) ( 1 >
54 wz)=—>=4+0|— ], |z|— 0.
(54) @==2+0(5g) Wl

(c) u is an eigenfunction of H with eigenvalue 0 if and only if L(yp) =
0 and it is a threshold resonance of H otherwise.
(3) The space of zero eigenfunctions in N has codimension at most one.



444 A. GALTBAYAR AND K. YAJIMA

Proof. (1) Since a € L%, |L(p)| < (47)~Y|allz2 ¢l 2
(2a) Assumption (7) implies a(z) = (z)” 'a(z) with @ € (L?* N L29)(R?) and
1 <2p < 3and2qg > 6. It follows by Holder’s inequality that ap € Ls—enL3te
for an € > 0. Using the the Fourier multiplier x(D) by x € C§°(R?) such that
x(§) = 1for [¢] <1,
1

u = et 1
=iy | @i

we decompose u:
u=uitus, ur=x(D)Do(ag), uz={(1-x(D))(1~A)Do}(1-A)""(ap).
Since ap € L'(R?) it is obvious that

ui(z) = W /R3 eizgx(f)@(g) d¢ € C*(R?), lim 9%uy(z) =0

1€ || =00

for all . Since (1 —x(£))(1+ [£]?)|€]72 is a symbol of Hérmander class Sy, the
multiplier (1 — x(D))(1— A)Dy is bounded in any Sobolev space W*P?(R3) for
1 < p < oo by Mikhlin’s theorem and,

(1= 2) " (ap) € WA (R?) N W3 (R?)
for an € > 0 by the Sobolev embedding theorem. It follows that
Uy € W2’%+5(R3) n V[/g+e,2(1[£3)7
in particular, u is bounded and Hoélder continuous. If (1 + bDga)e = 0, then
a(l 4+ bDoa)p = (14 VDg)ap = (—A + V)Doap =0

and (—A 4+ V)u(z) = 0.
(2b) We just proved that u is bounded and Hdlder continuous. We use the
notation in the proof of Lemma 4.7. We have ap = —V Dy(ap) and

71~
Do(ap)(z) = % </K +/RS\K ) (v) aly)e(y)dy _ L) + Lo(x).

|z — y

Since (y) is comparable with (z) when |z —y| < 1,

1y~ _
(L) < Cla) " llaell g lllzl ™ ok, 7= 358 <3.

For estimating the integral over R? \ K, we use that ap € L5~¢ for some
0<e<1/5 Let 6 = (6—5¢)/(1 —5e). Then, 6 > 6 and Holder’s inequality
implies

) J F Cllagll -
IMmKCMM£E<AMWw;@J ST

Hence, ap = —VDgy(ap) € () (L N L9)(R3) and Lemma 4.7 with v = 2
implies statement (2b).
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Statements (2a) and (2b) obviously implies (2c). (3) follows from (1) and
(2¢). O

We distinguish following three cases:

Case (a): N NKer (L) ={0}. Then, Lemma 4.8 implies dim N = 1, H has no
zero eigenvalue and has only threshold resonances {u = Dg(ap): ¢ € N'}.

Case (b): N = Ker (L). Then, {u = Dy(ap): ¢ € N'} consists only of eigen-
functions of H with eigenvalue 0.

Case (c): {0} S N NKer (L) S N. In this case H has both zero eigenvalue and
threshold resonances.

In case (c), we take an orthonormal basis {¢1,¢2,...,pn} of N such that
©2,...,n € Ker (L) and ¢, € Ker (L)* such that L(¢1) > 0 which uniquely
determines (.

We study (1 + M.(ck))™!, M.(ck) = Xo(g)bGo(ek)a as £ — 0 by applying
the following Lemma 4.9 due to Jensen and Nenciu ([8]). We consider the case
(c) only. The modification for the cases (a) and (b) should be obvious.

Lemma 4.9. Let A be a closed operator in a Hilbert space H and S a projec-
tion. Suppose A+ S has a bounded inverse. Then, A has a bounded inverse if
and only if

B=S—S(A+S8)"s

has a bounded inverse in SH and, in this case,

(55) A=A+ S +(A+9)ISBIS(A+9)
We recall (40) and (42). We apply Lemma 4.9 to
(56) A =1+ M.(ck) =1+ Xe)bGo(ek)a.

We take as S the Riesz projection onto the kernel M of Qg = 1+ bDga. Since
bDya is compact, Qg + S is invertible. Hence, by virtue of (40), A+ S is also
invertible for small ¢ > 0 and the Neumann expansion formula yields,

(A+89) 1 =(Qo+eQ1+0(H+ 85!
= (1420 + )@ +0() (@0 +9)
(57) =(Qo+5) " —e(Qo+95)'Q1(Qo + 5) '+ O(e%).

Since S(Qo + 5)~! = (Qo + S)~1S = S, the operator B of Lemma 4.9 corre-
sponding to A of (56) becomes

(58) B=¢eSQ1S + O(g?), Zug 10E*) B < Ce,
€

where Q € C' \ {0}. Take the dual basis ({¢;},{¢;}) of (M, N) defined in
Lemma 4.6. Then, bDoap = —¢ for ¢ € M, (a,¢;) = 0 for 2 < j < n and
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(15,0) = (aDoap;, b) = —(p;,a) imply
ik
SQ1S = S(N(0)bDoa + ikbD1a)S = — N (0)S — i—ﬂ|(a, 01) 2 (01 ® 7).

It follows from (58) that uniformly with respect to k € €2 we have

k|(a, 1)

_1 n
(59) ||eB~1+ <>\’(0) +1 yp ) ©1 @Y1+N(0)71 Z‘Pj ®yY;|| < Ce.

=2
Then, since ||(A+ S)~!{|g) is bounded as e — 0 and k € Q and
lim sup([|S(A+8) ™" = S|lgy + [(A+8)71S = S| =0,
€0 ke

(55), (57) and (59) imply the first statement of the following proposition.

Proposition 4.10. Let N = 1 and the assumption (7) be satisfied. Suppose
that H is of exceptional type at O of the case (c). Then, with the notation of
Lemma 4.6, uniformly with respect to k € § in the operator norm of H we have
that

(60)  lime(1+ Da(ek)) ™

a 1 2 -1 , B n
— —(A’(O)—}-iW) @1®¢1_)\(0) lzspj@wjzﬁ
j=2
and that
ik\ " N
(61) <a|(60)yb><a47r> ’ al(cuivol))IQ'

The same result holds for other cases with the following changes: For the case
(a) replace v1 and 1 by ¢ and ¥ respectively which are normalized as ¢1 and
Y1 and, for the case (b) set 1 =101 = 0.

4.2. Proof of Theorem 1.1

Let £;, 7 = 1,...,N be the £ of (60) corresponding to H;(e) = —A +
Aj(€)V;. Then, applying Proposition 4.10 to H,(e), we have

(62) lim e(1+ D.(ck)) ' =@ L; = L.
e—0
It follows by combining Lemma 4.2 and (62) that
(63) lim (14 e(1+ D.(ck))) ' E.(ck) = 1+ LIB)G(k)(A|.
We apply the following lemma due to Deift ([4]) to the right of (63).

Lemma 4.11. Suppose that 1+ (A|L£|B)G(k) is invertible in B(CN). Then,
1+ L|B)G(k)(A] is also invertible in B(HN)) and

(64) (Al(L+ LIB)G(R)(A) ™! = (1+ (AILIB)G (k) (Al
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Proof. Since ay,...,ax € L*(R3), |A): CN — HW) and (A]: HN) — CV are
both bounded operators. Then, the lemma is an immediate consequence of
Theorem 2 of [4]. O

For the next lemma we use the following simple lemma for matrices. Let
wWw X 0 0
A= 2) 5= v)
be matrices decomposed into blocks.

Lemma 4.12. Suppose V and 1 +V Z are invertible. Then,

I Rl
O (O A T ) I (A R (s }

Proof. 1t is elementary to see

(o
w (1N 3)) Evly a)

0
1+ VZ vy (1+ VZ)_l)
and the left side of (65) is equal to

(8 <1+VOZ)_1V> - (8 (V‘liz)—l)

which proves the lemma. (|

Lemma 4.13. Let k € Q. Then, 1+ (A|L|B)G(k) is invertibe in CN. If
H,,...,Hy are arranged in such a way that Hy,...,H,, have no resonances
and Hy,+1,...,Hn do and, N = n1 + na, then

©n1 ni @n1n2 )
)

(67) (1+ (AIL|B)G(K))(A|L|B) = (@n e —T(k)!

where Oy, pn, is the zero matriz of size n1 X n1 and etc. and
. ik R
(68) (k) = ((aj - E)%‘,z - Gr(y; — yz)5jz)

Proof. We let ;1 be the resonance of H;, j =n; +1,..., N, corresponding to
1 of the previous section and define

jb=ni+1,.,N

A'(0)

(69) %= P



448 A. GALTBAYAR AND K. YAJIMA

Then, Proposition 4.10 implies that,
0

<A|£~\B> = . (an o %)—1

- (0‘"14-”2 - %)71

and we obtain (67) by applying Lemma 4.12 to the left of (67) with
iy —1
- (an2+1 - ﬁ)
V =

- (an1+”2 - %)_1

w X 5
(Y Z) = 9(k). 0
Lemma 4.11 and Lemma 4.13 imply that the following limit exists in B(H)
and

and with

lim (14¢(1+ D.(ek)) E-(ek)) T = (1+ £IB)G(k)(A]) "

and hence so does

(70) Ehgés(HMs(sk))*l — (14 £IB)G(k)(A]) L.

Completion of the proof of Theorem 1.1. By the assumption of the the-

orem, we may assume n; = 0 in Lemma 4.13. Abusing notation, we write
Gy = Gr)™,  Gru = i ) ellexT(x)

We first prove (9) for the + case. We let u,v € D, and R > 0. Then, (23) and
(70) imply that

(71) (1 4+ M.(—¢ek))"*A(e) B(Go(ke) — Go(—ke)) N U.u, AGo(ke) ™M U.v)
converges as € — 0 to
(72) (A + LBYGR)ANTEB)(G — 5w 6 v)
uniformly with respect to k € [R™!, R]. Here we have
(73) (AL + LIB)G(—k)(A) " L|B) = (1 + (A|L|B)G(—k)) ' (A|L|B)
— (k)
by virtue of (64) and (67). Thus, (71) converges as € — 0 to
~(Cay (k)7 (G~ Gp) M GV )
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uniformly on [R~!, R]. Thus, replacing u and v respectively by 7u and v, we
obtain W;{E — W;Y strongly as € — 0 in view of (15) and (21).

By virtue of (1) and (22), for proving the convergence (6) of the resolvent,
it suffices to show that as ¢ — 0 in the strong topology of B(H)

(74) e2U.Go(ke) ™M A(1 + M. (ek)) " A(e)eBGo(ke) N U,
= =[G Tay ()71 G]

for every k € CT \ €. However, (23), (25) and (70) imply that for k € C* \ &€
the first line of (74) converges strongly in B(#) as € — 0 to

(75) G (AL + £IBYG (k) (AN ZBY (G

This is equal to the second line by virtue of (73) with & in place of —k. This
completes the proof of the theorem.
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ABSTRACT

LetL > 0and 0 < € < 1. Consider the following time-dependent family of 1D Schrodinger equations with scaled harmonic oscillator potentials
ieOrue = —%8,%»15 + V(t, x)te, ue(-L—1,x) = ﬂ_1/4exp(—x2/2), where V(t,x) = (t + L)2x2/2, t<-L, V(t,x) =0, -L<t<L,and V(t,x) = (t -
L)*x*/2, t > L. The initial value problem is explicitly solvable in terms of Bessel functions. Using the explicit solutions, we show that the
adiabatic theorem breaks down as ¢ — 0. For the case L = 0, complete results are obtained. The survival probability of the ground state
7~ Y4exp(~x?/2) at microscopic time ¢ = 1/¢ is 1/v/2 + O(e). For L > 0, the framework for further computations and preliminary results are
given.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0001813

I. INTRODUCTION

Let H be a Hilbert space and {H(t) : —a < t < a} be a family of self-adjoint operators in . Suppose that the time-dependent Schrodinger
equation

ieQru(t) = H(t)u(t) (1)
with a small parameter 0 < € < 1 generates a unique unitary propagator U.(t,s) and that t — (H(t) - i)' € B(H) is of class PC*(R), i.e.,

piecewise c. Suppose further that H(t) has an isolated simple eigenvalue A(t) with an associated normalized eigenfunction ¢(t), both of class
PC' forte (-a, a), such that

Ho(t) = A(D)e(t), o) =1, -a<t<a.

Then, the classical theorem of adiabatic approximation due to Born and Fock” and Kato® implies that the solution u,(t) = U(t,0)9(0) of the
initial value problem,

ieOrue(t) = H(Oue(t),  ue(0) = 9(0), 2
with a small parameter 0 < & < 1 satisfies for § < a
lue(t) - e JPOBG1) | < e, Jt] < 6, 3)
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where || - | is the norm of L*(R). More precisely, a gap condition is imposed, i.e., assume that

inf{dist({A(#)}, s(H())\{AMt)}) : -6 <t <8} >0.

Furthermore, the phase of ¢(t) has to be fixed correctly. Let

__ a1
P(t) = f‘ G ORERT

2mi

be the (Riesz) projection onto the eigenspace Ker(H(t) — A(t)). Then, for a sufficiently small § > 0, one defines for -§ <t < §

With this choice, the result (3) holds.
This adiabatic theorem has been substantially elaborated and extended to more general situations, and it has been widely applied in
various fields of mathematical physics; see, e.g., Teufel’s monograph'’ and the references therein.

A. The eigenvalue dives into the continuum

We consider the situation that eigenvalue A(#) dives into the continuous spectrum of H(t) at, say, t = —L > —a, stays in the continuum of
H(t) for -L < t < L, and comes out again for ¢ > L as an isolated eigenvalue of H(t). Under the assumption that A() remains as an (embedded)
eigenvalue of H(t) for —L < t < L, then a general argument has been established and a result similar to (3) is obtained (see Ref. 10). Moreover,
the result has been applied by Diirr and Pickl® to the Dirac equation to explain the adiabatic pair creation and by Cornean et al.” to specific
finite rank perturbations of Schrodinger equations. However, if H(¢) has no embedded eigenvalues for —L < t < L and the eigenvalue A(z)
“melts away into the continuum,” then there is no general theory to deal with the problem; it is even not clear what is meant by the adiabatic
approximation. We should mention that embedded eigenvalues in the continuum are very unstable under a perturbation, and for genuinely
time-dependent Hamiltonians, embedded eigenvalues would hardly persist for any finite time interval.

B. Harmonic oscillators that become the free Hamiltonian

To understand these phenomena, we study an explicitly solvable model. More precisely, we study the solution of the Schrédinger equation
that can be written in terms of the macroscopic time variable as

1
ieOius = fi(ﬁug + V(t,X)ue,  ue(—L - 1,x) = @o(x), (4)
which is a scaled harmonic oscillator for t < —Land t > Land V(t,x) =0for -L <t <L,

(t+L1)°x*)2, t<-L,
V(t,x) =10, -L<t<I, (5)
(t—L)sz/Z, t>1L,

and the initial state @o(x) = 7~ ie ™ is the normalized ground state of the initial Hamiltonian H(-L - 1) = —(1 /2)6,% +(1 /2)x2. We are

particularly interested in the asymptotic behavior as ¢ — 0 of u,(t,x) at t = L + 1 when H(¢) again becomes —(1/ 2)0% + (1 /Z)xz.

It is well known that Eq. (4) generates a unique unitary propagator { U.(t,s) : —oo0 < t,s < oo}, which is simultaneously an isomorphism
of S(R) and of £(2n), n=0,1,..., the domain of (—(1/2)8,% + (1/2)x2)”. For ¢ € Z(2), RxR 3 (t,5) = Uc(t,s)¢p € L*(R) is C' in (¢,5) and
ue(t) = Ue(t,—L — 1)@ (see Ref. 6). We should emphasize, however, that H(¢) fails to satisfy the assumptions of the theory of adiabatic approx-
imation in two ways: (1) all eigenvalues dive into continuum simultaneously and (2) the domain of H(¢) has a sharp transition at time t = —L
and f = L and the resolvent (H(f) — i) ! is not of class C" at these points.

We shall study (4) in the microscopic time variable, viz., we change the time variable to s = t/e and study ve(s, x) = uc(es, x). ve(s,x)
satisfies

iOyve = —%aﬁvg + Vies, x)ve ve(—e (L +1),%) = go(x), (6)

and as we only consider (6) in what follows, we denote the microscopic time variable again by t instead of s. Our result will be rather complete
in the case L = 0; however, when L > 0, the situation becomes exceedingly complicated and we have to be satisfied with partial results that
should be considered as the starting point for further study.
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C. Summary of results

The main results in the case L = 0 are stated in Theorem II.10. Let v.(t, x) denote the solution to (6) with initial state ¢o(x) = ni ef’g 12

(at time t = —1/¢). Then, at time t = 1/¢, we have

ve(1/e,x) = mg,o(l/e)e_l:”(l/e)xz/2 +0(e)
as ¢ > 0. Here, mco(1/¢) and IJ5(1/¢) are given by (46) and (45), respectively. Note that these coefficients are highly oscillatory as ¢ — 0,
exhibiting the breakdown of the adiabatic approximation.
This result allows one to compute the survival probability of the time ¢ = —1/¢ initial state o to time ¢ = 1/e. The result is

|mamnmmW:§T0@

as € = 0. Thus, the initial state survives with a positive probability, which is less than 1. This survival probability was computed in Ref. 1 by
different methods.

The results in the case L > 0 are stated in Theorem IIL.2. These partial results are somewhat complicated to state. Roughly, there exist
sequences &, — 0 as n — oo such that there is a positive survival probability of the initial state, which, however, rapidly tends to zero as the
length of (microscopic) time 2L /e spent in the continuum increases.

Il. THECASEL=0

We first consider the case L = 0, viz., the case where the eigenvalues of H(t) touch upon the continuum only at time ¢ = 0 but all simulta-
neously. We should mention that the problem for this case has been studied by Bachmann et al.' by using a method very different from ours,
and the results slightly overlap.

We record a few lemmas that we shall use in what follows. The first one can be found in Ref. 11.

Lemma IL1. Let I.(t) be the solution of the Riccati equation,

L(t) +ile(t)” = ie’t ?)
with initial condition
l(-1/e) = 1. (8)
Suppose that m(t) solves
in(0) = SO, m-1/) = 77", ©)
Then, |m:(t)|* = 77 'Re L.(t) and
velt,x) = me(t)e O (10)

is the solution of the initial value problem for the Schrodinger equation

1 _ 2
i0rve = —(1/2)05ve + (PEX [2)ve,  ve(=1/e,x) =7 Te 2. (11)

A. General solutions of the Riccati equation
Bessel functions of the first kind J,(z) and the second kind Y, (z) are defined by

\'&, @/

(2) =2 L O 12

1) (2) kz:(:)( )k!F(v+k+1) (12)
Yi(2) = Ju(2) cos v —J-(2) (13)

sin v
They are linearly independent solutions of Bessel’s equation
@)+ () + (& = V)2) = 0,
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and their positive zeros are interlaced [see DLMF’ (10.21.3)].

Lemma IL.2. Let ¢ > 0 and k € (CU {00 })\R. Define w(s,«) for s > 0 by

w(s ) = (<11 2V + ], 2V5)), (14)
where the principal branches are assumed for the Bessel functions, and in the case k = oo, the first term is omitted. Define
. &t
We(t, k) = w E,K , t>0. (15)

Then, w¢(t, k) may be analytically continued to an entire function of t € C and it does not vanish on the real line.

Proof. From the definition of Bessel functions (12), we have

o k
J(2v/5) = s M), M) = %(—wkm, (16)
and M, (s) is evidently an entire function of s € C. It follows that
w(s, k) = _M—i (s) + KsiMi(s) 17)
and
We(t, x) = —M,%(£2t4/16) + (K\/gt/Z)M% (£t*/16) (18)

is an entire function of t € C. As w(s, «) is a linear combination of J1(2y/s) and J_1(2+/s) with non R-related coefficients, 1.(t, x) # 0 for
4 4
t > 0. However, (18) shows w.(—t, k) = W.(t, —«), and the same is true for t < 0, and wW(0,x) = —M_1(0) = —F(3/4)_1 # 0. This completes the
4
proof. O
LemmaIl3. Lete+ 0, k€ (CU {oo})\R, and s = €%t*/16. Let w(s, ) and w(t, k) be as in Lemma II.2.

(1)  With x being an arbitrary constant, the general solution of the Riccati equation (7) is given by

_ —4isw’ (s, ) B _‘ﬁ)g(t, K)
Lt = fwis, k) l’lfJE(t, k) (19)

It is a holomorphic function of t in a complex neighborhood of the real line.
(2) We may express I:(t, k) without using derivatives,

. —4is3 (KL% (2V/5) + ]% (2\/3))

le(t, ) = (20)
(-1 2V9) + 1, (215)
—Z'(SKS%M7§ (s) + &M (s))
= : - ! . (21)
2(_2M*i (s) + ke2 tMi (s))
(3) For the solution l.(t, k), we have as t — 0
le(t, k) = iag? (l tagit+ (asét)z + O(sit)3), a =2«I(3/4)/T(1/4). (22)

Proof. Define wi(s) = sl/s(a]% (2V/s) + bY% (2\/3)) for s > 0. Reference 4, pp. 67-78, shows that the general solution of (7) is given by

—4isw; (s)
twi (s)

le(t) = (23)

with arbitrary constants a and b, which are not R-related. If we use Yi=]i - ﬁ]‘i and set & = (a + b)/(v/2b) € (C U {c0 )\R, the right-hand
side of (23) becomes I:(¢, k) of (19). Lemma II.2 implies part (1).
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To prove part (2), we use the recurrence formula of Bessel functions [see (10.6.5) in DLMF’].

Lemma IL4. Let C,(z) be any of ].(z), Yv(z),Hsl)(z),H,(,z)(z) or any nontrivial linear combination of these functions, the coefficients in
which are independent of z and v. Define f,(z) = 2/C,(Az%), where p,q, and A # 0 are real or complex constants; then,

2fy(2) = A2 fy1(2) + (p - vq) f+(2) (24)

as long as the principal branch is considered for C,(z).

Consider f,(z) for C,(2z) = aJ,(z) + bY,(z) with

o | —
[\S]
N

p =
Then, Ag = 1,p — vq = 0, and (24) implies that for w; (s) of (23), we have

L) = —4i (Sici(z\/g)), _—41586 2 (2V/5) 25)
T daem o saes

In the right-hand side of (25), substitute

C.(2) = a]1(2) + bY1(2) = (a+ b)]1(2) - \/_b]

C_%(z) = a]_%(z) + bY_% (2) =(a+ b)]_%(z) + \/Eb]% (2)

with z = 2¢/s and reduce by the common factor \/2b. We have in the denominator

%C%(Z\/E) = (VR + 1 V) ) = wis 0 06)
and in the numerator 5
%0_3(2@ =5t (.2 +1:(2) = \/EKfM_%(s) +SMy (). o)

Plugging these in (25), we obtain (20). If we use (17) and the last expression in (27), we obtain (21), which manifests that [.(t,x) is a
meromorphic function of t.
To prove part (3), we use (21). The numerator has an asymptotic expansion
2,3
8Ksz 1/4) +0(e°t))
and the denominator has an asymptotic expansion
-1 1 -1 2.4
(-2T(3/4)” + ke tT(5/4)” + O(etY))
ast — 0; hence,

—i8ke:T(1/4)™" + O(EF)

le(t: K) = 1
2(=2T(3/4)7! + ke2tT(5/4)~! + O(£2t4))
1 1 -1
_ 2ike2T(3/4) o[- 2ke2tT(3/4) + O
[(1/4) I(1/4)
_ l1a£2 + O, _ 2KF(3/4)'
1—aext+ O(2t4) I(1/4)
Statement (3) follows. O
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B. The initial condition

Having obtained the general solution /(¢, ) of (7), we need to determine x = «, such that the initial condition l.(—1/e, x:) = 1 is satisfied.
We define

() =L(t,k) and 1(r) = =I5 (-0).

We have introduced [ (£) as we want to deal with a positive variable. Then, (21) implies for ¢ > 0 that

) 4(8(%)5%M_; (s) + M (s))
I(t) = 4 t

2(_2M‘i (s)+ (—xe)e% tMi (s))

—aist (<) V9 +1;209)
t(_]’% (2\/3) - Ke]% (2\/3))

'LZ):;(t, 7K£)

=L(t,—k:) = — . 28
( Ke) lws(t>_K£) (28)
Thus, fg(l/e) = -1 is satisfied if (and only if)
~is? (k2 2v/5) + 13 (29)) i(-x_2(1/26) +13(1/20))
H=T_1(2/5) — keJ 1 (2/5)) J_1(1/2€) + k] 1 (1/2¢)
1 1 t=1/e 1 1
where we used 21/s = 1/(2¢) when t = 1/¢ in the last expression. Solving this equation for . leads to
Jo1+i]s
Ke = ——2| . 29
el (29)
We recall the following special case of (10.17.3) in DLMF.”
Lemma I1.5. Assume x is real, and let w = x — %vn - %. Then, as x — oo,
2 -_—
Jo(x) = 2 oS W — @ -1) sin w + O(i) . (30)
X 8x x2
Application of this result to the right-hand side of (29) yields
Ke=—ei + (2\/5)718671.(%+§) +0() = —eh 4 O(e), e—0. (31)
We omit the details.
Lemma IL6. The solution I} (t) of the initial value problem for the Riccati equation
)+l ()} =i, IF(-1/e) =1 (32)

is given by (20) with x given by k. of (29),

. —4i5%(KJ_%(2\/§)+]%(2\/§)) B £t 33
T e N ST e R T Y

where the principal branch is assumed for Bessel functions.
C. Asymptotic behavior of I;(1/e) as ¢ -~ 0

Lemma Il.7. Ase — 0, we have

1-2V72i cos(1/e)

IX(1/e) =
(1/9) 3+2/2sin(1/e) "

O(e) (34)
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and Re I} (1/¢) oscillates between (3 + 2v2)and (3-2v2) " ase— 0.

Proof. From (33), we have
—i(w_s +73) i+l
IX(1/e) = i 4 Ke = ——2| . 35
1/ *]_i‘HCJ% ]iflf_g N (35)
Thus,
. s +ily: 1)
I:(1/e) = : , (36)
sty il -1,
and we may compute the asymptotic value of (36) as ¢ = 0 by applying once more (30). This yields (34), and the lemma follows O
D. The amplitude function m.(t)
We next solve initial value problem (9) associated with I (t), which reads
my(t) (1) ~1/4
- 2 me(—=1/e) =n /",
For the same reason as before, we consider 7i:(t) = m.(—t). Expression (28) for T.(t) implies
mi(t)  omi=t) L L) @t k) 37)
me(t)  me(=t) 2 2 2(t, —ke)
Recall (14) and (18) for the definition of w.(t, k). Integrating (37) yields #1(t) = Acwe(t, —Kg)_l/2 for a constant A, for t > 0, viz.,
“1/2
me(=1) = A( =511 2V5) - ks UL 2V3)) (38)
-1/2
= A(-M_ (5) - etM1 (9)) / (39)
Thus, the initial condition m.(~1/e) = nfi is satisfied if
(40)

1 —-1/2
7= A= VD) - ks VE) T e

By virtue of (30) and (31), (- - -) on the right-hand side is equal to (with a = i -1

1 1

22¢1 in T 1 _
f (—cos(a+ﬁ)+e4 cos(oc—f)+O(e)) -
T2 8 8 T2

and we have
Sé ,i(L,Lﬂ
Ae= —e N1/ (14 O(e)). (41)
T2

(39) implies that m,(t) is given by changing . to —«. in the right-hand side of (38) or (39). This proves the first statement of the following

lemma.

Lemma I1.8.
The solution of the initial value problem (9) associated with I} (t) is given by
-1/2
/ (12)

M
me(t) = Ac(=s"1_1 29 + xes T 2v9)

where k. and A. are asymptotically given by (31) and (41), respectively, and the branch of the square root should be chosen such that

me(—1/e) = i

61, 092105-7
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2) Ase—0,
VA
#(1 =——— + 0O(e), 43
me( /8) (\/iei/s_,_z-)uz +0(e) (43)

where the branch of the square root should be chosen by the continuity.

Proof. By virtue of (40) and (42),

S T ke
me(1/e)" = —J_1+ K1 l’
and we compute the asymptotic value of the right-hand side by using (30). We obtain (43). O

E. Asymptotic behavior att=0

In Sec. 111, we need I; (0) and m.(0). We already computed ; (0) = iae? in (22) where « in the expression for a should be taken as « =
[see (31)]. The next lemma immediately follows from (39) or (42).

LemmaIL9. Ast — 0, me(t) has the following asymptotic expansion, uniformly for 0 < e < 1:

2T(3/4)
I(1/4)

me(t) = —iAsl“(3/4)1/2(1 + Ket + O(tz)), (44)

where A; and k¢ are as in (41) and (31), respectively.

Lemma I1.9 shows how the adiabatic approximation breaks down as t — 0: The adiabatic approximation would yield I(t) = et/2 for
(minus) the exponent of the Gaussian as ¢ — 0, whereas the leading term in (22) is iae?, which does not go to zero as t — 0. The corresponding
term of order et appears only as the second term iatet ~ Czst/Z, C =2T(3/4)/T(1/4) ~ 0.676. The state at time ¢ = 0, v,(0,x), is a Gaussian,
which is a result of general theorems (see Ref. 7), but the speed of spreading is Ce'’*\/t times slower than the one given by the adiabatic
approximation, and at time zero, it remains as a finite Gaussian of size Ce™'*, whereas the adiabatic approximation gives a completely flat
Gaussian.

F. Behavior of v.(1/¢) as ¢ — 0 and the survival probability

The following theorem states the main result of this section for the case L = 0. The theorem explicitly exhibits that the state at the
microscopic time 1/¢, when the Hamiltonian returns to the initial —(1/2)d*/dx* + (1/2)x%, is highly oscillating as ¢ — 0 and the adiabatic
approximation is completely broken down.

We introduce the notation for the leading terms in asymptotic expansions (34) and (43). We define

1 - 2v/2i cos(1/e)

I = ,

o(1/2) 3+2v/2sin(1/e) 43
7_[—1/4

mg,o(l/e) = m (46)

We have proven the following theorem:

Theorem II.10.

(1) Let I75(1/€) and meo(1/e) be given by (45) and (46), respectively. Then, the solution v.(t,x) of the initial value problem (6) satisfies, as
e—0,
ve(1/e %) = meo(1/e)e” ML < Ce. (47)

We have .
Imeo(1/e)[* = 7'[_1(3 + Zﬁsin(l/s)) =7 'Re I}y(1/e). (48)
(2) The survival probability of the ground state go(x) = nie % at time 1/e is equal to 1/5/2 + O(e).
Remark I1.11. The survival probability in part (2) was also computed in Theorem 1 of Bachmann et al.’

Proof. Since Re £} (1/¢) > (3 +2v/2)7", part (1) is obvious. We only prove (2). Using (47) and explicitly computing the Gaussian integral,
we obtain
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(ve(1/e,%), 9o(x)) = fR”*e“z/ 2meo(1/e)e 0 g 4 O(e)

_ V2 tmeo(1e)

S wrajene OO

Insert the expressions from (45) and (46). Since

e . 1 - 2v/2i cos(1/e) ) ie6V/2 +8sin(1/e) e
D) / = = 2V2,
(Ve +Z)(1+ 3+2v/2sin(1/e) ¢ 3+2v/2sin(1/e) ¢2v2

we conclude that

_ 26+ 2y/2sin(1/¢)) .

1
O(e) = — + O(e).
6V2+8 sin(1/e) © +0le)

[(ve(1/e,2), o)) 7

. THECASEL >0

We next study the case L > 0 and examine how the asymptotic behavior as ¢ — 0 of the solution depends on the macroscopic length L of
time that the particle has spent in the continuum of —(1/ 2)0%. We let ve(t, x) be the solution of the initial value problem (6) with L > 0. Then,
by translating in time the result for the case L = 0 by —L/e, we see from (22) with k = k. and (44) that

1/2_—iae'?x* )2 _ 2r(3/4)
e . ae = Ke.
I(1/4)

ve(=L/e, x) = —iA: T(3/4)
A. Solution at the time exiting the continuum
We may explicitly compute
ve(L/e,x) = <e_2iLH“/svg(—L/£))(x)

_j 12 =% ey agel /22
_ iA:T(3/4) e e%f'%dy
(4rrL/e)!/2 R

11 e
- Mez(-z;uﬁ)xz. (49)
(-2a.L + \/E)I/Z

B. Solution after the particle exits the continuum

We want to evaluate at time t = % the solution of

1 t—L 222
iOve(t, x) = —Eaﬁvs NGORES

2

Ve

when ve(L/e, x) is given by (49). Translation of t by L/e once again shows that ve((L + 1)/e, x) = z.(1/e, x), where z¢(¢, x) is the solution of

1., e

i0rze(t, x) = *E xZe T Zes (50)

11
%e“’;ﬁ“x~ (51)
—2a.L+ /¢

z:(0,x) =

We know from (20) that z:(, x) is of the form

_ 2
ze(t, x) = m (t)e Lty /2,

where (£, y) and m; (t) are given by (20) and (42), respectively, with y in place of x and B in place of A, in particular,
~4is (73 2v/5) +1:(25))
()1 vB) +y7,2VA)

le(t,y) = (52)
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mi (1) = Be( =51y V8 + 5, (2\/5))_1/2.

We will choose y and B, such that initial condition (51) is met, viz.,

iea.
L0,y) = ———,
0.y ~2a.L+\/¢
. —AT(3/4) ¢
mE(0) = TG/ e

(—2a.L +\/e)1/?
By virtue of (16), we may evaluate [:(0, y) of (52) and m; (0) of (53),

2iyeT(3/4)

* _ 1/2
/e m, (0) = —iB,['(3/4)'".

ls(ox V) =
Equating the right-hand sides of (54) and (55) with those of (56), we have

6% Ke —iA;,a‘]?
Y= 5 Bs = .
—2a.L + \/E (—2a.L + \/5)1/2
Hereafter, we write C; = I'(3/4)/T(1/4) so that a, = 2x.C;. Note that y = x, and B, = A, when L = 0 as they should be.

C. Solution when the Hamiltonian returns to —(1/2)d?/dx? + x?/2

We study the behavior as ¢ — 0 of [(1/e, y) and m(1/e). They are given by

(V@)

-1
o

me(1/e) = B~/ Ty ) 4 e/, @)

Z:X

We substitute the first of (57) for y, which yields

—4K5C1L]% (2) + sl/z(Kg],% (2) +]§ (z))

L(l/ey) =i
ey 1—4KSCILJ,%(z) - e2(x]1(2) - 1 (2))

_1
z 2e

We substitute x, = —e1 + O(¢) in (60) and use (30). Denote
Li=-4CL, a=(2¢) ' -47'm
Then, as ¢ > 0, l;(1/¢) (omitting y in the notation) is asymptotically equal to

—Liet cos(a — %”) + 81/2(76% cos(a + %) + cos(a — %” ) + O(¢)
i

—Lle% cos(ar+ §) + el/z(cos(oc +5)+ e cos(a — g)) + O(¢)

—L sin(i -+ sl/z(e%m sin(i -2+ sin(i - %)) + O(¢)
=i

-1 cos(i -2+ 81/2(6? cos(i -2+ cos(i - %" ) + O(e)

After a simple but tedious computation, we simplify the equation above and obtain the following lemma.
Lemma IIl.1. Define p = i - g and B = L, —\/2¢. As e — 0, we have

£+i(32 sin 2p + \/2¢B cos 2p) + O(¢)
B2+ ¢+ B cos 2p —\/2¢B sin 2p + O(e)

ls(l/s) =

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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We note that in the denominator, we have
A(e) = B> + e+ B* cos 2p — \/2¢B sin 2p
= 32(1 + ; + (1 + 123—2)% cos(2p+ﬂ)) > Ce,
where

sin § = Ve

S (B2+2e)7
However, A(¢) + O(¢) can be controlled only when A(e) > Ce' ™0 for § > 0, and this requires
cos(2p+f) > -1+ ce'™?, 80,

in which case we have indeed

1

Ale) € 2e\2
=z :1+§+(1+—Bz) cos(2p + )
& € - -
>1+§+(1+§—O<e2>)(—1+c5 %z ce.

Let Q) c (0, 1) be the set of € that does not satisfy (63). Then, Taylor’s formula implies for some C > 0 that

> 1
QCU{€>OZ‘*—E+/3—(2H+1)T[
P

n=0

< Cs(lﬂs)/z}.

The definition of 8 and Taylor’s formula imply

Vo[ 22 ae\T Va3 Ve
inf=p-0p)=~=(1+ + = =—|1-——+0() |,
sin f=5-0(8") L L 5 L 1 (¢)
andase — 0,
2
B= Q +0(e).
L
(66) implies that ¢ > 0 that satisfies (65) must satisfy
1 2 -
ST Q —@n+1)n| < Ce17O?
£ 4 L1

for some n and (another) constant C > 0. We want to solve (67) for € in terms of n. (67) is equivalent to

3-8

Cez

< .
NG
%—Tl"'(zf’l"’l)ﬂ

1
£—
2/
‘ %—Tl"'(zn"'l)ﬂ

For small € > 0 or for large n, this implies (4nm)™' < |¢| < C(nm)™" and

<Cn O,

1
c—
2/
‘ i-T2-+Qn+Dm

Define

S

e(n) = (Z +(2n+ 1)71)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)
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Then,
e—e(n)? 3=
Ve - ()] = |\/5+e(n)| <on s
and
1 1 _1=8
m_ 2/ _1’7M+(2n+1)n <o -
Z_Tl+(2n+1)ﬂ 1 L
In this way, we have shown that for some C > 0,
= 7 1 —(5-8)/2
QcO-= e le— <Cn . (70)
nL_Jo{ %—ZSL(I”)+(2n+1)rr

Thus, we have obtained the following theorem.

Theorem IIL2. Let 0< < 1, B=L; —\/2¢ &(n) be defined by (69), and Q be defined by (70) with a suitable constant C > 0. Denote

p=5-% Then, for e ¢ O, B> + ¢+ B* cos 2p — \/2¢B sin 2p > Ce' ™, and as e - 0,

e+i(B2 sin 2p+\/2_sB cos 2p)+O(£)
B2+ ¢+ B2 cos 2p—\/ZB sin 2p

le(1/e) = (1 + O(ea)). 71)

We note that Re l:(1/¢) < Ce® and |ve(1/e, x)| < Ceexp(~Ce’x*/L) for ¢ ¢ Q. Recall that the free Schridinger operator —8? has a zero
resonance with resonant function 1. It follows that, as & ¢ () approaches 0, v¢(1/e, x) approaches an oscillating function of the magnitude of
the resonant function of —9; on every compact interval of R, and it does so faster when the length L becomes longer, 2L being the time the
particle stays as a free particle. Here, the behavior as ¢ — 0 of the imaginary part of I.(1/¢) heavily depends on how ¢ approaches 0; however,
we shall not pursue this point any further here.
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XyralaaHaac XxamMaapcaH IIOTeHI[na/ITail
[ pequarepuiitn TOTMUTIINNH aHAJIUTAK A IiIH
TaJiaap

9. l'anxeJsier

YaupTrani

XyramaaHaac xaMaapcaH HoTeHIaa oOyxuit uar xamkddcT Ulpequnrepuitn Tar-
AT/ aBY Y3be.

»

1 z=

1
igatu& = _58323“6 + V(t,.%')u57 U’E(_L - 171.) =7 de 2

sun L >0, 0<e k1 06a

V(t,z) ~L<t<L,

(t+ L)%2%/2, t< —L,
pu— O,
(t—L)*x2/2, t> L.

»

x

DH5 TOTIMIUTISI Hb aHAJMTHK MIiITail Geree yr ity up u.(t,z) = m(t)e (0%
x3169pTait. m(t) Gonon [(t) dyukuyyn #b I Tepaumita Beccenuiin dbyHKIRIp misp-
xuitsraeas. A. Galtbayar, A. Jensen, K. Yajima napein "A solvable model
of the breakdown of the adiabatic approximation” axunn xapyysacan 6aiigar.
Bu yr axK/bIr epreTrex, Muiianiir € mapaMeTpuiiH XyBbI aHAJUTUK 3a1apraar Iy y.
HapUiBYIAITall TOOHOO/IK € — () yenitH aHaJIMTUK YaHAPBIT CyIIaXal:

e [(t) dyukumiin 6oxur x3cor (0, 1] xoopoH |siné\ TOPJIMIH X3/103/133J1 XUIiK
Haiican 60J1 XyypMar X3¢ar (—o00, 00) X00POH/ cot % TOPINIH X3I03I39JT XUIHHS.

o XyramaaHaac xamaapcaH norenruanaTail llpequarepniita TaSrmuTrSIUNH TTHH/T
AaHXHBI TeJIOB bOaiiaa xajrajnax Marajiai 0-pyy TOSMyY/IHS.

Tynxyyp yr: Xyramnaanaac xamMaapcad noTeHuuain, AmmabaT TeopeM



1 Opmnna

Xyraraanaac xamMaapcaH TapMOHUK ToTeHnmas oyxuit iedyu(t) = H(t)u(t) lpeaumare-

puita TarmmTrasmir ererjacen L > 0, 0 < € < 1 XyBb/1 aBY y3be.

1
ie0yu, = —§8§u5 + V(t,x)ue, u(—L—1,2) = ¢@o(x) (1.1)
SH/L
(t+ L)*2*/2, t<—L,
V(t,x) =10, —L<t<L,
(t—L)*z%/2, t>1L
6a Favuabron H(—L—1) = —%A + %—I/H‘/’IH SHEPruilH XaMTuifH Oara TYBIINH J9X XyBHIH

1 12
dbyukipsp (I.1) Tormmrrasauiin aHXHBl HOXIEIIT @o(x) = 7 1e” 2 Oaiixaap erxe.

1.1 IlIpemuHrepuiid TITUINTTIJIANH TIAN/T

(I.1) Tormurraauitn muiiauir cyjaax #b ¢ — te OpJIyy/Iraap YyCoX SKBUBAJIEHT TIITIUT-

DJIMAT CyJlaJICaHTall auIXaH.
0. = —(1/2)0%0. + V(et, x)v., v(—(L+1)/e) =n de 7. (1.2)

SH]T
(et + L)*a?/2, t<—£L,

V(et,z) =<0, ~L

(et — L)*z?/2, t>

22

(1.2) Tormmrran op Xyramaa t amb 4 armmng Gaiican v(t, 1) = m.(t)e =T xanGapuiin
AQHAJUTHUK IIXIITIN.
Ho9px Hlpeauarepuitn Tormmrramiie xyramaasbl Xy —(L+1)/e <t < —L/e 3aBcapr
COHUDPXbE.
Toreaa [ (t)-nitn xysb napaax [ (—(L + 1)/e) = 1 anxuabl Hoxuearsit Pukkaruita Tor-
IIATTS/T YYCHD
I(t) +il.(t)* = i(et + L) (1.3)

2



Xapum I-(t), me(t) xysog me(—(L+1)/e) = 1/71 anxub HOXUOM GYXHil T00PX TOIIIHTI
YYCH?

i (1) = (0 (t). (1.4
(I.3) 6oson (1.4) Tormurramiir 7 =t 4+ L/ opiyyiraap Xyraraasbl XyBbJl MK YI9JIT

xuitBar: 7 € (—1/¢,0)
L(T)+il(1)? =i(er)?, l(=1/e) =1 (1.5)

00JIOH

im.(7) = %mE(T)zs(ﬂ, mo(—1/e) = 1/r

=

(1.6)

TACIIATIYIY Y, YYCI2K rapHa. JH3 opiyyira Hb L = 0 ye yycoX TIIIIUTISITIH SKBUBAIEHT
baitna. Witma L = 0 mmiigzac L > 0 mmitauitr 6aiiryyaaa. [Haamma6an " A qmabat Teopem”

OMeIdX CIXUUT CYIATHA.

1.2 Cynaaracan 6aiigaJt

1916 onx Dpendect xyranaanaac xamaapcan = Aqmadar Teopem”’ caHaar JPBITYYICIH. DHD
canaaH J19p yHmaecasH 1928 ong M. Bopu 6oson B.A. @ok [2] Hap KBaHT MeXaHUK JaXb
JlaBXapJical XyBHUilH yTraryit [aMujaIbTOH cucTeMuiir cygajical anx/jiard axkKui 0aiB. DH3-
xyy axxsraap ”’ A mabat Teopem” -nitH TyXail €pOHXUN OMITOITHIT Taitibapacan baiigar. Yo
axksieir 1950 ongr T. Karo [3] azksiaapaa epreTren gaBxap/ican XyBuiin yrrarail cucremuti
cynasican Gaiimar. ” Ajqunabar TeopeM”-WifH TOJT CaHaa Hb KBAHT CHCTEMUITH aHXHBI TOJIO-
Buiir ['aMuIbTOH onlepaTOpPbIH XaMIUitH Oara XyBUITH yTraJl XapraJjsax XyBUH (QYHKIIP
(XyBuitH QyHKIYYAUAH OrTOPTYit 199pX (DYHKIL) OT06/1 CHCTEMUHH TOJIOB Oailibir Xyra-
IaaHbl XyBbJ ['aMUJIBTOH OIEPATOP XIPXIH OOPUIOTIOXK Oaliraar cygajiar. X9p3B KBAHT
cucrem " Aaunabar Teopem” OmeIST 601 YT CUCTEMHUIH TOJIOB OAilIIbIH ©OPUIOITHIAT

[aMMIBTOH OnepaToOpbIH XYBUIH yTra, XyBUNH (DYHKIPIP JIaAMKYYIaH MJI9X O0JOMKTOII.

3



['Bu xyranaanaac xamaapcan lamuiabron omnepartoptait [IIpeuHrepuitn TOTTIIHTISIARH

MU UHT 010X Hb Oararyit XyHapaJiTail.

2 L =0 yeniin mmiis

TaMmarmsresr 9BTIX9H Gaiiarax yyausac (1.5) rarmmrraauiin 7 = ¢ T9C9H opityyira xuife.
L(t) +il.(t)* = g%, (2.1)

Tsresn Pukkaruita rormmrraauita eperxuii mmity (11.2) xaabsproit

L) = i) (2.2)

T = t\/€, a,b TOIrTMOJI TOOHYY/IBIH XYBb/I

ue(t) =a) k:!F(li__l)% +1) <g)4k * b% k!F(l(c:—l)% +1) G)MM

k=0

Gaitra. Ognoo (I1.3) Gaitiiaap Tomopxoiiorgox Beccen dyHkuumitn myBaa X3a69puidH TO-

JOPXOMJIONITHIT AIlIUTJIAHA.

> (—1)* 2\ 2k+v
Tolz) = ;; KTk +v+1) (5) (2:3)

u(t) dyukuuiir Beccesr dbyHKIPID MIIpXURI6n.I:

ut) = GL(TZ2

. ) (2.4)



0OJIHO.

0100 u.(t) GYHKIMIAH yIaMAKIATBII TOOIOXO/T;:

ul(t) = a\/_ZQkﬂF +1) (2)4k_1
e g (3)
NG (5) {—ak (;) +bJ s (T;ﬂ IS OJIJICOH.

Duyac [ (t) byukuiir Beccen QyHKIEIP wspxuiiitar:

Rk
—i\/eT [_GJ% <§> +bJ s <%>}
al 1 (2) +bJ: (%)

4

Onoo k. = —b / @ TOCOH TAIMJIIIVIIIDD XUiK PUKKATUIH TOTMIATIINIH €POHXUN I IHiT

—i/ET [Jg (é) +hed g (é)}
—J 1 (Z) + ks (D)

(I1.1) TormuTrauiitH aHXHBI HOXIOJT t-WitH copeH yTran baiiraa. WUiiv oitiromzkroit Gaii-

OMUBAJI:

Daiina.

le(t) =

rax yyausc t > 0 raK y393, PUKKaTBIH TOMMIATIOIMIH epOHXUil MNIUiH XyraiaaHbl

ceper yrrauj 6ywy l.(—t) Gaiix yen :

—z{Jg(é)—keJ73 :
1= 4 <! 601HO. DHI33¢ k. TOITMOJIBIT
J 1 L)Jrkle(L) €
-7 2e I 2e
J 1 +1Js
k - 4 @@ 04
€ .
Ji —iJ 3
1 1|1

2e

J_1Ji—J_sJs +i(J_1J s + JsJ1)

_ 4 4 4 4 4 4 4 4
Ji+ T2,
4 4




TOMBEOTOOP OJTHO.

XaHrajaTTail TOM T-UiH XyBbJI W = T — %I/’ﬂ' — 7 TBC3H TOIMIRIIIBTSS xXuiiBas Beccen gynxi

J(x) = 2 (cos w—

T™r

<4V8—_1)sin w+0(1/x2)> (2.5)

x
Gaiimar([4, 10.17.3]). I99px ToMbEOr amurian k. TOITMOJIBIN € HAPUIBUIAITANR TOOIOXO/

1

ke = —€'T 4+ (2v2)Lee G 4 O(e?)
392K 0J1JICOH(TOOIOOJLIBII XABCPAJIT X3CI99C XapsK GOJIHO).

2.1 Ammmryn dyHkin me(t)

me(t) ammmurys dysxmmitr 010x100 (1.6) marmmrrasmita [, (t)-uita opory (11.2) opiyyi-

baJr:
mi(t) L) )
m.(t) 2i 2u(t)
me(—1/g) = a4

~1/2 oo
[9COH TATIIATIA YYCHI. DHI TOMHUTIINC M. (t) = Acus /7 x9769pToit Gaiixpr aMapxaH

xap2K 60/H0. D1 A, Torrmou, u.(t) = (%)% [_J—i (é) + ke J1 (éﬂ

I1.4 TombEonBI @ TOrT™MOIBIT —1 Gaiixaap corrocon). Ono00 amuTy GyHKIL M. (t) AHXHBL

HOXIIOJIUNAT OPJIyyabaJI:

Y = m(=1/e) = Acu(—1/e) /2

-1
NG
9K rapHa. DHIIIC A, TOrTMOIT
1/8
9 1w g ;1 3w g (3w
A — —ilge =) 4 = emilae %) — Zemilaz—8) 4 O(£2))1/2

I'2K OJIIOHO.



3 L >0 yeuitn mmiiz

t — 0 yen l.(t) 6omon me(t) dynxuyyn xapramsan [(t) = ia.e?(1 + ae2t + O(e2t)?),

me(t) = —iA€F(3/4)1/2< ?g’ﬁ key/et + O(t2)> (TOOIOOJUTBIT XABCPAJIT XICIIIC XaPIK

6osmo)6aiina. Duy a. = 2k.1'(3/4)/I'(1/4). L = 0 yeniin mmiiuiir Xyrarnaansl XyBb L-p
napaJiyiesb 30017 Xuiicap L > 0 yenitn muiiauiir raprax aBax 6a —1/c 199px aHXHBI
HOXIeJ1 Hb Oymaas —(L + 1)/ m99px anxubl Hox1101 60/1HO. Xapu ., m. GyHKIYYIHiH
0 m9px yrryys —L /e 199px yrra 6ok eepaneraene. Yyuuii napaaraap mg(—L), l.(—L)
yITyyabr 9eseeT IIpeauarepuiis TSr M TISINIH aHXHBI HOXIIOI00D COHIOXK I3 TOO-
II0OJIHO. DHD Hb O Xyranaansl t € [—(L+1)/e, —L/e] 6omou t € [—L/e, L/e| 3aBcap
JaxXb MUY YAUAT HEATYYIK erae. ©epeep xa6351 6un xyramaanst ¢ € [—(L + 1)/e, L]
3aBcapT MUHAUAT OJICOH M3CH Y. YT rapraxk aBcaH Muiiuin ¢ = L /e armmi 1axb yTThir
armrial Xyranaansl t € [L/e, (L+1)/e] 3aBcap naxp MU AIH aHXHBI HOXIOJI00D O XY-

raraanel t € [—(L+1)/e, (L+1)/e] 3aBcap maxp Oyioy (1.2) Tormmrrasimiin muiiuitr oJIHo.

3.1 Yeuaeert lllpemuHrepuiid TITrMIUTIIJIANH TIANA/T

tedwu, = Hu, H = ——A 0a aHXHBI HOXIEOJINITH (DYHKIL Hb Ug Oaitr. THreaj 963 TOIIIUT-
rosmuite it u(t) = U(t)ug 6a U(t) := e /" Gajinar ([3, 2.4] xscrasc xapx 60/HO).

Du3C t = L/e yeniin yTIreir TOOIBOI

ve(L/e,x) =

1 s
—1AI(3/4) 54? 26 T
3

92K rapHa.



3.2 te(L/e,(L+1)/e)3aBcap naxp HIU

Omuex xvcorT Om [penuarepuitn TormmTroanite mmiianiir L > 0 yeq xyranaaHbl ¢ €
(—(L+1)/e, L/¢e) 3aBcapt baiiryyscan. Ozmo0 6w (I111.2) cucremssp ereriox TormmTramiir

O0HO. DHIXYY TITIIUTIIIUAH IR OWIIHT (1.2) TITMIATTIIMAH MARIANAT OTHE.

D) = b+ L
. 2gi —i3 i€ag

ve(L/e,x) = _ZA£F<3/4)264? 2 eIV Ea
(Ve —2La.)?2

Xopas 6ug 7 = t — L/e opayynra xuiiBan jo9px TarmuTra mumiin L = 0 yex Toorcon
l(t), me(t) dyHKIyyATI ajuixan X3Ja63p99p WISPXUHISTIIHS.

Oeopeep x37103.1

l;(T) + ilaf;)2 =i(eT)? (3.1)
ZE(O) = \/5722115
00JIOH
ime(T) = %m5<7>l€(7'),
, 11 3.2
mg(O) _ —ZAEF(3/4)2164 ( )
(Ve—2Lac)2

TATIIUATIAIYYI VYCHS.

(IIL.1), (II1.2) mormmTromite i uite epeuxuii x3j09p Hb (L = 0 yes TOOICoH):

baitna. AHXHBI HOXTIOI06C ¥, B. KoedGUIueHTyymir TOOmoXo,T

1 1
a2k, A.e1
= —————— TI'9)K rapcam.

' Ve—2La. 7 (\e—2La.)?



T = 1/e Gaiix yewiin (t-uitn xyBba t = (L 4 1)/¢) I, m. QyHKIYYUiAH YTIBID COHUPXbE.

C =T(3/4)/T(1/4) racou mommrarss xuite. Tarsair

—4k.CLJs (%) + ve(ked_a(5) + Ja (5
(1/e) =i (33 Ve () 4(i2>) (3.3)
—4k.CLJ_1(5) — \/E(ksji(g) —J1(5)] .
m.(1/e) = B (Z)é (D) e (2 - (3.4)
U A \2) T 1 '
.
baitra. Ly = —4C L moMp1y9r93 XUiK Xyranaansl L/e napasmiesns 3eeat xuiisaa (111.3)
TITTIUTIIL: , ,
keLyJs (% (ke _s(%) + Ja (%
L(L+1)/e) =i (32) Vel 4<j) d iz)) (3.5)
koL J_1(5) = Ve (keI () — T_1(5))
Xapuu (I11.4) Tsrmmrrar:
9 o [ /T2 72 72 -
et = 2|(G) (-1 (5) - (35))] |
=7
P Co )
- eVan e n e (3.6)

1 1 1
Lik.J 3 (5) = e (ks% (3:) =71 (%))
6osuo. (I11.5) Tombéoroop mmspxuitasrex [ ((L + 1)/e) OyHKIMHAT KOMILIEKC XOCMOT0OD
ub ypxuxk (I11.5) Tombéor ammrian &€ HapuiiBUIaITANl TOOIOO XUHBII:
IL((L+1)/e) = (854 i(8B%sin2t + 82 B cos 2t
+ 2L32(3 — cos4t + sin4t))) : (8¢ + 8B?
+ 8B?cos2t — 8V2eBsin2t + Lig(2

+ 4cos2t + 2cos4t + Tsin 2t + 2sin 4t))

SHAt:%E—%,B:Ll—\/Ze.

Teopem 3.1. ¢ — 0 yed I.((L + 1)/¢) dynryuiin 60dum zaocoe 0 < RI((L+1)/e) <1

xoopord | sin(1/e)| mepautin xaaba4394 Tuiins.

9



Xapun zyypmae xacse —oo < Sl ((L 4 1)/e) < oo xoopond cot(1/e) mepauiin xaab63a394

TUTUHI.

Bamaanaaa. % =7, t= = 3 — g, TIMJPIVIBrS Xwuife.

o(r) — 8(L1_@) 1 con (7= )]
R CROEChHEE

2

L
+ = [2—1—4005 (T—z> +20082<7’—z>
T 4 4

+ 7sin (7’— %) + 2sin 2 <7’— %)]

f(r) = 8<L1\/_—\/§>2 [1—1—005(7’—%)]
— 8\/§<L1\/_—\/§>sin<7—%>—l—8
+ L2 [2—|—4COS(T—£>—I—QCOSQ<T—%>

4+ 7sin <7’— %) + 2in 2 <7’— %)]

f(7) dynkmmita cunyc, Kocumyce QyHKIyYamir 7o = 5 + 7 + 27k, k € N mpruita opumm

Teitopbia myBaan 3agaabsa § = at + (1 —a)m, 0 < a<1,i=1,2,...,6.

2
— 82 (Liv7 = V2) cos ol — 7o)
+ 84 L2 (2+4<—1— CO;&”(T—TO)?)
+ 21 —2cos2&4(T — 10)%] + Tcos&s

(7 — 70) + 4 cos 2§(T — 79)) Gaiina.

10



J»9px 3a1apraar SMXTIOBIJL:

f(7) :_8<L1\/—_\/§>2COS§1(7_70)2

2
— 82 <L1\/_ — \/§> cos §a(T — 79) + 8
TR YA —

2
+  Tcos&s (T — 1) +4cos28s(T — 70))

= -4 (LI\/_ — \/5)2 (1 — 70)* cos &
— 82 <L1\/_ - \/é) (7 — 7o) cos &5 + 8

cos &3
2
+  7(1 — 1) cos&s + 4(T — Tp) cos 2&g) GourHo.

+ L (— (7 —70)* — 4(7 — 70)? cos 2&,

T = Tp URTUIH OPYMHJ KOCUHYC (DYHKIT YPIIJIZK coper yTra aBHa. itM 7 39prasp rou

TUIITYYH9 COHIOBOJI:
2
—4 (Ll\/_ - \/5) (7 — 710)? cos & > 0 Gaiima.

XopsB k xaHrasTTail ToM yTra aB |7 —To| < § 6aiix yen f(7) > 8 baiina. Xapun |17 — 7| >

5 Yeln

2 T
8(L1\/_—\/§> [1+cos (T—Zﬂ
rOJI THITYYH 00JK T — 00 yen f(7) — oo Gaiina. Dumasc e — 0 yen I((L+1) /) dynximita

0OJINT X3CAT YPIIJIK depar yrrarait 6a lim = 1 Oaitna.

8
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Abstract. We consider the Pauli-Fierz model, which describes a particle (an elec-
tron) coupled to the quantized electromagnetic field and limit the number of photons
to less than 2. By computing the resolvent explicitly, we located the spectrum of the
Hamiltonian mass. Our results do not depend on the coupling constant e nor on the
infrared cutoff parameter R.

Key words: Pauli-Fierz Hamiltonian, mass renormalization, dressed electron states.

1. Introduction

In this paper, we study the fiber Hamiltonian for the standard model
of non-relativistic quantum electrodynamics, called the Pauli-Fierz model,
when the number of photons is restricted to 0 or 1. The latter condition
allows us to compute the resolvent of the fiber Hamiltonian explicitly. There-
fore, the spectrum and the effective mass can be obtained for arbitrary values
of parameters such as the coupling constant with the electromagnetic field
and the ultraviolet cutoff radius.

There is a rich literature on the spectral and scattering properties of this
model. The spectral properties of the Pauli-Fierz Hamiltonian was studied
in [5] and the existence of the ground states of the Pauli-Fierz Hamiltonian
was proved in [6]. See [11] for discussions on the spectral properties and
scattering theory of the Nelson Hamiltonian. The spin-boson model and the
Nelson model are discussed in [13] and [4] for when the number of photons
is restricted to a few. This work was initially inspired by the paper [14],
where the author considered a model with less than two phonons without
polarization and computed the spectrum, the ground state, as well as the
effective mass.

An extensive review of the properties of the ground state of the fiber

2020 Mathematics Subject Classification : 81V10, (81T16, 47A10, 47AT75).
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Hamiltonian, its differentiability, and the effective mass can be found in
[1]. Most of the previous results were derived for various conditions for the
above-mentioned parameters and for a certain limited range of the total
momentum. We note that for the Nelson model, the spectrum shifts from
zero to negative values due to the radiation field, which is not observed in
our setup.

Let us introduce the model. We set the bare electron mass m and the
speed of light ¢ to be equal to 1. The Hilbert space for the system is given
by H := L?(R3) ® F, where the bosonic Fock space F is defined by

F = @ﬂ”) = @ 21S),

n=0

with S = L?(R?) & L*(R3). We have denoted the n-fold symmetric tensor
product of & by ®7S, with ®?S = C. The annihilation and the creation
operators a and a* are defined as

v) = Z/aﬁ(k,A)v(k, N)dk, (1)
A=1

forv = (v(-,1),v(-,2)) € L2(R®)@ L?(R?), where a* is for a or a* and af (k, \)
is a formal kernel. The free photon field operator H; on F is defined as

Hf = Z/w(k)a*(k:,)\)a(k:, \)dk,
A=1

where w(k) = |k| is the photon energy. The quantized radiation field
Ay(z) = (Ag1(z), Aga(z), Ags(x)), x € R?, acting on F is given by

Agj(x) \[Z/ej (kM) [g(k)e™®a* (k, \) + g(k)e™ "a(k, \)] dk.

Here, e(k, \) = (e1(k, A), ea(k, A), es(k, \)) are polarization vectors satisfying
the conditions k - e(k,\) = 0 and e(k, \) - e(k, p) =, A, 0 =1,2.

Assumption We assume that
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o) = s, )

where (k) is a characteristic function of region {k € R?® | |[k| < R}, R > 0 is
the ultraviolet cutoff radius, and 0 < o < 1/2 is an infrared renormalization
parameter.

Note that the infrared renormalization was introduced only to remove
singularities of some auxiliary integrals that appear later. Our main results
hold for all values of o, including zero.

Finally, the Pauli-Fierz Hamiltonian is defined as

1
H= 5(—NI@1—eAg(gc))Q+1®Hf, (3)

where e is the charge of the electron or the coupling constant with the field.
For assumption (2), it was proved in [7] that H is self-adjoint on the domain
D(—(1/2)A+ Hy) for arbitrary values of the coupling constant e. We define
the total momentum operator on H as

where Py = Zi:l [ ka*(k, XN)a(k, \)dk is the photon momentum. Since H
commutes with P, it can be decomposed with respect to the spectrum of
Prioy:
@ —
H= [ H(p)dp,
R3

where H(p) is defined as

H(p) = 5(p— Py — Ay (0))* + H

on F. Now p € R? is considered as a parameter. Let E, be the projection
operator onto the 0 or 1 photon space. We introduce the corresponding
Pauli-Fierz operator:

H(p) = EpH(p)Ep' (5)

In the following, we will work only with the operator H(p).
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The rest of this paper is organized as follows. We state our main results
in Section 2 and compute the resolvent of H(p) in Section 3. Then in
Section 4, we locate the spectrum of H(p), and finally in Section 5, we
prove our main results.

2. Main results

We are interested in the spectral properties of the Pauli-Fierz Hamil-
tonian, and in particular, in finding the resolvent of the corresponding fiber
Hamiltonian and calculating the effective mass.

The fiber Hamiltonian H(p), defined in the 0 or 1 photon space, is a
finite-rank perturbation of an operator whose spectrum consists only of an
absolutely continuous part. Therefore, it is very similar to the Friedrichs
Hamiltonian. For the spectral characterization of the Friedrichs Hamiltonian
and related results, see [10] and [9].

Restricting the number of photons allows us to express the resolvent
explicitly. Therefore, all our results were obtained in a nonperturbative
way and are independent of parameters such as e and R. In addition, this
enables us to work on the scattering properties of this model, as in [4], which,
however, will be discussed elsewhere.

We are now ready to formulate the main results. For any p € R3, let

. 1
solll) = i, {50 = 1+ 4]+ 70
1

1 )
Ip| — 54‘70, if [p| > 1,

be the curve on the (|p|, z) plane, where 7 is a constant depending on e and
R. An example to keep in mind is

™
62R2+2U.

%:14_0

We define the function F(p, z) as
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1
F(p,Z)=§p2*Z+vo

R 1 2 1420
e (ramn) [ et
2 0 _1p/2—|p|pt+p/2+p+70—(2)
7

which is crucial for finding the eigenvalue of the reduced operator H(p). In

Lemma 3 of Section 4, we will derive the following properties of the function
F(p, z) in the region Q= = {(|p|, 2) | z < 20(|p|), z € R}:

e F(p,z) is real analytic and is a decreasing function on z,
e The equation F'(p, z) = 0 has a unique solution z = z*(p) when |p| < 1
and there exists a constant py > 1 such that it has no solution when

lp| > po-

Theorem 1 (Spectrum of H(p)) For any p € R3, the spectrum of H(p)
consists of the essential spectrum [zo(|p|),+00) and the eigenvalue z*(p),
which is a solution of the equation F(p,z) =0 in the region

Q7 ={(pl.2) | = < 20(|pl), = € R}.
Moreover, we have the following bound for z*(p):

7 47T€2R1+20
5 +—+ Yo-

0 * <
<2(p) < 1420

The eigenvalue z*(p), when it exists, is the infimum of the spectrum
H(p), which we denote by E,(p). Knowing the exact value of E,(p) would
allow us to calculate the effective mass meg, defined through

2

By ([pl) = Bo(0) = 5+ O(lpl*)

for small p. When E, (|p|) is a C?-function in a neighborhood of p = 0, as a
direct consequence of the preceding definition, we have

1 . 0°E, (p)
_— = hm —_— .
Mmeg  p—0  O|pl|?

(8)
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Theorem 2 (Effective mass) The function E,(|p|) is a C?-function in
a neighborhood of p = 0 and the effective mass for H(p) has the following
form:

1 1—me’Di2(0,70)
Mee 1+ me2D12(0,70)

9)

where

D / / ) 1+2Udtdp
12(p:2 1p2/2—|p!pt+p2/2+p+'m—2’

We consider the special case as ¢ — 0, which removes the infrared
renormalization.
Corollary 1  For any values of e and R, we have

TR (8/3)me?In(R/2 + 1)
050 mer 1+ (3/3)me2 In(R/2+ 1)

(10)

Expansion of the effective mass in terms of the fine structure constant
o = €2/4n was done in [8], [2], assuming the constant e be a small. Note
that our result gives the effective mass for arbitrary values of e and R, and
it is consistent with the results of [8] and [2] when e*In(R/2 + 1) ~ o(1).
Indeed, from formula (10), we can derive that

16 R
Megg ~ 1+ gwe2ln (2 + 1) .

3. The resolvent of H(p)

Before proving the main results, we will calculate the resolvent of the
operator H(p) defined by (5), in the space H = C & L?(R3) & L*(R3).

For any p € R? and f = (fo(p), fi(p, k, 1), fi(p, k,2))t € H, the matrix
form of H(p)f is
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T(p) v (G(1)] v (G(2)]
— 50 G Lp k) + SIGM) - (GOl G- (G)
—spelG@) SI6E) GO Lk + S16R) - (GO
fo(p)
< | fulpk1) | (1)
fl (pv ka 2)

where the annihilation and creation operators in H are denoted by
(GA)|v = /G(k, Mv(k)dk and |G(A\))v = G(k, N)v(k),

respectively, for each polarization direction A = 1,2. Here, we have intro-
duced the notation G(k, ) = e(k, A\)g(k), and note that

2
4
2 _ 2 2 _ 2420
HW;WMNWW%]+ﬁ .

The elements on the diagonal are

T(p) = 3" + SlCI? (12)
Lo k) = 50— ) +w(k) + TICI. (13)

To find the resolvent of H(p), we need to solve the equation
(H(p)—2)f=u (14)

for a given u = (ug(p), u1(p, k, 1), u1(p, k, 2))".
For ease of writing, we also use the following notation:

T =T(p) -z,

L:z(pak) - %
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ba(p k) = ——=p - G(k, M), A=1,2,

V2
Te
N(pa kv)\) = b)\(pa k)p + EG(;@ )‘)7 A= 1,2.

Lemma 1 For any z € C\R, the solution of Equation (14) can be written

as

folp) = 7 [wo() +p+ (5(p,2)U )] (15)
Fulp. ks ) = oo [Tur(p, ks A) = b (o K)uolp) = N, 0) - (S( 2)U )]
(16)

where A =1, 2,

2
50.2) = = [ S G (Furlpk ) = 0Bt ) i
A=1

and the matriz U = (u;)} ;_, is given by

a+bp?, i=j,
Ujj = L (17)
bpin» ? 7é.]>

—3D D,—D
2 — =22 Here,

2+D1+D> _ D
3 and b = T

with a =

R 1 1420 ¢4
A o L)
o Jo1p?/2—=1Iplpt+p?/2+p+0—2

R 1 2 1420
t dtd
Do(p, 2) = W@Q/ / 5 i d : (19)
o Jo1P?/2—Iplpt+p?/2+p+70—2
Proof. By introducing the notation

Q= 3 = [N pH N

A=1,2

Equation (14) can be written using the matrix form (11) of H(p), as
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T fo(p) —p- Q = uo(p)

bx(p, k) fo(p) + Lfi(p, k, A) + %G(kv A)-Q=uwu(p,k,A), A=12 (21)
Upon solving (21), we obtain

folp) = o buolp) + - Q). (22)

1Lk, X) = iz [Tus (5.5, X) = ba(p, B)io(p) — N(p £, 0) Q1. (29)

To conclude the proof, it suffices to find ). We substitute (22) and (23) into
(20) to get an equation for Q:

e 11—
Q+ ﬁ Z /LG(k,)\)N(p,k, A) - Qdk = S(p, z). (24)

A=1,2

For k # 0, let k := k/|k|. Using the identity

~

p— (k,p)k = (e(k,1) - p)e(k, 1) + (e(k,2) - p)e(k,2),

Equation (24) can be written as

Q- (;;/925{:) (p— (p-ff)ff) dk) (r-Q)

) <e; / gQék) (Q-(@- 0k dk) — S(p,2). (25)

Next, we show that all the integrals in (25) can be reduced to certain com-
binations of the integrals Dy and Do, which are defined in (18) and (19). It
is easy to derive that

e? [ g2(k) o [T p' T2 dtdp
— dk = me 5 5
2 L o Japr/2=Iplpt+p*/2+p+r0—2  (26)

= Dl(pa Z)a

and hence, we can rewrite Equation (25) in a simple matrix form as
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Q <E +x (D1E—C)(TE - ptp)> = S(p, 2). (27)

Here, E is a 3 X 3 unit matrix and

LTI a5

To calculate the elements of the matrix C, we introduce the following spher-
ical coordinate system (p,p,0) where 0 < ¢ < 2r and 0 < 0 < 7. We
take the zenith direction to be l1(p) = p, and the azimuth direction to be

an orthogonal vector fg(p) = (p2,—p1,0)/py. Here, p. = /p? + p3 and
p = p/|p|- Then, any vector k = (ki, ko, k3) can be written as

k= aili(p) + azla(p) + aslz (p),

where the third orthogonal vector is I3(p) = (p1ps, p2ps, —p% — p2)/(|p|p+)
and

a1 = (kal_i(p)) =p C0897
as = (k,l3(p)) = p cos p sin,
as = (k,I3(p)) = p sinp sin 6.

This gives us

’ |p cos 6 + —p cos ¢ sin 6 + |1;)1|]]9)3 p sin @ sin 6
3}
kt — k — — 29
L !p\ \p!p+ (29)
3

pcosﬁ +psing0 sin 0

Now, computing the elements of C, in the aforementioned basis, we get

\pl
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D1 (p? — p}) + Da(3p7 — p?
(P = pi) + DoBpi = p7) ypy

2p?
e [ Rk (30)
/ L’k|2 pipj (D1 — 3D2) 5L
- 2p2 ) e 7& Js

where D; and Dy are defined in (18) and (19). As an example, let us
compute one of the elements of the matrix C"

kgkg
Co3 = C —
23 39 = Lk2
T 1420
2 14 D2p3 2 P2p3 2 .
= Te d / < cos” 0 — 1 — cos 9>Sln9d9
/ Pl L p? 2p? ( )
p2p3
- —272(D1 - 3D2)

Now invoking the identities (26) and (30) in (27), one can obtain the equation
QU = S(p, z), with U defined as in (17). Then, substituting Q@ = S(p, 2)U !
into (22) and (23) finally establishes the proof. O

4. The spectrum of H(p)

In this section, we describe the spectrum of H(p) for each p € R3. We
make the decomposition H(p) = Hy(p) + W (p), where

T(p) 0 0

and
0 —p-(G(1)] —p-(G(2)]
W(p):% —p-|G(1)) ?IG(1)>-<G(1)| ?IG(1)>-<G(2)| . (32)
—p-|G(2)) ﬁ'G@» (G(1)] ﬁ'G@» (G(2)]

Note that the spectrum of Hy(p) consists only of the essential spectrum,
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which is [z0(|p]), +00). Since H(p) is a finite rank perturbation of Hy(p),
by Weyl’s theorem, the essential spectrum of the operator H(p) remains
the same. From (15) and (16) of Lemma 1, one can then see that the only
possible addition to the spectrum in the interval (—oo, zo(|p|)) could be the
zeros of the function det U.

The remainder of this section will be devoted to finding these zeros for
each p € R3. From (17), we derive that

K(p,z) :=detU = a® + a*bp?
(D1 + Dy +2)?

(T — (D1 — Dy)p* + (D1 — D2)T)

AT
(D1 +D2+2)% 1, 1,
= AT 5P" — %+ % (D1 — Dg) Gtz

(33)
Since (D; + Dy + 2)? > 0, it is important to know the behavior of

1
Dio:=—(D1—D
12 7['62( 1 2)

when finding the zeros of K (p, z). The next lemma gives an estimate for the
function Dj5 on the curve zo(|p|).

Lemma 2 On the curve z = zo(|p|), we have the following estimate for
D12:

4 R1+20' ) 1
' ) <3
30200 1o VIP<3
Dol <™ T T (34
- , il =5
14+20  |p| 2

Proof.  From (18) and (19), we infer

D / / ) 1+2Udtdp
12(p:2 1p2/2—|p|pt+p2/2+p+70—z'

When |p| < 1/2, we have 29(|p|) = p*/2 + 7o and
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Vp2odtd
Do <p’ +70) // 1—Ip\ :

4R1+20
3(1—[ph(1+20)

When 1/2 < |p| < 1, for any ¢ € [—1, 1], we have the following estimate:

1—t2 - 2(1 —t)
—Iplt+p/2+1 = —|plt+p/2+1
2 2 p/2+1-—|p

el bl p/2+1—plt

Ip|

Therefore, we conclude

2 R 1 o2
20°7dtd
D12 <P7PQ+’YO> S/ / = aee 7] p
0o J-1

4 R1+2(r
“Tx2e

Finally, when [p| > 1, we have zy(|p|) = |p| — 1/2 + 7o and

t2)dtp1+20dp
plpl =5 + Yo
1 (1/2)(p — Ipl +1)2 + [plp(1 - t)
/ / —t2)dtp*dp
Ip|(1 —1)
4 R1+2U
< —_—.
~ 1420 Ip|

Combining the two preceding estimates, we complete the proof. O

Next, we investigate the real solutions of Equation (33) in the region
7, to locate the eigenvalues (if any) of the operator H(p).

Lemma 3 Let (|p|,z) € Q= with z real. The equation F(p,z) = 0 has a
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unique solution z = z*(p) when |p| < 1 and there exists a constant pg > 1
such that it has no solution when |p| > po. This constant py satisfies the
estimate

27T62R1+2J

<4
Po <4+ 50

Moreover, when 0 < |p| < po, the range of z has the following two-sided
bound:

7 2me’RM
0<Z§§+1+720_+’Yo. (35)

Proof.  Solving the equation K (p, z) = 0 in the region Q~ is equivalent to
solving the equation

1 1
F(P, Z) = 5]?2 —Z+ 7 — 7F€2D12(P, Z) <2P2 +z— ’Yo) = 0. (36)
Note that

Fz{(p) Z) =-1- 7T€2D12(p, Z)

1 Bt 1—1?)p'*27dtd
— ne2 <p2+z—70)/ / - ( )PZ P . <0
2 o Jo1 (@?/2—plpt +p?/24p+0 —2)

and therefore, F'(p, z) is a decreasing function with respect to z in the region
O, if p?/2+ 2 — 7 > 0. It is also easy to check that F(p,z) > 0 if
z <70 —p?/2. For 0 < |p| <1 and z = 2o(|p|), we have

1
F(p,z) = —me’p* D2 <p, §p2 + ’Yo) <0,

and therefore, (36) has a solution at least when 0 < |p| < 1.
The upper bound in (35) follows from (34). Indeed, we have

71'62

F(p,z0(lpl)) = 5(Ipl ~ 12 = 5

1
@+ 205l = )Dxa (ol = 70

27T62R1+20

1
> —(Ip| — 1)% — ) [
> 5l =1 = (ol +2) 75

9
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and the latter expression is strictly positive if

47T€2R1+20

>4
[Pl >4+ 1420

It can be written in terms of z as

7 47T€2R1+2U

= —1/2 > — .
z = |p| /+70_2-|- 520 + Y

We prove the lower bound of (35) by contradiction. Assume that there exists
some z < 0 satisfying (36). Let u = me? and rewrite Equation (36) as

2(D1od)p® — ((p* + 22)D1o — 2d)pu + p* — 22 = 0, (37)

where d = R?>T29 /(1 + o). Since p > 0, only the positive solutions of the
equation are of interest, and therefore, the following system of inequalities
should hold:

{((p2 +22)D1y — 2d)? — 8D12d(p? — 22) > 0, (38)

(p? + 22)D12 — 2d > 0,
which is equivalent to
2> —1— s+ 2v2s,
{z’ >s—1,
when z' < 0. Here,

2
2d and 2 = =

§= ————
p2D12(p, 2) p?

From the assumption 2’ < 0, it follows that s < 1, which is equivalent to

Dis(p, z) >

’E‘l\’?
=Y

The latter inequality is not true for any values of e and R. Indeed, note that
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D / / )dtp1+2adp
12(p,2 1p2/2—\p!pt+p2/2+p+%—z
/ / dtp1+20dp
2/2

t—p)2/2 —
//p —(lplt = p)?/2 — p—v0 + 2) dtp 2 dp
1

(P?/2 = Iplpt + p?/2 4+ p+ 70 — 2)

Therefore, the equation K(p,z) = 0 does not admit any solution in the
region 2~ when z < 0. U

5. Proof of the main results

Summarizing the results from the previous sections, we now prove our
main theorems.

Proof of Theorem 1. Repeating the argument at the beginning of Sec-
tion 4, we prove that the essential spectrum of H(p) is [zo(|p|), +o0) and
the zeros of the function K (p, z) are the only possible addition to the spec-
trum in the interval (—oo, zo(|p|)).

By Lemma 3, for each p € R3, there exists a solution to K (p,2) = 0 and
the range of these values of z belongs to the interval

07, 2meRRIET
' 1+20 " 10):

These solutions are the eigenvalues of H(p) for each p, with eigenfunctions

p
T(p,z*(p))
BN YN
YR = ) <T<p,z*<p>> l)
@Gk [ P
L(p. = (7)) <T<p,z*<p>> 1)

This establishes Theorem 1. O
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Proof of Theorem 2. Tt is easy to show that E,(|p|) is a C2-function.
Moreover in Lemma 3, we proved the equation F(p, z) = 0 has a unique solu-
tion z = z*(p) for small p, which is equal to E,(|p|). Using that E,(0) = 7o,
E!(0) =0, and formula (8), we get the desired result:

0Ey(p) _ _Fllz/7| _ 1 —me®D12(0,70)
WP | T T+ 7eD1a(0,70)
p: =
This establishes Theorem 2. O
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Determining position of robot with rotary encoder

based on integro-spline method

Khongorzul Dorjgotov, Altannavch Enkhbaatar Applied science: Results for development

Study Group Workshop on The problem we worked on:
“Collaboration of Industry with
Mathematics”,

: Figure 1:
Ulaanbaatar, Mongolia, 2019. N \obiie
; : robot
- with Figure 2:
‘ rotary Rotary encoder
encoder
Figure 4:
Velocities of
the rear
v (1) wheels

Team members: Z.Uuganbayar, T.Zhanlav,
R Mijiddorj, M.Bayarpurev,, A Galtbayar,

A _Enkhbolor, T.Dultuya, D.Nanzadragchaa
and other students

Figure 3: Trajectory of a
mobile robot

* Aim: the real time position determining of the mobile robot equipped with optical rotary
encoder.

+ Optical rotary encoder: An electro-mechanical device that converts the angular position/
motion of shaft to analog/ digital output signals.

» Method: Firstly, we should reconstruct velocity of the rear wheels, then by integrating them
we calculate the yaw angle and the position of the robot.

Kinematics of mobile robot: Integro-spline reconstruction of the

) ) velocity function:
» A Cartesian coordinate systems are

chosen and position of rear wheels are + We search velocity function as:

given by radius vectors 7, (t) and 75 (t) n+1
(see Fig. 3). o(t) = Z 9:B:(0),
» The corresponding velocity vectors are =
Vi) = %ﬂ'(t)'va‘(f) = %ﬁ,’(t). here B;(t) are third order polynomials. .
- Hence, if we know the velocity, we can + We should note that the mesh is non-uniform.
obtain the position vector by Results:

RO =70 + | Vi@ :

to

t . s
= —sin@ 71\ / A
_rA(to)+£°vA(r)[ cos 8 ]dr : : / Yy

Problem formulation (Velocity o R R )(7)=
reconstruction): - ) :

The domain of an unknown velocity function v(t) “ \ /‘/
is divided into intervals t; such that the area o e e
under the graph of the function on intervals is
equal to A: We have successfully reconstructed the velocity
f E function via integro-cubic spline functions on non-
v(t) =A : 8 :
- uniform mesh and some numerical experiments show
that the method has high potential to be applied for
/r ~\ , real-time position determination of mobile robots.
\ \ / The Study group workshop on "Collaboration of
A A ~aldaat3T aa Industry with Mathematics™ will be happy to
e o collaborate with researchers, such as problem
Figure 5: The velocity function v{t) proposals or collaboration on problems that

Mongolian industry encounters etc.

Presenter: Khongorzul Dorjgotov
Center of Mathematics for
Applications, National University of
Mongolia,

Ulaanbaatar, Mongolia

Email: khongorzul@seas.num.edu.mn
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DHIXYY WATIID Ounowiasia ['misbepr-Kynsuitn yHKIUAT TOOIO0/I0X HIM9H aprblH Ta-
Jlaap aB4 Y3H3.

bunong 6a 3apuM TOJOPXOIIOINT

N wmonoua 6a X3p3B ajmBaa n € N XyBbIoo + 1 = n + 0o = o0 0601 o0 € N-Hir wuHzisey
ssteMeHT T9H3. (N, +,0,00) M9COH HIMKTII, MIMHIIIT SJIEMEHTTIii(00) MOHOUIBIT OHHOUJT T9HS.
N* =N~ {co}.

N 1ar 6um 6unons 6a |[N*| Hb Tercreser 6o xarac separ, N* = 0 601 5epar GUHOU MIH?.
Ouya N* Hb yPBYYTail 3JIEMEHTYY/IUITH OJIOHJIOT.

M 6a N up ounoun. ¢ : M — N Hb MOHOUI roMoMopdusM 6a 0oy ~uilr oo -1 Oyy/aramar
60J1 6GuHOM T TOMOMOPMU3M T'IH?.

X3p3B a € N*-uiit XyBbJ @ + b = 00 3B b+ a = 00 19Ar93¢ b = 0o 92K rapygar 601 TyyHUNT
MHTErpaJj SJIeMeHT T9HY. ByxX mHTerpas sgemMeHTyyauiin oaoraoruiir int(N) razk ToMIanIsx
6a ryiiaar 6o0x N\int(N) osommoruitr int¢( N )-3p Tamaprisaar. N komMyTaTus GuHons 6a
JIypbiH @ € N*® Hb HHTErpaJ 3jieMeHT 060Ji10r 601 N-uiir MHTEerpaji OMHOUJT, I'HS.

S ostongior 6a p € S 601 (S, p) XOCHII TOMIITIIITACIH IBTTIHM OJIOHJIOT T'IHI.

Tonopxoitmosr 0.1 N 6unoud batie. +: N xS — S 6unap yiindan no (n,s) — n+s dypmaap
modopzrotinoedcor 6a dapaar wanapyyodvie raneadaz 6oa S—uiie N — ononaoe 2oma. Xapun +
ounap Yoz N — ytindan 2201c HaPAIHI. YyHO:

1. VseS: 0+s=s

2. VseS: co+s=p

3. VneN: n+p=p

4. VnomeN 6aseS: (n+m)+s=n+(m+s)

Jlemm 1 N, M 6unoudyyo 6a ¢ : N - M o 6unoudvir 2omomoppusm 6os M-utie N -osoH.s02
2901C Y'3904C HONHO.



S b N-osnonsor 6a ¢ : N - N ub Ounoujibia romoMopdusm 6aiir. Tarsas S ostonsior
n+s:=¢(n)+s

MNHS YILIMIEX3 XyBb [N-0JI0HI0r 6010X 6a ¢S 13K TIMISIISHS.
AsmmBaa kommyrarup N 6unous 6a g € N TOOHBI XyBbI,

NﬂN, n+— qn

romMoMopdusM ToopxoitiK 6ostHo. Uitmaac 6ux INTacsr N 199p [¢] romomopdusmoop yit-
qnIcoH N-UiH 3JeMeHTYYI93C TOI'TOX OJIOHJIOrToi 60s10B. JleMm écoop ¢ N-uiir TAOMIATIIITICIH
prrait N-oonaor raxk y39K dajgna. Men gN = {gn |ne N}, b+¢gN :={b+qn|ne N}, rax
ToMPIH. DHa b e N 6a [¢] N, ub eprerrecen ujieai (eepeep x35169:1 < gn|n € N, >).

Jlemm 2 Xopse N meezceenee mepezdcon bunoud 6a q namypans moo 6os INnHb mezceonee
mepezdccorn, N -oi0mnn02 6atiHA.

Oryynosp 0.1 N xommymamue ouroud 6a(S,p) no N-onromnoz batie. Xopasl no N-uiin udean
bon (NJ/I) AN S=S/(I+S) batina.

Mepmneree 0.1 N xommymamus 6uroud 6oa N Ay N/N, = N/[q]N, 6atina.

s Mepae/ree ub oumH ['uisbepr-Kynsuitn dbyuki 6om0x HKF(N, ¢) = N/[¢q]N,-r Toonoo-
JIOX OOJIOMZK OJITOHO.

+ yitep INub N-ojomior 6010x 6a 9H193¢ IN 133D ~n I'DCIH SKBUBAJEHTHIH Xapblaa
OreT/IOHS.

Oryyi6ap 0.2 N mezceonse mepeedcon, razac sepse bunoud 6a k = k(q) wo IN-uin N-
0A0HN02 Yy Cceaeudulin Tameulin boor moo no 6oa HKF(N, q) = k- |N*| 6atina.

N kommyTarus 6unom T H6a ¢ > 1 6yx3s1 Too Oaiir. AyuBaa b€ N XyBb/I

1P(b):={ae N|dIne N* a+qneb+qN} c N,
IN(b):={aeN|a+begN}

OJIOHJIOTY YJIBIT TOIOPXOMzK 60siHO. Tarean 1P (b) up IN-nitn N-mpaaomnonsor , IN(b) up N-
OJIOHJIOT HOJTHO.

3apum Yyp AyH

JIemm 3 Xopse N unmezpan 6unoud 6a q sepse 6yxan moo, b e N* 604 1P(b) no IN-ulin ya
3a0dpax racse batina.



Mepaieree 0.2 Xaopsse N unmezpans 6unoud ba q sepaz 6yxas moo 6os amap wse T € N
0NOHN02UTH TYEbJD

N =) P(b)

beT

batina.

Mepaieree 0.3 N nv mezceenee mepezdcen, unmezpan buroud batie. Xopae q sepse Oyran
moo 6oa IN =J;_; 1P (b;) 6atix by,...,bs € N anemenmyyad oadono.

Jlemm 4 N Hv meeceenoe mepozdcon, urnmeepas burnoud batie. Xapas q sepse 6yxan moo ba
be N 6oa 9P(b) = IN(b') 6atix b' € N oadono.

Mepgaeree 0.4 N v meaceonee mopezdcen, unmezpanr burnoud batie. Xopae q sepse by xan
moo 6oa 1IN =J5_, IN(b;) 6atix by,...,bs € N oadono.



Finite dimensional model spaces invariant under composition operators

Y. Barzopur, I'Bar3asa
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Xypaauryi

Let D denote the open unit disk in C and let H?*(D) be the Hardy space over D. For ¢ a
holomorphic self-map of D, define the composition operator C,, on H*(D) by

Cof =fop (f€H D). (1)

It is well known that C, € B(H?*(D)). Here B(H?*(D)) denote the set of all bounded linear
operators on H?(D).

The theory of composition operators is highly interdisciplinary with its natural connections
to complex analysis, linear dynamics, complex geometry, and functional analysis.

Conjecture 1 (|2]). Consider the finite Blaschke product 6 = ][, b% corresponding to

=1 "oy
a,...,a, €D, Characterize holomorphic self maps of D such that

Cy,Qo C Q.
Partial answers to the conjecture.

Teopem 0.1. Let ¢ be a holomorphic self map of D, a, f € D\ {0}, # B, and suppose
z—a z—pf

0(z) = T Then Qg is invariant under Cy, if and only if
2 ZfO[ 7é _B
p(z) = |
zor —z, ifa=-0

Teopem 0.2. Let ¢ be a holomorphic self map of D, a, f € D\ {0}, # B, and suppose
0(2) z—a z—pf3
2] =

z —.
1—@21—52

i) For o+ =0, Qg is invariant under C, if and only if

1. ¢ s constant or
2. o =z or
3 p=—z

i) For o+ # 0, Qg is invariant under A, if and only if

1. ¢ s constant or

2. o=z or
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KunmneHranbl TeopeMoop DJLIAIITAK MYXKHUIH T€OPEMbIT
dariiax Hb

P. JIxarsacypasn, Y. barsopur

Momzon Yacom Hx Cypeyyan,
HTunorcrsx Yraarnv, Cypeyyan,
Mamemamuruiin MIHTUM

XypaaHryii: D/UIMNTHK TOOH MYKBIH TyXail T€OPEMBIT aJreOpbIH My-
pyita yanap 6osion KurireHranbl T€OpeMbIT AIMUTIAH XIPXIH OATAJICAHBIT aABY
Y3H3.

Theorem 1 (QamunTuK My>KbIH TeopeM) Xopae A nv 2 X 2 xamorcos-
mati Komnaexc aremerm Y Yomat mampuy 662000 myyHutd rysuin ymeyyo
Wo Ay 6a Ay batie. Tozeon A-vr moon myoic W(A) no 3 tr(A) mesmati, A1, Ay
poxycmaii, baza MIHTAI2UTH YPM HY

Vi (404) = 0 = o
batix snaunc rarbapmati duck 6atiHa.

Theorem 2 (Kunmnenraubr Teopem) Xopas A 1o nXn ramorcsomat, sae-
MEHMYYd Ho KOMNAEKC Moo 6atr mampuy, 604 MY yHUT MOOH MYAHC Hb 00-
dum xaceuline Hb A32YYPYYOuHT Ho 2y 029D Oy pxyya 604002 N 39p2utit aN-
2eopulin Mypyt Kp opuwur batina. Qopeop xrarban

W(A) = conv (Re (”yp(x,yyl))) )

Laawunrban, roapse Hy = A+2A ba Hy := A;? bon

P° = |Hyu + Hov + Lo
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Yauprran

Xapmiran XxaMaapaaTail p XyBbCATdIBIT HITIH 39P3T MINHAKIIIX OJOH XyBbCAT-
YUWH IMWHKYYP Hb

-1
7= (X )’ (2) (K= ) =n(X — o)’ S K ) (0)

K10
_ 1 <& 1 < _ _ 20
X =->X; S = X, - X)(X; - X)/, ="
(1) n; o) n—ljz;( J )(X; ) (p"i)l)

Hpo

6erees Harold Hotelling-mits T2 mmHKYYP ro5r. JH3 IMHKYYD (& ilp))p Fyn—p

TAPXAJTBIT YYCT3IAT.
Hotelling-uita T2 mumxKyypI9p MMAJracaH KIacTepuiin GypIigaxyyHuir ury-
raMaH IpOTrpaMuIajblH O0JJIOTHIH 3aarJIaJIThIH HOXIOJITIH Ty y)L X000k 60J10X

CAHAAT PHD CYIAITAAHbl aXKJ/Iaap TYPImK y3CaH. TypInmiT TaBbCaH Oreriae/ Hb
Mouron Yacein Ulyyxuith Epenxuit 3essiesieec 3axuajad XUMATICIH HIYYXUNT
QOPUJIOX, MUHIIP Oaliryysax, TaTaH OyyJarax acyymJbll TOAOPXONIOX 30PUITHIH
XYPI3HJL OTOTJ/ICOH CYYPh CyAaraanbl ayKJblH Y3YYIITYy bafican.
Hotelling-uita muHKyypuiT KJIacTEPUiiH MUHKUITIIHUN Yp JYHTIH X0100X
6oJICOH MmaATraaHbIr Taitabapiaasan z = % T9CIH OJIOHJOT 33D SIBYYJICAH KJIACTe-
PUIH MIMHKWITIIHUE VP AYVHD T, Y OJOHJIOT Tyc OYP33p Hb CyJasraaH] 3a/a/ik
OYISTII9X TMAAPAIara TYJATaPCAH TYJI XaMTUHH 30XUMZAKTON 30B apra Hb 9HD IIHH-
KYypuiir amunriax sisjian 6afican 60sH0. YYHI 2-TIYYIYUiH avaasiat, L-1ryyxa/1
MUHAABIPIIICIH XIPIrUhH TOO, Y-IIYYXIM, aKUJJIACAH IIYYIYUiH TOO
X9paT99Hnil MaTEMATUKUIH axWcal TYBIIHWHM OHOJ, IMWHKUITIIHUN apra,

MATEMaTUKUIH XYy4TId OporpaMM XaHraMXKUPH TyC/jlaMKTaiiraap CypaJiraaHbl



far 3axuasiard TajblH XYCCOH YP JAVHI aMKUITTAN XYJI93JIM9H OrceH. Boanorsm
mniig Oyoy yp AVHD 3axXHajard Xy/I99H 30BIIOOPCOH TyXail Japaax Xo01000Cc00p
OP?K TAHMUJIIAXK DOJTHO

e https://www.judcouncil.mn/site/news_full/12055
e https://www.judcouncil.mn/site/news_full/11989

Tyaxyyp yr: Hucnepe, Kiacrep, Bypaamxyyn xacar, 3arsap, 2D, 3D aypcisn
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Conservation laws for diffusion equation

Uuganbayar Zunderiya (National University of Mongolia)
with Batzaya Gantsooj (National University of Mongolia)®

During last years differential equations with derivatives of fractional order have gained increasing pop-
ularity [1-3]. Such equations and their systems accurately model various nonlinear phenomena in many
fields including wave studies [4, 5], diffusion processes [6-10, 18] and fluid mechanics [11-13], etc. Hence, a
number of effective techniques have been developed to construct exact solutions of these equations such as
G'/G-expansion type methods [4, 5, 14-17], variational iteration methods [8, 19], Adomian decomposition
methods [7, 18], Lie symmetry methods [9, 11-13, 20, 21] and exp-function methods [29-31], among oth-
ers. In particular, Lie symmetry analysis provides a generic and efficient algorithmic approach for finding
exact solutions to fractional partial differential equations (FPDEs) [22, 24, 26, 27] and systems of FPDEs
[11, 23, 25, 28] in explicit forms. The key idea of the Lie symmetry analysis is regarding the tangent struc-
tural equations under one or several parameters Lie groups of point transformations. One can construct
exact solutions including similarity solutions or more general group-invariant solutions by corresponding
symmetry reductions.

In this work, with the help of the Lie symmetry analysis we investigate a nonlinear telegraph system of
time—fractional equations in the following form:

0%u ’

e Pz,

ot (1)
AL e

e (wug + G(u),

where « is a positive non-integer parameter describing the order of the fractional time derivative; G(u)
and F'(u) are given sufficiently differentiable functions. Here F'(u) is non-constant and F,(u) # 0. The
Riemann—Liouville fractional derivative operator is defined for u by

0" u(x,t) ; N
9w - G or a € Iy,
ot 1ot u(w,s)
F(n—oz)(?t"/o (t—s)a—"“ds’ fora e (n—1,n), neN.

Telegraph type equations are applicable in several important fields and their applications can be found,
e.g., in wave propagation [41], signal analysis [42—44], nonlinear elasticity [19] and random walk theory [6, 45],
etc. Thus in particular, the fractional telegraph equations have been considered in various contexts by using
different methods. For instance, in [36], Chen et al. studied the analytical solutions of the time-fractional
telegraph equation under Dirichlet, Neumann and Robin boundary conditions, respectively. These solutions
are derived in forms of the Mittag-Leffler function by using separation of variables. In [38], Srivastava et
al. presented analytical solutions to the time-fractional telegraph equations using the so-called reduced
differential transformation method (RDTM), subjected to the appropriate initial condition. The RDTM is
based on the series expansion technique and is applied in a direct way without using linearization and/or
transformation. Next, the telegraph equations which have parabolic asymptotics sometimes better model



the anomalous diffusion processes rather than traditional parabolic type equations. In [32], Cascaval et al.
discussed the asymptotic aspects of the time-fractional telegraph equations by using the Riemann-Liouville
approach. In [37], Ansari obtained a formal solution of the time-fractional telegraph equation by applying a
fractional exponential operator. This integral operator itself is obtained via the Bromwich integral for the
inverse Mellin transform. Further, the fractional telegraph equation is linked to certain classes of stochastic
processes as a stable Brownian motion. In [33], Orsingher and Beghin obtained the Fourier transform of
the fundamental solutions of the time-fractional telegraph equations. They showed that some telegraph
processes are governed by fractional diffusion equations with respect to the Brownian time. Finally, the
space-time fractional telegraph equations are considered by use of the Adomian decomposition in [34], and
by means of the Laplace-Fourier transforms in [35], [39] and [40], respectively. In the latter work, Tawfik
et al. derived the analytical solution of the space-time fractional telegraph equation in terms of Fox's H
function and used it to model an anomalous diffusion process in the case of solar energetic particles transport.

This talk is organized as follows: In the second section we present the basic definitions of fractional cal-
culus. The third section presents the fractional transmission line and the methodology proposed. Fractional
differential equations are examined separately, with temporal and spatial derivative, respectively. Finally, we
show the complete solution and numerical simulations by taking simultaneously both derivatives (time-space
derivatives). In the fourth section we depict our conclusions.

Appendix A

Here we provide the solutions of the auxiliary problems that are used in section 77 for investigating
self-adjointness of the fractional nonlinear telegraph system (1).
Recall that the Caputo fractional derivative is given by

N 1 T 1 o
PP ) = s [ T g @ n)dn = ol 41 )

The Caputo fractional derivative of the power function possesses the following properties [1]:

°DY(T —t)* =0 for k=0,1,....,n—1 (3)
and ¢ )
+

C’Da T — p:piT_ p—a 1 A

+ D7 ( t) F(p—i—l—a)( t) or p>n (4)

Problem 1a Given an equation {D%g(t) = 0. Find g(t).
Solution If 0 < a« < 1 thenn=1and n =2 if 1 < o < 2. From (3) for k = 0 and k = 1, it immediately
follows that

g(t) =co if0<a<l1

gty =ci(T—t) ¢ fl<a<? (5)

where cg, c; are arbitrary constants.

Problem 1b Given an equation {Dg.g(t) = A(T — t)?. Find g(t).
Solution Analogously to the previous solution, we obtain [Kilbas??]

g(t):AM(T—t)B+a+co f0<a<land f+a>0
(6)
g(t):AIM(T—t)5+a+cl(T—t)+co fl<a<2and f+a>1

from (4), where ¢, ¢; are arbitrary constants.
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Problem 2 Given a coupled system

u(a) = An
77(0‘) = Blu

where 0 < o < 1. Find p and 7.
Solution We look for a solution in the power series while separating the powers into even for p and odd for
7 respectively, i.e.

o0 o0
K= Z‘Z?izagﬂrk and 7 = Zb2i+1za.(2i+1)+k for k£=0,1,2,...
i=0 i=0

Substituting p and 7 into the first equation of the given system and shifting index i for u back to 0, we have

Dla-2i+k+1) o+ Dla-20+1)+k+1) o 21)4k
Zam Qi-1D+k+1)” ZQQ(’“) Qi+ +k+1)”
_ AZ i1 2 G
=0

Equating the corresponding coefficients in the latter equality gives us

T(o-(2i+1) +k+1)
T(a-26+1)+k+1)

ag(i+1) = 2i4+1

In similar fashion, we have
MNa-2i+k+1) "
Tla-(2i+1)+k+1) °

from the second equation. Now using the recurrence in 4 and alternating substitutions of a and b, we obtain

byit1 =B

| _AF((X'(27;+1)+I€+1) MNoa-2i+k+1) ,
A2(i+1) = D(a-2(i+1)+k+1) I‘(a.(2i+1)+/€+1)a21

A T(k + 1)
_ 1+1
B TP T
o T(k+1
+ .
ag; = A(AB)%O

MNoa-2i+k+1)
for even indices of a. In similar manner, it yields

. Tk + 1)
T T (2i+ 1) +k+1)

B(AB)'aqg

for odd indices of b. By setting ag = 1, the solution is

= L(k+1) i oe2itk k 2
—(AB)Zza TR =T(k+1)2" - Bag r+1(AB2*Y)
— Na-2i+k+1)
> T(k+1) ")
(AB)iZa-(Qi-‘rl)-‘rk — F(kj + 1)Bzo¢+k 'E2a,a k+1(ABz20‘)
; T(a-(2i+1)+k+1) +

11



Likewise, we seek a solution in power series with the odd powers for p and even powers for 1. Thus, the

final solution of the given system for k =0,1,...,n—11is
n—1 n—1
/J(Z) = Z ck,lzk . E2a7k+1(AB,22a) + Z Ck)QAZaJrk . E2a)a+k+1(ABZ2a)
k=0 k=0 (8)
n—1 n—1
’17(2:) = Z Ck7lea+k . E2a,a+k+1 (ABZQO[) + Z CkQZk -E2a7k+1(ABZ2a)
k=0 k=0

where c¢'s are arbitrary constants.
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Well-posedness of the Fisher’s problem

Baljinnyam Tsangia
(School of Applied Sciences, Mongolian University of Science and
Technology),
Gantulga Tsedendorj
(School of Sciences, National University of Mongolia)

Abstract: In 2009, Prof. R. Picard showed that a number of initial
boundary-value problems of classical mathematical physics is generally represented
in the linear operator equation and established its well-posedness and causality
in a Hilbert space setting. We say that a problem is well-posed if the problem
has a unique solution and the solution continuously depends on given data.
The independence of the future behavior of a solution until a certain time
indicates the causality of the solution. We shall establish the well-posedness
and causality of the solution of the evolutionary problems with a perturbation,
which is defined by a quadratic form. As an example, we will consider Fisher’s
problem.

Keywords—Perturbation, Lipschitz continuity, quadratic form, Evolutionary
problems.
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On the representation of primes by quadratic norm forms

G. Bayarmagnai and D.Purevsuren

2022.04.27

Abstract: In this talk we revisit the classical question of which primes can be represented as the absolute
value of the norm of an integer in an Euclidean quadratic field K. Finite abelian groups arising from the
additive structure of the ring of integers in K were considered to give a clear answer to the question.

1 Introduction.

Let d be a square-free integer, d = 0,1. The ring of integers O of the quadratic field K = Q(\/E) consists of
all complex numbers of the form a + wb, where a,b are integers and

Vd, ifd=2,3 (mod 4)
w = .
LVd it g=1 (mod 4)

Throughout, we assume that the field K is Euclidean; that is, there exists a map ¢ : Og \ {0} — IN such that
given any a4 and non zero b in Ok, there exist g and r in Ok such that

a =bq +r with either r =0 or ¢(r) < p(b).

Tt is well known that there are exactly five Euclidean imaginary quadratic fields (ford = -11,-7,-3,-2,-1)
and these fields are all norm-Euclidean, i.e., the norm map Ng/,q serves as the map ¢ (see the book by Hardy
and Wright). The situation is much different for real quadratic fields. For example, the fields Q( \/ﬁ) and
Q(V69) are Euclidean but not norm-Euclidean (see Harper and Clark). In contrast to the imaginary quadratic
fields, there is a conjecture that there are infinitely many Euclidean real quadratic fields. Note that there are
exactly 16 norm-Euclidean real quadratic fields (for d = 2,3,5,6,7,11,13,17,19,21,29,33,37, 41, 57, 73).

This talk will address the question of which primes can be represented as the absolute value of the norm
of an integer in Ok. This is one of the oldest and most studied problem in number theory (see the book by
Cox for details). The most classic result in this area is the so-called Fermat’s two-squares theorem:

Theorem. Any prime p of the form 4n+ 1 can be expressed as a sum of two squares.

The aim of this talk is to show that the following relatively powerful result can be derived only from the
additive structure of Ok related to subgroups. The proof of Theorem 1 uses the simplest group-theoretic
considerations and makes manifest that Fermat’s theorem is a simple consequence of the first isomorphism
theorem.

Theorem 1. Any prime p not dividing Ng,g(w) can be expressed as the absolute value of the norm of an
integer in Ok if the congruence Ng,q(x+ @) =0 (mod p) has a solution.

For the Gaussian field K = Q(V-1), the condition that N k/Q(x+w) =0 (mod p) has a solution is equivalent
to stating that p is of the form 4n+1. Indeed, Gauss’s quadratic reciprocity law gives us a criterion for deciding
whether the congruence Ng/p(x + @) =0 (mod p) for given integer d and prime p has a solution (see, for
example, Brown or Cox ).
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ON SOLUTIONS OF THE FRACTIONAL DIFFERENTIAL
EQUATIONS

Bat-Ochir Ganbileg (Olonlog Academy)
with Khongorzul Dorjgotov (National University of Mongolia )

Fractional differentiation was first discussed in Leibniz’s notes. Since that time,
almost three centuries ago, fractional differentiation has been developed mainly as
a purely theoretical field of mathematics. However, for the last several decades, the
application of fractional differentiation to the mathematical modeling of physical
problems has become increasingly common, due to the fact that fractional differen-
tiation provides a useful tool for the description of memory and hereditary proper-
ties of various materials and processes [1, 2, 3]. In particular, anomalous diffusion
processes in complex systems, from charge transport in amorphous semiconductors
to bacterial motion, have been successfully modeled with fractional diffusion wave
equations [4]. As in the case of integer-order differential equations, various meth-
ods, including Adomian decomposition and integral and differential transforms, have
been applied to the problem of solving fractional differential equations [5].

In this talk, we derive exact solutions expressed in terms of well-known special
functions for fractional ordinary differential equations (FODESs) of the form

d* ek [ Om gy A Am—1 g ™71 ar d
o) B (e () + Sk ) ok S () + aapla))

dz am” dzm
(1.1)
where a € R4, a; € R (i = 0,...,m) and a,, # 0. Here, for a € Ry fractional
differentiation is defined in the Riemann-Liouville manner:
d (2) = Lop(z), fora=neN,
dze PV T ﬁ% o (z—s)" " lo(s)ds, for a € (n—1,n) with n € N.

(1.2)
Throughout this work, we consider n € N satisfying 0 <n —1 < a < n.
It is interesting to consider the forms taken by (1.1) in the particular case that
m = 2, because these are the cases most commonly considered in scientific and
engineering fields. In these cases, we obtain the FODE
d® b d d?
—(2) = ap(z) + EZ@(p(Z) + i?ﬂﬁap(z), where a,b, c € R. (1.3)

dz® o?
[]
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In the case that o = 1 and ¢(z) takes the form ¢(z) = zTe_éqS(é), (1.3) reduces
to Kummer’s equation,

2
22%(;5(2) + <27‘ - g +2— z> ding(z) + <ZC) —r— 2> ¢(z) =0,

— /(b—c)2—
bret (gc of —dac. Further, in the case that = 2 and ¢(z) takes the form

0(2) = (c2? — 1)_%¢(ﬁz), (1.3)) reduces to the associated Legendre differential
equation,

where r = —

2

82
(1= ) F300e) = 25 00) + (104 1) = 3 ) 9() =0,

1—2z
PR —dac—be _ . .
where | = =<t b2+§i dac=2be g g = 2% — 1. The solutions of the above equations
can be expressed in terms of Kummer’s function and associated Legendre functions,
respectively.
Interestingly, (|1.3]) can also be obtained from the fractional diffusion-wave equa-
tion

0%u

ot™
with variable diffusion coefficient ¢(x) = A(z + B)¥ or c(z) = Ae**, where A, B and
k are real constants. Specifically, if we transform by scaling with the similarity
variable z = (x 4+ B)at (where s are suitably chosen real numbers) in the case
c(z) = A(z + B)* and with the similarity variable z = ea”t in the case c(x) = Aek,
then we obtain , where the constants a, b, ¢, a1, ao, by and by are expressed
in terms of a, A, B and k. Thus, we can obtain exact invariant solutions to (|L.4))
by obtaining exact solutions to , respectively. Symmetry reductions of time
fractional diffusion-wave equations and systems with variable diffusion coefficients
and exact invariant solutions, which can be obtained using the results of the present
paper, appear in works by the present authors [0 [7].

= c(z)? Uy (1.4)
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MakcumaJji upperyadap rpadblH Upperyadap JYaHap

1. Topzkeam6s (dorjsembe@msue.edu.mn)
B.Xopomnarsa (horoldagva@msue.edu.mn)
JI.Bystarorrox (buyantogtokh.l@msue.edu.mn)

MYBUC, MBYC, Mamemamukxutin manzum

Xypaauryii: X3pa3B rpadblH OpOiiH 33pruiiH JapaaJiaJjii Oaiiraa siaraa-
Tail JIEeMEHTYYIUITH TOO Hb XaMIUlH UX 33DP30TIHU9 TIHIYY 001 yT rpadbIr
Makcumast upperyisp(maximally irregular) ragsr. 'padsin upperyssap dana-
poIT

irr(G) = Z lde(u) — da(v)|

(u,0)EE(G)

rak Anbeprcon anx 1997 om Togopxoiticon. (D dg(u) Hb u OPOtH 39par)
Byt a3paM03Toii, XaMruifH uX OpoiH 39p3r Hb A Oaiix MakcuMaJs UPPEryssp
rpadblH aHTHIH XYBb/I XaMTHiTH UX UPPEryasap danaprail rpadbir

A <0.6n

yeJI TOAOPXOHJICOH VP JYHI'Y TAHUJIILYY/IaX OOJTHO.
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x3p aHXHBI TOOHBI
TaaMarjaaJ

I'. barzaga, . Bagpmarnaii

Momzon Yacom Hx Cypeyyan,
HTunorcasx Yraanov, Cypeyyao,
Mamemamuxutin monxum

Xypaanryii: XoopoH 10X 3aif Hb 2 0aifx aHXHBI TOOHYY/IbIT UX3D aHXHbI
TOO T3/I3T 6a UX3P AHXHBI TOOHYY/JI TOTCIOJITYIl 0JIOH DaliX yy? I'ajdr acyyaan
Hb TOOHBI OHOJIBIH XaMTUIWH SPTHUI a/iiapTail acyy/Iyy/IblH HIT IOM. JHIXYY
acyyJaJ Hb OJI00T00DP NIy Oaliraa 00JI0BY XOOpPOHI0X 3ail Hb 70
cadgac UXI'YH TercreJiryil 0JIoH aHXHbl TOO OPIIMHO I'3CIH railxaJsarail yp LyHD
Xaraapin MareMaTnkd Zhang 2013 omjr 6artamnkd. Zhang-uiin yp JIyHIHAH
napaa Hb Terence Tao TIpryyrsit maremaruk4uj HuityvH polymath7 Tec-
JIMIT 3XJIYYJISH Jlapaa Japaaruiin gyxasi yp ayaryyauir 2014-2015 onyynan
Oarascan. THauuii yp JyH Hb 9HIXYY WITTJIUIH XYPIIHJL JI39PX VP JIYHTYY-
JIMIAT TOBY TAHUJIILYY/IHA.
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Numerical Study of the Boussinesq Equation using
Generalized Integral Representation Method

Ts.Gantulga and G.Batzaya

Department of Mathematics, School of Sciences,
National University of Mongolia

Abstract

We present discretization schemes based on Generalized Integral Represen-
tation Method (GIRM) for numerical study of the Boussinesq wave. The
schemes numerically evaluate the coupled Boussinesq equation for three dif-
ferent solitary wave phenomena, namely, propagation of a single soliton,
head-on collision of two solitons and reflection of soliton at a fixed boundary.
In each case of the soliton interactions, we utilize different Generalized Fun-
damental Solutions (GFS) along with piecewise constant approximations for
the unknown functions. For the case of soliton reflection, time evolution in
GIRM is coupled with the Green's function in order to cope with the com-
plicated boundary conditions that arise from the GIRM derivation. For each
case of the soliton interactions above, we conduct numerical experiments and
obtain satisfactory approximate solutions. The derivation of the numerical
schemes are straightforward and it is easy-to-program.

Keywords: Numerical Solution of Boussinesq Wave, Soliton Interactions,
Generalized Integral Representation Method (GIRM), Numerical Schemes
based on GIRM
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I'mab0epTuitn TeopeMbIH TyXait

1. IlypaBcypaH

MYUC, Mamemamurxutin maHTuM

Xypaanryii: /Iuddepennuan reoMerpuiin raJapryyH OHOJIBIH TaffxaM-
IITUTT TeOpeMyyIbH HIT AsiapT ['mipbepruitn TeopeM oM. DHIXYY HITTIII
9HOXYY TEOPEMBIH TyxXail TaHWIIYy/2K Oartajraar xuiix Oa Oarajranuii sip-
IBIT JI3JITIPIHTYH XIJIIIEX I0M. MeH 9HIXYY TeOpeMbIl OproTre/IniiH Tyxail
OO0JIOH TaApPryyH OHJIBIH MIUNRISTIISTYH OOIIOTY VAR TAHUIIILYY/IaX OOJIHO.
Men barajraany rapax sin-gordon TepsuiiH mryramMaH OWIN TOTTIATIIMITH
TyXail JLypaaHa.
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Invariant solutions of the Convection-Diffusion
Equations

Khongorzul Dorjgotov (National Univesrity of Mongolia)
with Uuganbayar Zunderiya (National University of Mongolia)

Classical telegraph equations have been introduced by Oliver Heavyside back
in 1880s, to describe behavior of an electromagnetic wave in a transmission line.
The unknown functions of this partial differential equations (PDE) are the volt-
age and the current along the transmission line and the coefficients are the
transmission line parameters, namely, resistance, inductance and capacitance.
The telegraph equations are the utmost important equations in electronics in-
dustry, specially in designing of high-frequency electronic circuits.

Recently, time fractional derivative version of classical PDEs has been stud-
ied extensively due to their effectiveness in modelling physical phenomena. For
instance, anomalous diffusion processes in the complex systems such as charge
transport in amorphous semiconductors, bacterial motion and so on, have been
successfully modeled with fractional diffusion-wave equations. In this article,
we consider the time fractional linear telegraph PDEs of the following form:

0%u
oate
where « is any positive real number, a(z) is a sufficiently differentiable, nonzero

function and b(x) is a sufficiently differentiable function. Here, fractional differ-
entiation is defined in the Riemann-Liouville manner:

= a(2)*Ugs + b(2)uy (1)

0%u(z,t) %%f, for « € N,
ot ﬁ% fot (tfs()ac%ds, for a € (n —1,n), with n € N.

(2)

In 1987, Bluman and Kumei [8] gave a complete Lie group classification and
some invariant solutions for the classical case @ = 1 and b(xz) = 0 in (1). In
2015, Huang and Shen studied Lie symmetries of the time fractional telegraph
PDE in (1) for any real a > 0 and b(z) = 0. More recently in our previous work,
we gave Lie symmetries and derived corresponding invariant solutions explicitly
for & > 0 and b(z) = 0 [10].

This talk extends results in [10] by considering (1) with nonzero b(z). We
present a complete Lie group classification depending on the relationship be-
tween a(x) and b(x), and describe the structure of Lie algebras generated by
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the infinitesimal symmetries of (1). Then, we derive the corresponding optimal
systems and the reduce system of ODEs. We explicitly give solutions to the re-
duced ODEs in terms of well-known special functions: Mittag-Leffler functions,
generalized Wright functions, and Fox-H functions. Consequently, using these
solutions, we express the invariant solutions of (1).
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Xep3-MoppuitH KuHT3ii orropryiij ['masbept Topanitn
WHTEeTrpaJl oliepaTop 3aarjiarjgax HOXIeJ

L.Bar6osm, A.Amapbasp

Momeon Yacom Ux Cypeyyan, Hunocirsxr Yraanwve Cypeyyao,
Mamemamuxutin monxum

Xypaanryii: OyHKIPH OrTOPryiiH HIM9H COHUPXOJITON aHTH 00JIOX Xep-
3uiin orropryiir AMepukniin MaremaTukd Xep3 1968 ommg @ypbe xyBupral-
TBHIH aDCOJTIOT HUIIITUNH TyXail CyJa/raaibl ayKUI1aa aHxX TAHUIILYyJIZKI.
Ous orropryit 193p I'mibepruiin orneparop 3aarnargax Tyxai yp ayar 2009,
2012 omnyymaJ saraaTail HexmeaTsit Oaiiyraap zKuyan Hap TOrTOOCOH. Xep-
3UIH OrTOPryiTail X0Ja00I /0T ©6P HIT COHUPXOJITON OrTopryit b Moppuiia
OTTOPTYH IOM. DJIr99P XOEP OrTOPryiH MIyyJ epreTres 0OJIJIOr OrTOPIyHT
Xep3-Moppuiitn orropryit r3jr. Moppuitn orropryiin ['nibepruiin oneparop
Mar caiin cysiiariacan Oaiimar. itma I'mibeptuiin onepaTopbiH 3aariaJibir
Xep3-Moppuiitn orropryiij TOrroox acyyaaa 3yl €coop TaBHUTJaHA. JHIXYY
WITTIJUNRH XYPIIHJL JI99PX aCyV/JIBIH XapuyJaT 000X TOTTOOCOH YP JIYHIDD
TaHUJIILYyJIax O0JTHO.

92010 Mathematics Subject Classification. 42B35, 11F85, 47A63, 47G10
OKey words and phrases. integral operator, Hilbert operator, Hardy operator, Hardy-
Littlewood-Pélya operator
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XyralaaHbl XyBbJl OyTapxail 3psMOuitH XyBbcax KoedduumeHTTIin
KOHBEKI-uy3uits TarmuTrainitd JIn Oyaruitn anruias

A.Conbaarap!, 3.Vyranbaap?

YMYHC, ITunostcrsx yraauvs cypeyysv, Mamemamurutin manzum
2MYHC, Hlunosciox yraanvs cypeyyiv, Mamemamurutin manzum

XyBbcax KOd(DDUINEHTTIN Xyraaatbl XyBbJ OyTapxail 3paMOuiin TyXaiin yiaaMKaaaT guddepeH-
A/ TITIIATTIINAH IIyraMaH XyBbCABIH CUCTEMUNH aHTUIT Ccymiaxas JIu cuMMeTp aHAJIU3UiTr almr-
Jlajiar. DHJ 30BXOH WHMOUHATECUMAJ CAMMETPYYIMAT OJI2K aBaaJl 30ICOXTYH OyIruitH OYPIH aHTUJIAJIBID
raprak aBcaH 0eree WHBAPUAHT MUWIYYIUNAH aHTMIAJBIT TOONCOH. Koaddunment yHKITyymmitn
XyBbJl, AuddepeHnma TITIUTIINNH CUCTEMUNH AHTWIAT T'ypBaH AHTUJIAJJL XyBaajar OOJIOXbIT Oul
oK MIIIB. Toxmosmosr 6ypT nHdprHITECHMAT CHMMETPYYAnitH JIu aaredpyyablH HIT XIMKIICT OITHU-
MaJl CUCTEMHUIT TOOIOO0JIK, OITUMAJI CUCTEMJI TOXUPCOH reduced crucTeMuiil OJI>K aBCaH. X9PIIVIIIHUI
XYBBJI 993D ONTUMAJ CHCTEM]T TOXUPOX MHBApHUAHT muitayyauiir closed form-oop rapraxk apmar.

1. Koupeknu-uddy3uitd TSTIIATTI Hb MTUHIYHUA 9aHApD ICBIJI CTOXACTUK ©OPUIOITHIAH MIHHK
vaHap Oyxuil epreH XypdIsHUU Y33TIIUNUT MIDdPXUMIIIT. BeeMuiin XeIeareeoHuir ToIopXoiaox
®okkep-ILmank, Bask—IIloy/3pIH 3arBapblH JAryy COHIOJTBIH YHUUT YHII9X Birsk—IIoyns, ma-
xargarmryit muarsHuil Hapbe—CTOKC 19X MOT ajigaprail TOrIITISY VAT MaTeMAaTHKIITH XY Bb/T
KOHBEKII-/indy3u TITMUTIINAH TOJOPXON TOXHOJION Tk y332K OostHo. Canax oifH HeJiee-
reep Muddy3uitH TOPJIUNH TITIIUTTIIL 19X XyTalaaHbl yIa KJIaabr OyTapxail yiaMzkiaa 60JIron
©OPWIOX Hb TOBOI'TIU CUCTEMUNH UYY OOAUTOI 3arBaphil’ DOJIOBCPYyIaxa/ll TyCaaHa.

2. Byrapxait apsaMbuitn nudpdepeHiman TITMUTTIIUAT OJIOH XIPITJIIIHUN MUHKIIX yXAAH HUNI-
M3JI CUCTEM, IPOIECCHII Talyibapiiax Malll CafiH X3PIIVIYYp 9K casgxaHaac XYJI99H 30BIIOOPCOH
6eree 1 TP HBb epJuitH nuddepeHua; TITMIUTIHIIC WYY OrericoH (DU3UK CUCTEM ICBIII
[POIIECCHIT WYY HAPUIBUWIAITAN 3arBapUYM/RK Ya jiar TYJI TYIHANR CyAalraa yjaMm Oyp TyrasMaI
6ok Oatina. 2Kurma/10951, Oyrapxait quddepeHnuaniiai Hb aMopd Xarac JaMzKyyJsrard JaXb
[PHAT JAMKYYJIAIT, DAKTEPUIH XOIO/ITOOH, aMb/I 3C 19X YYPIrUWH TapXaT 39PIT HAPUIH TOBOITIHI
CUCTEM JI9X XIBUITH OyC TapXajThIH IIPOIECCHIT WYY CAWH TOMOPXOMIIK dajjar.

OH> MITraJ Ol Japaax X3JI09pUilH XyralaaHbl XyBbJ OyTapxail 3p3MOUiiH IIyramMaH KOHBEKII-
JuPy3UiiH TITTUTTINIH CUCTEMUWH AHTUHAT aBd Y3CIH:

u _
ote /UCCJ (1)

80&

o = f(@)uz + g(2)u,
OHx a vepar 6oaur Too, f(x), g(x) xanranrraii quddepennmanaaargax dbyHkiyya. Byrapxait spam-
OUiTH yJraM>KJIAJIBIH XYBBIL Jlapaaxaap Tojopxoitnornox Puman—J/luyBusnunitn ynavexiran Oaiina:

ou(z,t) %7 for € N,
ore ¥8t” o Zﬁszwlds, fora € (n—1,n), with n € N.
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1987 ony Bayman, Kywmsit [6] nap (1) cucremniin o = 1 6a g(x) = 0 19¢3H COHIOJIOT TOXHMOJIJJIBIH
XyBbL OypaH JIu Oysiruita anruas 60J10H 3apuM HHBapuaHT muiayyauir erced. 2015 onyx Xyan, Ilen
[7] map 6oxur o > 0 6a g(x) = 0 Toxmosmosy (1) Tarmurranmita JIn cummerpyyamiir cyaacan.

Owmue ub 6u [8]-1 o > 0 Goson g(z) = 0 Toxumosnosny Jlu cummeTpyyauiir erd, ToH0pxoil HHBa~
puaHT iy yauiir raprazk ascan. Tosuxonzoo 6u g(x) = 0 yex (1) TOrMUTII9D OrOIJICOH CUCTe-
MWITH aHTUIH THOUHATECHMAJ CHMMETPY VAP YYCIAIracoH JIu aredpyyIblH ONTHMAJ CUCTEMUITH OyX
XyBUpraJITaH] Xapraj3ax OyJIrHilH UHBAPUAHT Uiy yauir ojcon. Cucremdsc yycerariacas Jlu aireo-
PpUH Iaryy CUCTEMUIH aHTUHAT I'ypBaH TOXHUOJIIOJ OOJITOH aHTUJIIAT. JXHUN TOXMOJIOJ] Hb XyBbCArd
Hb starargax reduced TOTIATTIMAT YYCrOAT, XOEp j1axb TOXHOJIOJN Hb XyBbcard Hb sITArJIAryi
TACMIUTTIIYYIUAT YYCramar 6a rypas Jaxb TOXHOJIION Hb XyBbCArd Hb sLITArax OOJIOH sIIraraaxryil
reduced TOTTIUTIVYAEAT XOEYIAHT Hb YYCIIAT.

Ou>3 marrasy 6uy Tor Gum g(x)-rait (1) cucremuiir aBu y39x 3amaap (8- oJK aBcaH yp JyHD
eprerrecen 6osHo. Buy f(x) 6a g(z) xosddunuent bOYHKIYYIHIAH XOOPOHIBIH XaMaapJIbIl CYIAIK
JIn Gysruiin 6ypsn anrusuibie 60108 (1)-uitH MHGUHETECHMAT CUMMETPYY/9D yycraricas Jlu aireb-
PYVIBIH OYTIIMHAT TOMOPXOMJICOH. Y VHUI yp JAyHI On Xaprajsax ONTHMAJI CHCTEMYYI OOJIOH epauitH
muddepentman TarmuTrauiie reduced cucremmitr rapraxk ascad. [laarraan Mutrar-Jledbditepuiin
dyuki, eprerrecen Paiittein dyuki, Pokc-H dbyukir 3spsr Tycrait dyukiyymsp reduced epmuita
JuddepeHIuat TITMUTIINNH AR YIART TOJOPXOH OrCOH. DHJIIIC /I MIHHIYYAUIT amurian
6un (1) cucremuita GYyIrUitH MHBAPUAHT MUY YAMNAT UISPXUAICIH OOJTHO.
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Integral sections of elliptic surfaces and degenerated
(2,3) torus decompositions of a 3-cuspidal quartic

Khulan Tumenbayar
Department of Mathematics, National University of Mongolia
and
Bayarjargal Batsukh
Department of Mathematics, National University of Mongolia

Abstract. In this note, all varieties are defined over the field of complex numbers C. Let
d be an even positive integer and let p(t,x) € C[t,z] be a polynomial of the form
23+ ar ()2 + ag(t)r + as(t) = 0,

where deg, a;(t) < id. Our aim of this note is to consider when p(¢,z) has a decomposition
of the form

(+) plt,2) = (z = 2o(t))” + (co(t)z + c1(1))?, o(t), co(t), cr(t) € C[t].

The right hand side of (x) is called a (2, 3) torus decomposition of the affine curve given
by p(t,z) = 0.

We will show that the above plane curve has degenerated (2,3) torus decompositions
by using arithmetic properties of elliptic surfaces and show that a 3-cuspidal quartic has
infinitely many degenerated (2, 3) torus decompositions.

Let E be an elliptic curve defined over the rational function field of one variable C(t)
given by

E: y2 =p(t, z),
and we denote the set of C(t)-rational points and the point at infinity O by E(C(¢)). It is
well-known that E(C(t)) becomes an abelian group, O being the zero element. Now our first
statement is as follows:

Proposition 1 Assume that both of plane curves given by
p(t,z) =0 and s3p(1/s,z’'/s?) =0

have at worst simple singularities in both of (t,x) and (s,x") planes. Then p(t,z) has a
decomposition as in (x) if and only if E(C(t)) has a point P of order 3. The polynomial x,(t)
1s given by the x-coordinate of P.

As an application of Proposition 1, we have the following theorem:

Theorem 1 Let Q be a quartic with 3 cusps and choose a smooth point z, on Q. There
exists a unique irreducible conic C as follows:

(i) C is tangent to Q at z, and passes through three cusps of Q.

(ii) Let Fg, Fe, and L, be defining equations of Q, C and the tangent line L., of Q at z,,
respectively. Then there exists a homogeneous polynomial G of degree 3 such that

(%) LgOFQ = ch + G2,
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