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Pedepar

TecnuunH yHaacnan (lWnHxnax yxaaH, 3AMAH 3acar, HUArMMWH a4 xono6orpon) *
CypanraaHbl aXnblH 30pUNro

XonbupbIr n3otonoop Gaskyynax LWMH3 aprbir cyanax sopunroton GawncaH Gereep
yyHA4: GaviranniniH GONOH CIPraarasx Heeu, TYYHUA 30XUCTOM X3P3rnadar HAMIrgyyrax
f6oanoreir WWAASH, LWKMHY yxaanar maTtepuan 6uin 60nox epreH uap XypaaTan cyypb
cypanraa sasyynnaa. img OXY-biH TomckunH Ux CypryynuiH 3pasmMTagTan xamTpaH
XWNC3H Hb CTPaTErMmH H3H Yyxasn ad XonborgonTon, OpYUH LarMiH 6anranuiH LWWHXN3X
yXxaaHbl canbapbiH cyanaayvablH aHxaapnbir Tatax 6y cyganraa tom. Maw TecTan LWNHX
YaHapTan 6eemcunr canrax Hb 36BXeH Pe30HaHCbIH Heneereep 60NOMXTOM B6ONCOH eHee
ven WuHS Oawranbg 93MTaM yxaanar maTtepuan-wyyntyyp OyTaaxTan xonbooTtom
cyganraaHyyn Hb awurt ManTtMman,yyn, yypxaw, GanranvuinH Xun, UOMWUNH TEXHOMOTMWH
awwmrnax mx Heeuten OXY, MoHron yncyyablH XyBbA YHOTAN OYTI3raxyyH rapraH asax

Bonomxunr Bypayynax, baskyynax yHd epTrmnr XagaH 3yy AaxuH 4 6aracrax 60noMXKTON.

TecnunH Tyxamn

Yxaanar maTepuan-wyyntyyp 6wn ©Gonrox Tyxaunban, 6GauranvMiH XUAHI33C
cTpaTerMmH anemMeHT Bonox renuinr rpadeH yxaanar wWyynTyyp- yxaanar martepuan oumn
GonroH anraH aBax, 6eeMcuIr 36BXeH Pe30HaHCbIH Hereereep canraH aBax cygarnraa oM.
Monekynap AMHaMUKUAH apryyabir XaparnaH /TepMoanHaAMUKUIAH TOHLBI3PUNH TONeB 43X
GeeMCUNH CUCTEMUNH TapxanTbir Guunx, MakcsennuinH apra/, caagblH CUCTEMUNH XYBb[,
LWpeauHrepblH MHTErpan Har XaXa3CT CTauMoHap TArWUTIONIMNH WWAOUWT aHX yaaa OfiCoH
6a Typwunrtaap 6GatanraaxyyncaH tom, LWBapua-KpuctopdenuiiH  uHTerpanbiH
TOrTMOnNyyabir Togopxonnox KydapeBblH aprblH X3parfiaar eprexyynk AUMHaMUK cUcTem

bonroH , maremaTuk 3arsap 6onoacpyyn>+< TypwunTaap 6aTanraa>|<yyncaH.

[VHaMMK CUCTEMUNH OHOMbIH YHOC3H X3CTMWH HAr Hb 3Proguk OHOs oM. LLUIMHraHMI
ANHaAMMK, KOOJT0X OHOJ, KOMIMMEKC ANHAMMK, 3C3H OYTUMIH aBTOMAT, AUHAMMK XaOCbIH OHOS,
ANHAMUK CUCTEM, SHTPOMUNH OHOM 33P3IT 3ProAnK OHOMbIF X3PArnaXx OanHa. OuHamuk

CUCTEMUIH OHOMbIH TeopeMyyn 6a LUMHX YaHapyya ynam TerenaepxuH camkupd barna.
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TunmMaac 3apum Har Yyxan TeopemMyyn 6a LWNHX YaHapblH 6aTanraar camkpyynax, OHOMbIH
YP OYHI HArTrax, XonbubIr M30TONoOp 6ashKyynax LWMH3 aprbir cyanax 3opunroton 6ancax
Gereen GavranuinH OOMNOH CAPraarasax Heel, TYYHUA 30XMCTOW X3Parfiaad pyy YUrancaH
6ognoreir TomckuiH Ux CypryynuiH apasamMTaaTon XamTpaH MaTtemaTuK 3arBap Xunmx,

YaHapblH cyaarnraar XWUNC3H tOM.

Tynxyyp yrc: MaTemaTuk 3aresapunan, yxaanar matepmar, MateMaTuk onsmk



Tanapxan

OHa Tecen Hb OXY-bIH Cyypb cyaanraaHbl caH 6a MoHron ynceliH bonoscpon,
LLUMHXNAX yYXaaHbl faMm, LLUMHXNaX yxaaH TEXHOrOSIMNH CaHTMWH XaMTapcaH
CaHXYY>XUNTI3P XUNTOC3H TOCON oM.



XamMmTapcaH TeCnunH rynyaTrarymg

MOHronbIH TanbIH rYMU3Trarymag

1. K. CoHnHbasap MoHron ynceiH ux cypryynuintd 3eBsrnex a3 npodeccop, AOKTop,

TOCMNNH MOHIOMbIH TanbIH vyaupanary

2. 0. UspaHbasp LUYTNC-uitH Mpodpeccop, AOKTOp

3. [O. Manxysr WYTUC-uitH Mpodpeccop, AOKTOp

OXY-bIH TanbIH rynyaTrarymg

1. by6eHunkoB Anekcen Muxannosud, LLY-bI pus.-maTt. gokrop, npodeccop, TOMCKUIAH

NX CYpryynninH 6ycumH matemMaTuK 3pasaM LUMHXUNr33-6onoBcporbiH TeBuiiH SLLTA.

2. bybeHuunkoB Muxamn Anekceesud, LLIY-bl pun3.-mat. gokTOp, TOMCKUAH NX
CYPryyJIMiAH OHOJbIH MEXAHUKUIH TAHXMUIH 034 npodeccop, OXY-bIH TanbiH

TOCNUH yanpaary

3. MamoHToB OMutpun Bnagummposud, TOMCKUIAH NX CYpryynuiH 6yCMnH matemaTumk

3pO3M LUMHXUNIa3-60n0BCcpornbiH TeBuiiH JLLOA.

4. YenHokoBa AHHa CepreeBHa, TOMCKUIAH UX CypryymnuniAiH OHOMbIH MEXaHWUKUIAH

TOHXMUINH axnax dariw



TecnunH XypasHAa X3BN3racaH OyT33NMMH XarcaanTt

OnOH YICbIH CITryyna X3BMn3racaH eryynnyya

OnoH yncbiH WEB of SCIENCE 6a SCOPUS -uinH Q1, 2, 3 UHAEKCTIN M3PraXUmH
CaTryyna 6w eryynan xaBnyyrncaH(xascpant 1-6):

1.

V A Poteryaeva , M A Bubenchikov, S Jambaa , D Gankhuyag, D
Tsedenbayar, Quantum tunneling of molecules through compound barriers,
Journal of Physics: Conference Series, 1537 012008, 22 June 2020.
https://iopscience.iop.org/issue/1742-6596/1537/1

Alexey Mikhailovich Bubenchikov, Mikhail Alekseevich Bubenchikov,
Soninbayar Jambaa, Aleksandr Viktorovich Lun-Fu, and Anna Sergeevna
Chelnokova, Low-temperature separation of helium-helion mixture, Reviews
on Advanced Materials Science, volume 59; Issue 1, 361-370, 10 Aug 2020.
https://www.degruyter.com/view/journals/rams/59/1/article-p361.xml
Bubenchikov M.A., Bubenchikov A.M., Jambaa S., Lun-Fu A.V., Chelnokova
A.S., ANALYTICAL SOLUTION OF THE SCHRODINGER INTEGRAL
EQUATION, Tomsk State University, Jornal of Mathematics and Mechanics,
Ne67, - pp.5-17, DOI: 10.17223/19988621/67/1, Tomsk, Russia, -2020.
http://journals.tsu.ru/mathematics/&journal_page=archive&id=2030

Lun-Fu A.V., Bubenchikov M.A., Jambaa S., Tsydypov S.G.-Ts. Determining
frequencies of transverse vibrations for crossovers and dead ends of gas
pipelines, Tomsk State University, Jornal of Mathematics and Mechanics,
Ne68, - pp.95-105, DOI 10.17223/19988621/68/9, Tomsk, Russia, -2020.
Alexey Mikhailovich Bubenchikov, Mikhail Alekseevich Bubenchikov, Anna
Sergeevna Chelnokova ,* and Soninbayar Jambaa, An Analytical Solution to
the Problem of Hydrogen Isotope Passage through Composite Membranes
Made from 2D Materials, Mathematics 2021, 9(19), 2353, 22 September
2021. https://doi.org/10.3390/math9192353

Valentina A Poteryaeva?, Alexey M Bubenchikov!?, Michael A
Bubenchikov!3, Alexandr V Lun-Fu* and Soninbayar Jambaa*, Helium
isotope separation by bi-layer membranes of g-C3sN4, Published 22 December
2021 « © 2021 Vietnam Academy of Science & Technology, Advances in
Natural Sciences: Nanoscience and Nanotechnology, Volume 12, Number 4.
https://iopscience.iop.org/article/10.1088/2043-6262/ac4108



https://iopscience.iop.org/issue/1742-6596/1537/1
https://www.degruyter.com/view/journals/rams/59/1/article-p361.xml

KomnbroTepuiH 5w nporpaMmmbiH 6YPTranunH OXY-bIH rapumnra’

1. Ne 2021680776
2. Ne 2021680468
3. Ne 2021680775,
4. Ne2021666867,
5. Ne2021666869 (OXY-bIH TanblH XamTpardy HapblH H3p 433p) aBcaH
(xaBcpanT 20-24).

Fapgaagan ONoH YNCbIH 3pA3M WWHXUAT33HUM Xypang 4w UNTran TaBbCcaH

1. Jambaa S. [MoTOoKM TsKenon HecxKuMmaemou xngkoctn, MexxagyHapoaHas
KoHgepeHums «[Jekabpbckme UteHust B Tomcke», 10-15/XIl, 2019, r.Tomck , PO.

2. Jambaa S. O6TekaHne NpenaTCTBMIA NOTOKOM TSXKENOWN HECXKMMAEMOW XXUAKOCTH,
the International Conference "Dynamics in Siberia”, February 24-29, 2020, Novosibirsk,
Russia.

3. Valentina A. Poteryaeva, Alexey M. Bubenchikov, Michael A. Bubenchikov and
Soninbayar Jambaa. Hydrogen isotope separation via carbon nitride bi-layer
membrane, the 3rd International SNAIA2020 Conference- Smart Nanomaterials:
Advances, Innovations and Applications, Online Conference, the Book of Abstracts pp
116, 8-11 December 2020, Paris, France.

4. Jambaa S, Dynamics of Inverse Vertex Images in the Schwarz-Christoffel Integral:
Kufarev's Differential Equations and Initial Conditions, 2023 INFORMS Annual meeting,
the Book of Abstracts, octomber 13-18, 2023, Phoenix, Arizona, USA.( 2023 oHoocC
XK.CoHnHbasap AHY-biH The Institute for Operations Research and the Management
Sciences (INFORMS) MHCTUTYT, HUAramMnarniH ruwyyH 6ok “Aviation Applications

Section”, “ Computing Society” cekTtopyyablH 6anHrbiH Xypan, CEMUHap, Xananuyynart
online-aap TorTtMosn oponuox 6anHa XMAC3IH axraa cypranynax, 4onrapyynax, aw

unTran Tasmxaap 2023 oHA OpOrLHO).



[JoTtoonon onoH YINCbIH 3pA3M LUMHXUITT33HUN Xypan 3w unTran TaBbCcaH

1. Jambaa S. Applications of the Kufarev method to a conformal mapping using the
Christoffel-Schwartz integral, First International Conference on Applied Science and
Engineering-Proceeding 2019, Mongolian University of science and technology,
Ulaanbaatar, Mongolia, 05-06/I1V, 2019.

2. Jambaa S. Kufarev’s method for conformal mapping with the Schwarz-Chisoffel
integral in some practical problems, the 6™ International Conference on Optimization,
simulation and control (cosc2019), program and abstacts, pp.64-65, 21-23/06.2019,

Ulaanbaatar, Mongolia.

3. Jambaa S., Conformal mapping using the Christoffel-Schwartz integtal,
transformations and appications, “The 7th International Conference on Optimization,

Simulation and Control - June 20-22, 2022 | Ulaanbaatar, Mongolia.

JoToonoA ONOH yncbiH Xypan 30XMOH Gauryynax axnbliH Xyp3aHg 3w Xxypan

30XUOH Banryynaxag oposiLCoH

1. First International Conference on Applied Science and Engineering-Proceeding 2019,
Mongolian University of science and technology, Ulaanbaatar, Mongolia, 05-06/IV,
20190H, onoH ynceiH xypang O.UsgsHb6asap, O.MaHxysr Hap 3oxumoH Ganryynaryaap

OpPOLICOH(Yr TOCNeOC CaHXYYXXUNT aBaaryn).

2. “The 6th International Conference on Optimization, Simulation and Control
(COSC2019)” VYnaaHb6aatap, MoHron ync, 20-22/VI 2019oH, [O.LagaHb6asp,
XK.CoHunHbasap Hap 30xmoH Bariryynardyaap OpOLICOH(Yr TOCNeec CaHXYYXUNT aBaaryn)

3. “The 7th International Conference on Optimization, Simulation and Control
(COSC2022)” VYnaaHbaatap, MoHron ync, 20-22/VI 2022oH, [O.LagaH6asp,

XK.CoHnHbBasap Hap 30XMOH Banryynardaap OpOLICOH.

[oTooAbIH YNCbIH X3aMX33HMIA Xypana 3W UNTran TaBbCaH



1. XXambaa C. Weapu-KpnctohdpenninH nHterpanaap kogopm Oyynrant xumx, 3apum
Xaparnag, “XaparnaHun matematuk 2019” apasm WMHXMNraaHunM xypan, MYUC, 23/11
2019, YnaaHn6aatap, MoHron ync.

2. XXambaa C. KoHdopm Gyynrantag KydapéBbiH aprbir X3parfiaH caagbir TOMPOX
LUMHI3HWK ypcrarblH WyraMmyyabir TOAOPXOUNOoX, “XaparnaHun matemaTtuk 2020” apasm
LWUMHXUNrasHmn xypan, MYUC, WYTUNC, 15/05 2021, Ynaavb6aatap, MoHron ync.

3. Jambaa Soninbayar. Relationship between ergodicity and mixing in the ergodic theory
of dynamical systems, “XaparnaHun matemaTtuk 2021” 3pasM WMHXUIITA3HUIA Xypar,
MYWC, WYTWUC, 17/01 2022, YnaaHbaaTtap, MoHron ync.

[oTooablH YNCbIH X3MX33HUW 1W Xypan, 2l ceMUHap 30XMOH GauryyncaH

1. XoparnasHun matemaTtuk-2022, 2022 oHbl 12 capblH 10, XX.CoHnMHOasip Hap 30XWMOH
Baviryynardaap opoLCOH.

2. “ITabopaTopuiiH HexXLUena CUHTE3UIH NPOLECChIH AaBTaMXUINI XaHrax rpadeH XxaBTaHr
rapraxk aBax TEXHOSIOTMMH TOpUMbIH TyxaW cyganraa sisyynax’ WA3BXUTAM gABargax
WYTUNC-nnn XWYC-aaap “OnHamuk cuctem” cemuHapyyn 2020 oHbl 04 capa 30XWMOH
Banryymk asyyncaH. HURT 2w cemuHap 30xmoH bGawnryyncaH (yr Tecneec CaHxyyXunT

aBaaryn 605nHo).
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TecnuiH yp AYHrMMH gaanrasap, TYYHUU ouenant

lapax yp AyH

1. OXY-bIH xaMTpaH
axunnacaH TyHLU
TOMCKUNH 9pLamMTaaTan
xamTpaH WEB of
SCIENCE 6a SCOPUS -
niH Q1, 2, 3 HOeKcTan
M3PraXxnumH caTryyng
3pO3M LUMHXUITI3HUI
411 eryynan HANTAYYNax.
2019-20220H.

MapcaH yp ayH(xaBcpant 1-24):

1. 6w eryynan xaBnyyncaH:

1.

V A Poteryaeva , M A Bubenchikov, S Jambaa , D
Gankhuyag, D Tsedenbayar, Quantum tunneling of
molecules through compound barriers, Journal of
Physics: Conference Series, 1537 012008, 22 June
2020. https://iopscience.iop.org/issue/1742-
6596/1537/1
Alexey Mikhailovich Bubenchikov, Mikhail Alekseevich
Bubenchikov,  Soninbayar Jambaa, Aleksandr
Viktorovich Lun-Fu, and Anna Sergeevna Chelnokova,
Low-temperature separation of helium-helion mixture,
Reviews on Advanced Materials Science, volume 59;
Issue 1, 361-370, 10 Aug 2020.
https://www.degruyter.com/view/journals/rams/59/1/art
icle-p361.xml
3. Bubenchikov M.A., Bubenchikov A.M., Jambaa S.,
Lun-Fu A.V., Chelnokova A.S., ANALYTICAL
SOLUTION OF THE SCHRODINGER INTEGRAL
EQUATION, Tomsk State University, Jornal of
Mathematics and Mechanics, Ne67, - pp.5-17, DOI:
10.17223/19988621/67/1, Tomsk, Russia, -2020.
http://journals.tsu.ru/mathematics/&journal_page=archive
&id=2030
Lun-Fu A.V., Bubenchikov M.A., Jambaa S., Tsydypov
S.G.-Ts. Determining frequencies of transverse
vibrations for crossovers and dead ends of gas
pipelines, Tomsk State University, Jornal of
Mathematics and Mechanics, Ne68, - pp.95-105, DOI
10.17223/19988621/68/9, Tomsk, Russia, -2020.

. Alexey Mikhailovich Bubenchikov, Mikhail Alekseevich

Bubenchikov, Anna Sergeevna Chelnokova ,* and
Soninbayar Jambaa, An Analytical Solution to the
Problem of Hydrogen Isotope Passage through
Composite Membranes Made from 2D Materials,
Mathematics 2021, 9(19), 2353, 22 September 2021.
https://doi.org/10.3390/math9192353

Valentina A Poteryaeval, Alexey M Bubenchikovl,2,
Michael A Bubenchikovl,3, Alexandr V Lun-Fu4 and
Soninbayar Jambaa4, Helium isotope separation by
bi-layer membranes of g-C3N4, Published 22
December 2021 « © 2021 Vietham Academy of
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https://iopscience.iop.org/issue/1742-6596/1537/1
https://iopscience.iop.org/issue/1742-6596/1537/1
https://www.degruyter.com/view/journals/rams/59/1/article-p361.xml
https://www.degruyter.com/view/journals/rams/59/1/article-p361.xml
http://journals.tsu.ru/mathematics/&journal_page=archive&id=2030
http://journals.tsu.ru/mathematics/&journal_page=archive&id=2030

2. X3parnasHuii
LLUMHXII3X yXaaHbl 60NOH
X3pParnasHumn
MaTeMaTUKUNH 3pL3M
LUNHXUNFI3HNI Xypan
30XMOH Banryynax, 3w
untran tasmx. 2019-2022
OH.

Science & Technology, Advances in Natural Sciences:
Nanoscience and Nanotechnology, Volume 12,
Number 4.
https://iopscience.iop.org/article/10.1088/2043-
6262/ac4108

2. Fapaapag OY-blH 3pA3M WUMHXUAMI3HUM Xypang
TaBbCaH 4w UNTran:

1. Jambaa S. TloTokM TSKENON HeCKUMaemomn
XNOKOCTHU, MexgyHapoaHas KOHbepeHuus
«[ekabpbckme uteHns B Tomcke», 10-15/XII,
2019, r.Tomck , PO.

2. Jambaa S. OGTekaHMe NpensaTCTBUA NMOTOKOM
TSHKENon HecXknmaemon xnakoctu, the International
Conference "Dynamics in Siberia”, February 24-29,
2020, Novosibirsk, Russia.

3. Valentina A. Poteryaeva, Alexey M. Bubenchikov,
Michael A. Bubenchikov and Soninbayar Jambaa.
Hydrogen isotope separation via carbon nitride bi-
layer membrane, the 3rd International SNAIA2020
Conference- Smart Nanomaterials: Advances,
Innovations and Applications, Online Conference,
the Book of Abstracts pp 116, 8-11 December 2020,
Paris, France.

4. Jambaa S, Dynamics of Inverse Vertex Images in
the  Schwarz-Christoffel  Integral:  Kufarev's
Differential Equations and Initial Conditions, 2023
INFORMS Annual meeting, the Book of Abstracts,
octomber 13-18, 2023, Phoenix, Arizona, USA.
(2023 oHooc XK.CoHuHbasp AHY-biH The Institute
for Operations Research and the Management
Sciences (INFORMS) WHCTUTYT, HUAraMN3rumH
rmwyyH ©omk  “Aviation Applications Section”,
“‘Computing  Society”, “‘Natural Resources”
CEKTOpYyyabIH BGanHrbIH Xypan, ceMuHap,
Xananuyynart online-aap Torrmon oponuox 6arnHa
XUNC3H axnaa cypranynax, Aonrapyynax, au
nnTran Taemxaap ypurgcaH 20230H4 OpOSyHO)
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doTtooablH OY-bIH X3P3rn33HUN MaTeMaTUKUMUH IPAIM
LWMHXWUII33HUM Xypang TaBbcaH 3w UNTran:

1. Jambaa S. Applications of the Kufarev method to a
conformal mapping using the Christoffel-Schwartz
integral, First International Conference on Applied
Science and Engineering-Proceeding 2019, Mongolian
University of science and technology, Ulaanbaatar,
Mongolia, 05-06/I1V, 2019.

2. Jambaa S. Kufarev’s method for conformal mapping
with the Schwarz- Chisoffel integral in some practical
problems, the 6th International Conference on
Optimization, simulation and control (cosc2019),
program and abstacts, pp.64-65, 21-23/06.2019,
Ulaanbaatar, Mongolia.

3. Jambaa S., Conformal mapping using the Christoffel-
Schwartz integtal, transformations and appications, “The
7th International Conference on Optimization, Simulation
and Control - June 20-22, 2022 | Ulaanbaatar, Mongolia.

HdoTtooAblH ONOH YNCblH MaTeMaTUKUWAH 3pPA3IM
WMHXUMMI3HMA 211 Xypan 30XUMOH Obauryynaxapg
OPOLICOH:

1. First International Conference on Applied Science and
Engineering-Proceeding 2019, Mongolian University of
science and technology, Ulaanbaatar, Mongolia, 05-06/1V,
20190H, onoH yncblH xypang .UagaHbasp, [.MaHxyar Hap
30XMOH Baviryynardyaap opoLCOH(yr TOCNeec CaHXYYXunT
aBaarym).

2. “The 6th International Conference on Optimization,
Simulation and Control (COSC2019)” YnaaH6aaTap,
Monron ync, 20-22/V1 20190H, O.LsgaHb6asp,
XK.CoHnHbasp Hap 30XMOH BGaunryynardaap opoLucoH(yr
TOCNeeC CaHXYYXXWUNT aBaarym)

3. [JoTtooAablH YNCbIH X3MX33HUW XIP3rN33HUN
MaTeMaTUKMWH Xypang 3w UNTran TaBbCaH:

1. )Kambaa C. Weapu-Kpuctoddenninn nHterpanaap
KochopMm Byynrant XMnx, 3apum Xaparnaa, “XaparnaHum
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3. TecnuitH OXY-blH
TanblH xamTtpary, OXY -
bIH TanblH yaupgard M.A.
Byb6eHumkos LLY —bl
AOKTOPbIH 33par
xamraanHa. 2021 oH.

4. MoHronblIH TanbIH
MYWUC, WTUNC-niH
©onoH 6ycag XxumMmn, HaHo
TEXHOSMNOrMMH XamTpaH
axmnnax nabparopuya
OXY-blH xamTpaH
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Tycnanuaartan op4vH
YEUWH cypanraaHsbl
TIPryynax YUrnanumH
TYPLWUATBIT ABYYnax
Aagnara, Typwnara
333MLUKVH rpadeH
LWYNTYYP MaTepuanbir
YWUNAB3PSIaX Xepc
cyypbTan 6onox Tanaap

matemaTuk 2020” apasm WNHXUNIragHun xypan, MYUC,
23/11 2019, YnaaH6aatap, MoHron ync.

2. XKambaa C. KoHdopwm 6yynrantag KydapésbiH aprbir
X3P3rnaH caagbir TOMPOX LUMHIAHUI ypCranbiH
LUyraMmyyabIr TOOOPXOWNNOX, “X3parfasHnin matemaTuk
2020” apasm WnHXmMnraaHum xypan, MYUC, LWYTUC,
15/05 2021, YnaaH6aatap, MoHron ync.

3. Jambaa Soninbayar. Relationship between ergodicity
and mixing in the ergodic theory of dynamical systems,
“Xoparnanum matematuk 2021”7 3p4saM LUMHXUNTIIHUN
xypan, MYUC, WWYTUC, 17/01 2022, YnaaHbaaTap,
MoHron ync.

3. TecnuitH OXY-bIH TanbiH XaMmTparybiH XyBba OXY-bIH
TanbeliH yanpaardy M.A. by6eHuukos 2020.07.10 —HA
“‘MaTematnyeckne Mogenu B3auMogencTna Monekys

rasoBbIX KOMMOHEHT C HAHOYacTULAaMM N HAHOMOPUCTBIMMN
cTpyktypamun” LY —bl JOKTOPbIH 39par XxamraarsncaH.

4. OoToonon ONOH YICbIH, YNICbIH X3MXX33HUN Xypan,
CeMUuHap 30XMOH Gairyynaxag OpOSiLCOH:

1. XoparnasHum matemaTuk-2022, 2022 oHbl 12
capbiH 10, )K.CoHUHBasap 30xMOH Banryynardaap
OPOLCOH.

2. “The 7th International Conference on Optimization,
Simulation and Control (COSC2022)”
YnaaHn6aatap, MoHron ync, 20-22/VI 20220H,
O.LsnaHbasp, K.CoHnHOasap Hap 30XMOH
Ganryynar4aap OpOLCOH.

3. “JlabopaTopuinH Hexueng CUHTE3NNH NPOLLECChIH
AaBTaMXWUWT XaHrax rpadpeH XaBTaHr raprax aBax
TEXHOJSTOrMIH FOPUMbIH TyXan cyganraa sisyynax”
noasxutanm aeargax LY TUNC-umH XY C-03ap
‘OuHamuk cuctem” 2w cemuHap [.LsgaHb6asp,
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3L ceMnHap 30XMOH O.Maxyar 2020 oHbl 04 capg, 30XMOH Banryymk
6anryynHa. 20200H. ABYyYyrcaH. (yr Tecrneec CaHxXyyXunT aBaarym
60onHo).

S. KomnbioTepsiH 5. OXY-bIH KOMMNbIOTEPUIH 51U NporpamMmmbiH GYPTranuitH
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GypTranmit 3w ropunnrag Ne 2021680776, Ne 2021680468, Ne
FOPUMNTa3 aBax: 2021680775, Ne2021666867, Ne2021666869 (OXY-biH

TanblH XaMTpary HapblH H3p 433p) aBcaH(xascpanT 20-

1.xaT 6ara TemnepatypT | 24).

caagbir pe3oHaHc

cucTeM XUnH TeneBTen

renu, rennoHbl Tyynax,

OMX TOOL00S1I00p

2. XaT Bara

TemnepaTypTcaaablH

pe30HaHC cucTemg XumH
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Opwwun

Tecen Hb XorbUbIr M30TOMOOP Oaspkyynax LWWMH3 aprbir gapaax YurnanuiiH
XYPa3Ha: GawranuiH GONOH C3Prasarasx Heel, TYYHUM 30XMCTOM X3P3arnaar cyanax

30pUNroTomN.

KBaHT MeXaHWKUINH YHOC3H Hexunyya 60noH Monekyn AMHaMUKUAH TOOLOOSSIbIH
COHrofor apryya Aa2ap YHA3CNaH XaT 6ara TemnepatypT HUANM3N caagyyn 033p eepeep
Xan63n JONrMOHNOr YaHapblH XYUYTaN UNP3NIMNH HEXLUen aToMbIr Tycraapriax cyganraar
3H3 Tecneep caHan 6onrox 6anHa.YHaMNIaXyn Tar (NPakTUK 433D LUMHIAH renimap Xeprex
OonomMXTon Hexuenn ) —WnH opunma Geemcunr Xypgaap Hb aHrunax MakCBENMUH
TapxanTblH XOHX Yyycax 6a TogHum gebpovnuaH AONrMoHyyAblH XOOPOHAOX 36epyy
UX3HXO33 TOOAHWN KUHIMAH 36pYYrasp TOOOPXOWSOraoX axangar. MnHxyy xapransax
AONTMOHBbI (PYHKUbBIH XyBbA XWUIMNH HOXLJTMIAT XaHrax G6anx waapanarbiH ynMaac Xoép
3HEeprurH caagbir Tyynax siH3 6ypunH macctam Xo€p 6eeMCcuiiH CUCTeMA X3aparnaraax
Oaviraa JlaHgayrminH gamxyynax KoaguumneHTbIH coHrogor 6040ro Hb 4aMxkyynanTbiH
pe30HaHCUNH ropum erger. ©epeep Xxanbdarn, X3paB caagyydblH XOOPOHOOX 3aM Hb
aebpovnunaH yptag XxyBaarggar 6on caagaH CUCTEMIIC rapax Geemuinr unpyynax
mMaragnan wunyy wux 6anx 60nHo. TUAHXYY XeHreH aTtoMyyAblH XOfbLbIr caablH
PE30HAHCbIH CUCTEMWH TyCcnamxTtanW SAnraH aBax 3amMaap COHFoCOH 6ypanaaxyyH
X3CIUH XyBb[ XapbLaHryh MUX HINKUWH XyBaargnblH KO3dUUMEHTBIr ormk Bonox 6ba
TYYHUI YTTbIF TOOH TypLumMnTaap onponuoosmk 60mnHo. XX1Lwaa Hb, KOHOEHCAUUMH LI3rMiiH
OMponuoo  TemMnepaTtypT renu-reiui  CUCTEMUWr  TefiMl - TeSNIMOHbl  CUCTEMWUWNH
anrapyynantblH Xyb WAM PE30HAHCUNH cucTeM OOMroH X3T HUMIAH XOEp rypBaH
AaBxapraap XMMCaH OanaH xaBTaHr (3H3 cUCTeM XaBTaHryyablH XOOPOHAOX 3aM Hb
AYyHAQX AynaaHbl Xyp4 6yxumr reniniH atoMblH 4e0pOnNoH SONMMOHbI YpTTanm sar Taapaar)

aB4 60MoXbIr YHANrA3HYYA Y3YYyik 6anHa.

OHaxyy Tecen Hb HDT, He4-He3, Li6-Li7, Be8-Be9, B10-B11-unH uoruyynaap
AAaMXMX LYyyn TOOH 3arBapuniansir caHan 6onrox 6annHa. YyHa: [laBxapryyn XOOpOHAbIH
ONOH XyBunN6GapT 3anTan (XaT Xy4Tan gapantaHg 6anraa 6anaH xaBtaHrmmH 3arsap) C-C
6a C = C xonboocbiH (sp3 rmbpunamnsauminH bargantam HIrdH TEPWAH HAraAan ax 4
BaneHTTanm HyypcrteperymnH 2S22P6 3aHrunaaHyypn) ragHax opbutanuygbliH OyTunnr
TOOUOH OanryynargcaH 3 SQHIMAH 3C Oyxui 3ypraaH eHuert Tanct 2-3 aTOMbIH

Aasxapryyaram 3arsap CUCTEM, xapransax KoaMUUNEHTYYObIr XaMIMAH 368
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TOAOPXOWNOXbIH TynA4 CTauuoHap 3-X3OMX33CT KaHOHMK ramMunbTOHMAHTOM 60noBY
TapXanTblH XY4MUT TOOLCOH XOCOJSICOH XapuruaH YUIYNanmmnH HANNIMS NoTeHuuanTam
LWpeanHrepminH TarlwmTranuinH TOOH WMNONWAH siBUAL, OSNIACOH LorubiH (Bypaan xacrunr
anrax) 4sg cuctemMa xapransax AoNrMoHbl YHKLYyAbIr awmrnax 6onHo. ToouoonsbiH
acap WX XOMXI3HMMA  XYHOPONTOM  Xapbuyyrnaxag OpOH 3aMH  noTeHuuwarnbiH
XyBaapunanTtblH XaMrMnH HapuMH TOOLIOO Hb 36BXOH aTOMbIH XOfbl 4 6uw (34MIAH
3aCrMnH XyBbA awurtTam 6ul) XaMrmnH Yyxan Hb M30TOMbIH XOMbLblH X3T KPUOreHUMH
TycraapnantblH  KpucTann OyTUMMH COHronTO4 3annwryr Lwaapanaratan XamrumH

HangBapTan yp AYHr erger.

XonbLbIr n30TONOOP Gaspkyynax WMH3 aprbir cyanax 3opunroton 6ereen yyHA:

BaviranuinH 60N0oH CaPraaraax Heew, TYYHUI 30XNUCTOM X3PaIrnad oM.

Maw TecTan WunHxX anapTaVl BGeemcunr canrax Hb 36BX6H pe30HaHCbIH

Heneereep 6010MXTON 6OMCOH.

WnHa Ganranbg 39nTaM yxaanar matepuan-wyynTtyyp 6yTaaxran xondooton
cyfanraanyyg Hb awurtT Mantman,yyn, yypxan, 6anranunH xmi, UeMUNH TEXHONOTNIH
awwmrnax nx Heeuten OXY, MoHron yncyyabiH XyBbf YHITAN OYTI3araxyyH rapraH aBax

Sonomxunnr Bypayynax oM.
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HArAYraaP BYNAr. CYQANTAAHbI TOAM

1.1 lUninpBapnaxasp 30pbXk OyN LWMHXKIIX YXaaHbl CYYpPb acyyAsblH

TogopxounonT

Tecneep WUNABIPIIAXMIAT 30PbCOH LUMHXIIOX YXaaHbl Cyypb acyydan Hb XaT 6ara
TemnepaTtypT AdaH aToOMblH [aBxapraap YYCroracoH 3HepruiH caafblH CUCTEMI3p
TYHHEMN3H  LWWMWUATUIAH  TycnamXTanraap WM3oTonbir  Tycraapnax eep aprbir
Gonoscpyynax ssgan oM. YyHUMM Tyna M30TONbIH Tycraapnax MpOLEeCCUNH YHAOC3H
cypanraar KOMNbOTEPUIH 3areapynanaap rynuaTraHd. JH3 TOXMONAONA X3aparnaraaar
MaTeMaTUKUNH 3arBapyyn Hb COHrogor oHon (OHomblH (U3MK) BGONOH MM TEPIIUH
acyyanyyablH TOOH LUMAOMMWAH  (TOOLLOOMOX KBAHT XMMW, TOOLLOOMOX MOJEKYIIbIH

ANHAMUK) OPYUH YEUNH O3NXUAH Typluniarag HUnMUL3x 6onHo.

CypanraaHbl Lar yea oficoH 6anpan

OpyvH yeq renvoH Hb XanyyH UeMWUWH ypBasiblH UP33aynuTan Tynw rarggar Gereepn
OHOMbIH XyBbA JloyceHarnmH LWNHXYYP33p WNyy Taatah ad Xonboraontonm rax

ToOoLoraaor.

lenunH atomyya Hb 12 MeV-aac ux aHepru anrapyyngar xanyyH LeMUAH CUHTE3UNH
ypBang eep XoopoHA00 OOMNOH AenTepu 3CB3N TpUTUTaM oponuaor Tyf OHOJSbIH XyBb[,
XYH TOPONXTOHUIA SHEPTUNH XIPIrLIIHUN UXIHX XICTUNT XaHraxan X3parnax 6onomxuimr

onroAor.

[[3BY TYYHUI X3PIrnaar xd3raapnax Xy4umH aymnncyya 6ac 6uin. XamruiH ron Hb resimoH
aryyrncaH xyypau raspbiH HeeL, oM. OH3 Hb 36BX6H onponuooroop 45 Tapbym ky6 meTp
toM. [Ma3ap 439pX TYYHMIA UNPaAN Hb A3NXUW YYCCIHUIM gapaax aHxgardy 6ogucbiH Heew,
6uw xapuH opoo 6Gavraa uaupar MAIBXT 3NEMEHTUWH LUWAMIHX XACTUAH  anbda

BeeMcuiiH, eepeep xanban renunH LemuiH Tycraapnantram xondooTon 3agpan oM.

OpunH yen BHXAY capaH [339p33C renuoHbir onboprnox XeTenbepuinr XaparKyyikK
Gaviraar gdanxmm HUNT M3A3X 61Naa. M3BY XMHXIHIA33 renu 6a renmMoHbl LaBxargawurym

3x yycBap 60n HapHbl anMrMH XnnH cynep aBapra bapxac6agb, CaHunp rapuryy tom.

Npaagyng awmrt mantmanbiH ofibopnonTbiH OPrMi Hb 93X A3NIXMIAr33C XanbX eprexmnx

Hb rapuaaryin 6onoB4Y capHbl ragapryy 6a KOnutepuinH TOMpor opuMoocC GanranminH XMnH
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AaxvH 6onoBcpyynanTbiH YWANAB3PT FENUOHbIT XWUYHI3H raprax aBcaH Y TYYHUIT

Tycraapnax yp QYHTa1 TexHonornton 6anx waapanaratamn.

©Hee yeq 6yyp A9NXuKH 2-p ganHbl yen 60noBcpyyncaH M30ToMN snrax TEXHOMOrnnr
OPreH xaparnax 6anHa. JHI3 TEXHOMOIM Hb XUNH GanganTtan xonbuod LeHTpudyrnnr

alumrnaH ueHTpudyrmnd TyHagackunT cyypunaar.

OAraap apryya Hb M30TON YWANAB3PMaX CTpaTernvH acyyanbir wvngasr 60nosy apymm
XYYHUN X3parnaa UxTan, TynwHuin ynn asubiH EROEI-uir apc 6aracragar. Xagumraap
LEeHTPUMYrMnH TyHaaacKunTUH XyBb ypaH-235 6a ypaH-238-uir 604801 MaccbiH MaLu

NX 3epyyrasac xamaapaH ['enn 4 6a renun 3-bIH MacCbIH XapbLiaa Hb XaBblrymn unyy

Taartaun 4 Tycraapnax npoLeCcCUmnr Xapankyyrnax 3pUmm Xy4HUI 3apuyynanTt apav baratan

apryya 6un rax soxmorymg y3ax banraa om.

JTasepblH ragapryyr awimrnaHd n3oton Tycraapnax apryyg 6ac 6angar 6onosy aH3 apraap
raprax ascaH wusotonbiH EROEI ragapryy n9sp ragaprblH ©0MOH MOHOXPOMAaTbIH
LauparminH ax yYyCBapyyaumnH (Xag Xa43H XyBb) Yp HeneeTan 6angan He xs3raapnargmarn

Oanpar.

©Heeep M30TOMbIH TycraapnanTblH acyygan ynam 6yp xypuaap tasurgax 6amHa. Yuup
Hb TYNWHWIA (ra3pblH TOC, BanranuinH XuKn, HyYYpC) yrnamxknanT 3X YYCB3apyYy4 Hb O3NIXUN
AaxvHg TapxcaH gekapboHnauumnH xetenbepunH Heneereep LOMUNH DONOH CIPraargax
3PUNM XYUMHO aakMaap 3anraa TaBbx erd 6anHa. TepmocTaTt 3pUMM XYYHUI LUNMHXKX
yxaaHbl O3BLKUIT Xerkurn Hb ynamxknant U235-U238 tegunryn Hed-He3 rax mar

MN30TOIMbIH 6a$|>|<yyr|ax TEXHONOrNnr XGF)KYYJ'ISXI/II?IF waappaar.

OH3 uuMrnanasp cypanraa AByylkK Oawraa eHeermnH Oampang XWUC3H AYH
LWMHXUNI33 (LUMHXN3X YXaaHbl HOM X3BNang rapcaH HUATNANyyA33C 3L TaTaH 3H3

canGapT XMUrAC3H cyaanraaHbl TOMMbIr Xapyyras)

OHS3 TECNUIH XYP3I3HA MOHOATOMbIH Aasxapryyn Oyly MonekyrbiH CcyBapxar 6yTuaap
YYCC3H SHEpPruH XxaanTyyAdblH CUCTEM alWUrfiaH refiIMoHbl aTOMbIr COHrOX TYHHENdH
Aamxyyrnanrtaap TaTax acyyasiblH COHUMPXONTOW TanbIr cyarnaxaap Tenesnex GauncaH.
©OMHe Hb CybHaHO HyX33p  renunH aTtoMyy[ H3BYMH OHrepex MaTeMaTUKUnH
3areapunanbiH Yp OYHI33p TYYHUA HUANM3N caagaap AaMXUH eHrepex KoaduUNEHT

Hb MXKUN OYTaLUTaNM HAr caaabir eHrepexeec nnyy 6amx 6onox TorrooracoH 6unas [1]. 3Ha
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Hb GugHuir renunr 604BON renNUOHbl XyBbA UMYy eHAep AaMxyyrax KoadhuuneHTTan

HUINNM3N caagpbIr YYCrax 6OMOMXKXTON FACaH AYrHANT34 XYprax b6anHa.

OXHUN 3apyump TynryyprnacaH TOOUOOMNMbIH Tycnamxrtavraap rpadeHbl HUTpug (r-
C3N4) Hb H2, N2, CO, 6a CH4 aryyncaH xonbuyygaac ragHa renuiH Ne 6a Ar Tan
XUAHYYAIIC renumnr snraxag Hb unyy yp AyHTan 6onoxoir [2]-T xapyyncaH. MeH 3He / 4He
XOnbUbIr KBAHT WMrwmnTaap 49 K-unH temnepatypT TycraapnantbliH TYBLMHI 18 HAMK
XYPrax 60n0xbIr TOoLoonsbiH apraap xapyyncaH r-C3N4 membpaH Ux3aaxaH COHUPXON

TaTtax banHa.

[3] -4 XMMWAH ypBanblH SBLUbIH AWHAMUKWUAT TOOLIOOMON awurnax apryyabiH
©onoBCcpyynanT Hb, TYHHEN alUrnaxbIr opyynaH, XMMUNH Y33ranunH Tanaapx 6ugHun
OWArONTLII camkpyynaar 6onoxeir Xxapyymk 6anHa. XuMuH ypBarnblH XypAHbl Tanaapx
M34N3r Hb XUMWUAH FOfT C343B tOM. [3C3H Y KBAHT MASIBXXKUMUMAH Heneereep X3BUWNH
banpgnaacaa Tenes banagan Hb eepynergger ypeanbiH TOO HOMAraaXx 6anHa. beemcuitH
AOonrMoHbl xoépamon 6angnaac TyHHENWH Henee yycaar. [JaeaH Tyynax 4YagsapTan
3C3aX33C YN XamaapaH BONOMXUT caagHbl Heree Tang 6eemc ongox maragnan ypramk
Bangar. TMMM33aC A33pX caad 433ryyp LWKIMKUX (COHroAor WUIMKUNTUINH) 6ONOH caablH
AYHOYYP TYHHEN33p HOBTPAX (KBAHTMEXAHUKUWH LUWIDKUNT) WWIMDKUNTUAH XOOPOHS,
XUMWUAH ypBan sBargax 3ambil COHrOXO4 ©pCcengeeH yycd 06onox oM. Ypbauunad
Taamarnantan xapbuyynaxag ypBanbiH XypAabir XsiHax acyyanblH XyBbd CaagblH ©preH
Hb (LeMUH caadbir gaBaH Tyynax 3am) TYYHUA XUMUAH YIAN SBUBIH WO3BXKUMUWH

3HEepruac unyy vyxan ad xonbéorgonton 6amk 60510X oM.

CoHrogor 06a KBaHT MEXaHWK TOXMOMANbIr Anrax ron OHWIOr Hb TemnepaTypaac
XamMaapax ypBanblH XypaHbl Xxamaapan toMm. CoHrogor ToxXuMoaon Hb TemnepaTtypaac
(Arrhenius xamaapan) xy4yTan xamaapgar 60n 9XHUMA OMPTONTOOP TYHHESNUMH apra Hb
TemnepaTypaac xamaapaxryn oM. TyHHENUWH Henee 3eBX6H KPUOreHMnH TemnepartypT
yyxan ad xon6orgonTton ragar 6ypyy onnronTt HUNTNAr 6angar. OpumH yen TyHEenunmH
HeNeeHNN XyBb HAM3P Hb TacanraaHbl TEMNepaTypT 4 MIAIrA3xXymny a4y xonborgonTtomn

DOSIOXbII TOrTOOX33.

[4] -0 caagblH TycnamxkTanraap KBaHT MeXaHUK LWWMKUNTUIAH acyyasibiH TOOH LWWAANNAT
aB4y y3gor. OH3 wuniaan Hb WpeawHrepunH TarwunTron ga3sp Tynryypnagar. Canan
G6onrox 6ymn aprbir 3apym TacanafbiH 605TOMXNUT TapxanT A33p TypLUMXK y3CaH. KBagpaT
caag 60M0H LIOOHOTMIH TOOLOOSSbIH YP AYH Hb AaMXyynanTbiH KO3ddUuneHT (kBagpat

caaj OoTopXx) -blH xan6ana3nuiH TeneB GOMOH Xapran3ax Pe3oHaHC LWWIMKUNTYYLUAD

26



OpyyfnaH TOOLICOH HapwuiH ToouoononTton Ttoxupdy Havraa tom. CaagbiH ypa Tangax
xan63an3an Hb caafblH ap Tangax siBX eHrepCeH AONMMOHbI XaBTran TenBeec snraatan

Hb YHaXX By BOMOH OMX By 6GEEMCUNH XOOPOHAOX XOHONOHINNH HeNeenneec YyaanTan.

[5]-a 3He / 4He, H2 / D2, H2 / T2 XeHreH n3oTonbIH TycraapnanT Hb U30TOMbIH LLOLTO,
LeMU1IH ypBas, KpMoreHHbl 60noBCpyynanT, 3pumMM Xy4 YAnaB3apiax 33par Tepen 6ypunH
A3BLUMNTIT TEXHOMOrMA MaLl vyxan a4 xonborgonTton oM. OHOMbIH cyaanraaraap KBaHT
LWAMWIWATUNH TycnamXTanraap HYYPCTOPerynnH HUTPUTIIP XUUTAC3H CyBIPXar rpadeH
MaTepuansbir awurnad 3He / 4He-bir yp awwurtaviraap Tycraapnax 60noxbIr xapyyrnkaa.
bara 39par pgedopmMauunH ynMaac 3HS Martepuanaac MembpaHbl TapxanTtbir
ToxupyynaxolH Tynga 3He / 4He-uiiH Tycraapnax eHOep COHronTTON MeH M30TOoNbIr Yp
AYHTOW Uyrnyynaxag awmvrnagar eHaep HIBYMnTTaW xaanTt Oyxun TemnepaTtypaH LIOHX

yycrax 60sHo.

[6] -0 H2 / T2, 3He / 4He, CH4 / CD4, H2 / HD racaH xonbupbIr cyanas. HaHO Hyxyyaaa
KBaHT LUMMLUMATIAC TAr AapanTtbliH Yed COHroNThbIr TOOLOOMOX 3HIMMAH OHOMbIM Y3YYaB.
M3oTon 6a HaHO XO0NONHYYAbIH XOOPOHAOX XapuiuaH YUNYNanuiH XyBba 604NTON, YHIH
36B MoOTeHuuanyyd awwurnargcaH 6unas. OHrMAH  oHon  GO0NoH  HapumBYUNCcaH

TOOLIOOSSbIH XOOPOH/, CalH HUILI3N rapra)k aBcaH oM.

[7]-a monekyn pguHamukunH 3arsapynan, ModTe KapnorunH apra 6a 30-150 K
TemnepaTtypblH MHTEepBang Leonut [OTop ycTeperd 6OfoH AEWTUYMbIH LUWHII9MT,
TapxanTbir cygnaxblH Tyng HENTPOHbI TapXanTbiH TYPLWWUNTLIH erergnyy4 awuvrnargcax
banHa. KBaHT 3anpyynrag 3opuyncaH ®enHmaH — XubbcuinH onoH XxysBunbapTt snraatam
aprbliH XypaaHg awwurnax 6onoxyny ycteperymimH 60NOMXUT napameTpyyauniH LUMHI
uyrnyynreir caHan 6onrox 6anHa . bara TemnepaTypbiH Yea U30TOMbIH JaMXyynantaHi

KBaHT MASBXXKWUI MOAArAdXYML, HONee y3yynaxXuiir TooLoonnyyaaap xapyynHa .

[8] myraap wnTtrang 6ara TemnepaTypT Leonut MembpaHaap AamxKyynaH yctepery 6a
AENTEepPUH MOMNEeKyn WUrUUNTUAH Tyxan HUATNAracaH. KBaHTbIH Heneer xamapcaH
aToMbIH 3arBapbir PenHmaH — XmbbcunH apra awwuvrnargada. bara Temnepatyprtan yeq
TapxanTblH YPBYY KMHETUK Hemnee yycgar 6Gereef XyHO W30TOnN, OeyTepuyM Hb
ycTeperyeec xypaaH Tapxgar. 65 K tTemnepatypT TapxanTblH COHronT 46 HankKng, Xypaar

OanHa.

CyynuiH xunyygaa 50-70 K-uiH 6ara temnepatypT X3T HUMIMAH HaHO HyXT ByTuaap
XOHIOH XUWH N30TONYyyabIr AamMXyynaxbiH TyNn4 TYHHENWWH yp Henee Oyxuin aHeprumnH

caagaap AOOJIMMOHblI AaMXWX OHOIbIT NOSBXUTAN alumrnax MPC3IH. OH3 OHON Hb Har
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XOMX33CT LpeanHrepunH TarwmMTraniuiH HapuUH WNROAUAH XULWIHYYOUUT XapyyrncaH
n.a.nNavgay, E.M.JIMdWMunMnH HOMOHL  HUATNArACAH 6anHa. 9CaH X3auKM Y, IHIXYY
SHIMMH Bereen yp OYHTAW OHOM Hb AaBTarfax LWWMHX YaHapbIr XapyyrncaH HURIIM3I

caaabir gaBax OOJITMOHbIT TOﬂ,OpXOVIJ’IOXO,EI, ammrnarp,aaryﬁ GanicaH oM.

[9] -0 1D LWpeanHrepninH TIrWNTIONUAr WMAACIHUA VP OYHA €PeHXUA X3n63apuinH
Xaanraap MacchbIl LWWUIMKYYN3X  KoadduumeHTyyd ongcoH.  KomnbioTep  A3sp
anropuTMUIArN X3P3aNKYYNaxX aprbir TaHunuyyncaH 60MHO. JQH3 apra Hb Tarlw eHuerT
Xanb3punH caagblH XyBbA, WWAO3X HapuiH wungnyyguir erger. XXuwaanban,
AppeHuyCbiH XyynbTan agunaap Xyp4 Hb eepunergex Oavgar XMMUWH ypBasbir

3arsapuuncaH 6anaar.
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TecnunH 3opunro, 30punTyya

TecnunH 30pUNro Hb 3HEPrumH caafblH CUCTEMI3P OYHAOYYP aTOMbIH TYHHEsT XUKX
MaTeMaTUKUWH 3arBapynanbIr raprax, TYYHYMA3H T3Ara9pT aTOMbIr OHOBYTOW canraxapg
TOXMPCOH Xapransax YWn sIBUbIH Y3YYN3NTUAM Xapyyrnax TOAOPXOW Monekyn oyrumir

3aacaH caagpblH cuctem, 60auT BYTUMIAT COHIOX siBAan oM.

3oxunoryaplH Y33 byiraap a4rasp 30punTYYA Hb Aapaax ye waTtyyaaap Xapankux écTton

HOM:
1) CaagyyablH CUCTEMUIH MNOTEHUMAIbIH OPOH 3aiH XyBaapunanTtbiH 6anryynamx

2) KaHOHMK ramMunbTOHTOW, TapxanTblH XapunuaH YANYNaNTIurasap 3-X3MXKI3CT

WpeanHrepminH TOrTMon TarwmnTranuir 6anryynax.

3) laprax aBcaH LUpeguHrepunH TarWUTIONUWH Yp AOYHIMAH TOOH wWningan 6a

LUMILIMIACIH BeeMCUIH Xxapranaax 4OMNMMOHbI (PYHKUMIAT TOAOPXOMIOX.

4) [apy MPCaH OONMMOHbI PYHKL 033P33 YHASCINAH OO6MCUNH XOOPOHOOX 3al 33praac

XaMaapcaH caagblH CUCTEMI3P ©eemMcuH ongox maragnanbsiH Tan6apb|r TO,D,OpXOIZJ'IOX.

5) BeemcuiiH Tepen BYpUnH XyBb TIAM3PUINH XOOPOHA0X 3ain 6a TaAraapuiH Xanodapaac
XamaapcaH caagpIr Tyynax gamxyynanTbiH Xapransax KoauumeHTyyaunH xamaapbir

TOOOPXOMNOX

6) TecnuiH Xypa3HO XWUArOdX33p TeNeBneceH TYPLMATbIH ereranyyaton ascaH

cyganraaHbl Yp AYHr XapbLyynax.
7) N30TONbIH KBAHT LUMILUMATUAH OHOBYTOM MOSEKYN OYTUNIT COHIOX.

8) HeneennunH eHagep 33parnan Gyxui X3BNanyya A33p rapcaH yp AYHMMWH Tyxau

HUNTIAX.
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Tecenp TycraracaH cyaanraaHbl WWHI3NAT 3y (LWWMHXI3X YXaaHbl LWMHI CaHaa Hb
6onoBcpyynaracaH, caHan OONMrocoH acyyanbir WWWA3X LWWHI3M3rK apra Hb

HOTJIOTACOH)

TeCNUIAH WNHXI3X YXaaHbl LUMHANAT 3y Hb H3H TYPYYHA TaBuUracaH 3opunton Gaviraa
oM. Yump Hb Geemcuiir Tycraapnax 30pWUNrOTON HUMNM3M caadaH AyHAYyp TYHHen

Masiraap Tyynax Yin siBubIr aHx yaaa cyanargax oM.

BeemMcunH aHeprunH caag AyHAyyp Aamkyynax Tyxam 6ognoro He coHrogor [1] 6onosy
ONOH AaBxpaaT caadblH XyBb[ TYYHUWI X3P3rfaxX Hb OHOMbIH 3apuM O3pXLIaanTamn
Tynrapgar 6ereef TOOUOOMMbIH Malwl WX XyHAPanNTanm Gampar. OH3 OyxH33C ragHa,
TOCNUIAH XYP33HA TYPLWMNTbIH Cydanraar ragaagblH TYHWYYAUAH XYYUH YapmannTtaap
rynuaTrax 6a MHracH33p OfK aBCaH OHOMbIH Yp AYHr 6aTaTrax, aH3 sABUAL XUATLCAH

mMaTemMaTUKUINH 3arsapyyabir 6atanraaxyynHa.

OHeprunH caafaap Aamxyyrax KpuoreH LWUIMWUNTUAH TYpPLWNTYyn XWArAcaH  [2]
6onoBY, caafblH JABTaMXWUT CUCTEM [O33p KBAHT LUMILUMAT XWUWAX TYpPLUMAT aHX ygaa

XNWTO9X HOM.

OUACT Hb, M30TOMbIr KBAHT KPMOreH33p Tycraapnax TOXeepeMXUNH LUMHXISX YyXaaH,
TEXHUKUIH y33Nn GapuymTnanbir aHx ygaa aB4y Xxananuax 6Gereen 3H3 Hb Maragrym
Npa3ayna NpakTUKT HABTPAxX BonHo. MapcaH yp ayHryya Hb Acta Cristallographica (Q1),
HanmoHg 6a Xonborgox matepman (Q1) rax 33par eHOep 33parnan 6yxuin caTryynumH
HUATNAN33p ©Oatnargax ©6onHo. RISC 6onoH SCOPUS catryyna  X3BR3racaH
HUNTNANYYA33p 6aTanraaxkcaH OSIOH XWUIWWH axnblH Typlunaratan, XaMrmnH CyyruiH
YEUNH TOHOI TOX6epPeMX, MPOrpaM XaHramkTawm, TYYHUN3H Lwwaapanaratam oyxunm n
YagaBxuTam 9H3 TecnuH 6ar Hb TOCNUWH 3yrasac TaBbCaH 30puATYyAbIr OypaH

LUMNOBIPAX YaaBapTam ragart UTranTan banHa.

TecnunH TOrTOOCOH 30pUNTYYAbIr WWWAB3PSAX Maragnan gapaax 6avpgantam GanHa.
HUNNMAN caagaap Aamxkux 6eemcunr cyganraa Hb HangBapTal yun axunnaraa oM.
Yuup Hb TYYHUM WWNO3NL 30pUYyNicaH apra TEeXHWUKYYO Hb 3H3 TOeprvnH 30pUNTbIr
LUMAOBIPNAX3A aMXuntTan awwurnargax 6anraa OpyYvMH yeurH KBaHT MexaHuk 6a
TOOLI00SIOX MaTeMaTUKMH Byxmin N annapaTbir 6artaagar 6ereegq M.BybeHuunkos
30XMorygblH Har Hb 6ancaH [3] eryynan gs3p Garaapaa axunnax asuag O33px apra
TEXHUKYYOUNT aMXKUATTan X3P3ANKYYC3H IOM. OHI TOCIUMH snraa Hb, TYYHI33C Y unyy av
xonborgon Hb rapcaH yp AyHryya AaH aTtoMblH JaBXaprblH pe30HaHC CUCTEMI3P U30TOonN

Tycraapnax LWMH3 MPOLECCUIAH OHOMbIH CydanraaHg awurnargaxag OpLUMHO. OH3
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TOCNUIT 30XnordabiH 6ar Hb 04oo Garraa Hyypcteperdnni 6ytusg H-D-T, He4-He3, Li6-
Li7, Be8-Be9, B10-B11 wusoTonyyamnr yp awurram Tycraapnax TepMOAMHAMUKUIH
HEXLIIMII OI0X 3CB3N OA0OXOHAO0O NpaKkTMKaap rapraaryn 6anraa 6yTuyyasg taBurgax

LHaapanarbIr To4oOPXonrox 60NoMKTONM oM.

1. n.Aa. Nanpay, E.M. Jlncpwmu. Teopetnyeckas comsmka. KBAHTOBAA MEXAHNKA
(HepenaTuBucTckasa Teopus). 4-e nsg., ucnp. -M.: Hayka. I'n. peq. doms.-mat. nut. 1989.
- 768 c. ISBN 5-02-014421-5 (7. IlI)
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3. A.M. by6eHuunkos, M.A. bybeHumnkoB, A.U. MNMoTtekaes, 3.E. JInbun, tO.. XyaobuHa
B.B. KynarmHa. [lpoxoxgeHne MUKpoYacTuL, 4Yepe3  CrOXHble  COCTaBHble
noTeHumansHble 6apbepsbl // 3BecTna BbicLUMX y4ebHbIX 3aBefeHnn. dusmka, T. 60, Ne
, 2017, c.: 119-126.

CaHan 6onrox 6ynm apra 6apun, T3Ar33pyvuH 30pPUNTO, 30PUNTbII X3PINKYYIAX
yHAacnan (CaHan Oonrox OyW cyaanraaHbl A37Ir3P3HIYW TOAOPXOWUNONT;
TaHUNUyynra Hb 30pusiro, 30punT, YP AYHIMUH HanaBapTan 6anaan, cyaanraaHbl

apra 6apun, cyganraaHbl aprbir YH3N3X 005IOMXUUT LUMHXK334UA ONIFOHO)

Tecena 3aacaH 30puUNTyyabir LWWAABIPNAXWMIAH Tyna Aapaax aprbir  alurrnaxaap

Tenesnex OamnHa:

- KBaHT MexaHWKWAH COHrogor apra: caagblH CUCTEM33p 0GeeMc JaMXux SABLUbIT
TOAOPXOWNNOX TOFTMOJT HAr XAMX33CT 6OMOH TOrTMON rypBaH xamxaacTt LWpeanHrepuiiH
TarwmnTran, Xaptpu- ®ok-Pytanbl apra, MO LCAO onponuoo, anekTpoH Koppensauu ,
caaj YycCrard fgaH atoMblH [aBXaprblH 3MEKTPOH HArTpanbiH XyBaapunanTtbir OfloX

3NEKTPOH HArTpanbiH pyHKkumMoHane oHon (DFT) rax maT;

- Monekyn dusnkuiiH coHrogor apryyn - LUpeavHrepunH TorwmTrong KymnoHbl,
TapxanTbiH, MHOYKU3H XapuruaH YANYNanmnr ToOOLOX MOMEKYST XOOPOHAbIH XapunuaH
YANUNaNUMMH NoTeHuuanblH apra -TaHunuyynax, atomblH apra 6apun Hb (Mopc,
INNeHHapg-xoHc, [lMewna-TennepunH eepuneraceH noTeHUmarn- 3arBapyyd Hb 3HI
TecnuinH OCD waTaHg TYpWWnTbiH ereranyyaran wanrargax om) , MonekynbiH 6y TumiiH

UaawgbiH noteHumansir 6amryynax Xunn- KutanropoackumH atom- aToM XOOPOHAbIH
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XapunuaH yununanuuH apra, 6eemcuiH mMmnynbc (4eO6pounaH LOMArMOH) TapxanTbir

Toouox Makceenn xyBaapunanT 60noH 6ycag;

- ToouoH 6000Xx MaTemaTuKurH coHrogor apryyad: Pydre-KyTTblH apra (6eemcuiiH
X6O6NreeHNn TarwnTranuMiH wungan), MNaycc-3angenunH 60noH ypByy AaBTanTbiH apra
(MOnekyn XOOPOHAbIH XapunuaH YWN4YAanuMiH XyYHUn TanbapblH XyBaapwunanTbliH
WHTerpanbir Toouoonox, WpeanHrepuiiH Tarwmtran, MoHte Kapsno (ryrnH npax 6eemcuiiH
SannucTuk TypwmnTyyn) 6onoH 6ycag 33paryaa toouoonnbiH anroputm (HU TIY-rminH
KOMMNbIOTEP KnacTep [A93p 93P 9XHUMMA XaBcapcaH 60450rblH XyBbA), TYYHYM3H

MaTeMaTuk (bM3VIK r9X MAT TArWMTIANNIT LIJVIIZ,D,BGDJ'ISX coHrogor apryyna.

- MaragnanblH OHOM, MaTeMaTUK CTaTUCTUKMIAH COHroA0T apryyA: MOMeKyn CTaTUCTUKUIAH
boanoryygan TapxcaH 6anH Tyxam ©6oanoro, MoHTe-Kapno apra) TyyHUN3H KBaHT

CTaTUCTUKUIH COHrogor apryyq 6onoH bycag.

LWnHxnax yXaaHbl cyaanraaHbl Yp AYH, Ta,qraapwﬁH LWUHXI3X YyXaaHY,

X3p3rnasHMM ay xonborpon

1. TooH 6onoH 60ANT TYpWMATBIH ABLAa4 033p AypAcaH apraap M30TOMbIr yp aluurtam
Tycraapnax 6onomxyyn 6GartanraaxcaH TOXMONAON4 UOMUAH  YWUNABIPMA3NUAH
X3parud3Ha KBaAHT KPUOTEHMA LWWUTWIWATUNH aprbir HIBTPYYK 6onHo. Uaawwng U238-
U235 wusoTonblH TycraapnanTblH YWN SBUbIH KOMMNbOTEP 3arBapynanbir aluriaH
TOOL,00M0X00p Tenesnex 6arHa. OH3 npouecchbir 3arBapyrnax yen caaiblH pe3oHaHC
CUCTEMI3P ypaHbl AaMXyynanTblH yp awrMiH KO3(MUUNEHTUNH Tyxan erergnyyq
ongox bonox Gereen ninMm aprbiH XaT 6ara TemnepaTyp rapraH aBax 6a WyyNTUNRH yeUH
atomuynanblH 3apAfibir TOOLCOH 34UWMH 3aCrMnH YP alurMnr TooL00S0X 3XHU TOOoL0or

OJTK aBax bOOIHO.

2. AXIbIH Yp AYHI33C Y33X3 COHroAor apraap XMMCaH TOOH TYPLUUNT A33P YHOSCNSH XaT
Gara TemnepaTypT caadblH PE30HAHC CUCTEMUUH TYHHEN3IH HIBUUNTUIH Tyxai
Taamarnan, MeH TYYHUN3H 3H3 apraap M30TOMbIr yp alurtan Tycraapnax G0noMXUIAH
Tyxan Taamarnan 6aTtnargaHa. OHS yp AYH Hb caafblH PE30HaHC CUCTEMWUWI almrnax
Tan [33p aHxgard 6onox Gereeqn eHeedep anb X3OWAH TeNU-TENN XWUWAH XOnbLbIr
HYYPCTOPOrYMinH HaHO HYX3H OaH caaf A23p Tycraapnax axnyyn XWIraasg 3XaricaH

GanHa.(cyaanraaHbl eHeernnH 6angan oynrunr ya).

3. Bashkyynax yin axunnaraaHbl Makpo LUMHX YaHapPbIr renu-reniMHNA XombLbIH KULLIS3H
[33p TOAOPXOWIHO: TemnepaTtyp, caagblH Pe30HaHC CUCTEM YYCrary HyypCTeOperyuiiH

OYTUMIUH MOMEKynblH Garyynamx; TYYHUA X3MX33; caadblr yycrax Oyl MOHOATOMbIH
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Aasxparyya 6avipnax pe3oHaHC TeneB; XOrbLblH Tycraapnax koadduumeHT. OH3 yp OyH
Hb OypaH aHxgary 6anx 605HO. Yump Hb KBAHT MEXaHVK LWMHX 4YaHap (xaT Oara
TemnepaTtyp) -blH Hexueria aTtoOMblH pe3OHaHC Audpaky Hb aHxX yaaa  M3oTonbir

TyCraapnaxag awurnargaHa.

4. TeoMeTpuinH OONOH 3HEPIUAH Y3YYNaNTyyas3p SArs3p caad A33p [eNUOHLI
TycraapnanTblH OHOBYTOM GananbiH acyygan WWMAAIrA3H3. OH3 yp OYH TEXHOMOMMMNH

Tycran napameTpyyaunr Tycrax Tyn 6ypaH aHxgard Hb 60510X oM.

5. YYH93C ragHa MOHOATOMbIH AaBXaprblH CUCTEMUNH aTOMbIH HOBTPINTUMT TOOLLOO0X
yory, xetenbepurH TOOH Y3YYNANTUWAM awurinaH TOLOPXOWSICOH caadblH pe3oHaHC
CUCTEMAZP [JaAMXMH OHrepex aTOMblH XapunuaH YANYnanuur  TOOOPXOWMOX,
TOOLI00SI0X0, HArACcaH apra 6apun 6un 60nHO. Xaannraap Mosnekyn wyynTtyyp 60mnoH
066MCUINH 3HEPTNINH CaaaTan KBaHT MEeXaHMK XapunuaH YAN4YIasiMnH ONoH TOOHbI 3areap
XaHranTttan 6anraa 4 roCoH 3H3 yp AyH TOOOPXOW acyyasbIr WMNA3X Lory, WURLANNAH

XKMLL33 BOMOXBIHXO0 XYBbA LUMHXKIISX YXaaHbl HUArAMMNArMAH COHMPXIIbIF TaTax oM.
Tecnuiir xapankyynax siBuaz rapcaH yp AyH4 YHAICN3H TeneBneceH 60sHo:

1. Wnnxnax yxaaHbl 3esleepergceH (BAK >xkarcaantaac) xoBnanyyasg gop xask 12
6apumTt 6uuruir, SCOPUS 6ytoy WEB of SCIENCE-UAH MHOEKCKUTTIN CaTryynyyass

A00[4 Tan Hb 4 eryynan, TaaraspuiiH aop xashk 3 Hb 1-2 xacraac 6ypasx , HUNTAYY3X.

2. TecnunH xapuyucaH rynuatraryasp 1 OOKTOpblH aucceptauunr xamraanax (M.A.

BybeHunkos).

3. TecnuimH ryiuaTrardyannH 3 Hb HAP O3BLUMIYUIH auccepTaummir xamraanax (MamoHToB
[.B., Ykonos A.B., YenHokoBa A.C)

4. KOMNbOTEPUNH NPOrpaMmbIH BYPTranninH 3 rapumniraa aBax:

1) XaT bara TeMneparypTt CaadblH pe30OHaHC cucrtemMp XWUMH TeNeBTan renu, refiMoHbl

Tyynax, oix TOOL00J1100p.

2) XaTt Gara TemnepaTypT caafblH PE30HAHC CUCTEMI XUNH TONeBTAN renn 6a renmnoHbl

Tycraapnax nHterpan KoamuumneHTbIH TOOLL0OM00p.

3) ONpTOH Mpax renu 6a rennoHbl atoMyyabir HyypcTeperynmH bu-gaesxaproiH 6yTUMIAH
XyBaapunanTbiH (MOSIeKysT XOOPOHAbIH  XapwunuaH YWN4YnanuMiH XydHuin Tandapyya,

3NEKTPOH HArTparnbiH Tanéap) Toouoonnoop.
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1.2 TecnUUH X3pankUNTUUH ABuag MoHron-OpocblH TanblH 6aryyablH ruwyyn

605n0oH MoHron-OpocCbIH TYHLWYYAUWH XapuruaH yanaaa xon6oo, 3oxvuyynanTt

TecnunH MOHronbiH TanblH XaMTpaH TYWUSTIAryguMmMH ron oponuoo 6on renurasc
refiMoHbIr gnrax Tycraapnax xaanTbir ryMudTragar AedekTTan rpadeH XxaBTaHIruMnH
CUHTE333p xunx axnyyn Gereen xaT Gara TemnepaTypT  T3Are3puir Tycraapnax
TYPLUMAT XUAXS OPLLMHO.

XamTapcaH axsiblH XaMMMnH 3pYMMTaK ye waT 6on aedekTTan rpadpeH XxaBTaHryyabliH
0a TOOr3dpUMH CUHTE3UWH OOMNOH WM30TOMbIH TycraapnanTt XWUWX TYPLIWATbIH aprbiH
TEXHVKUIH Waapanarbir  60noBcpyynax, TYYHUYNAH TypwunTbir eepee sByynaxap
OPLUMHO.

ToMCKUIH ux cypryynb, MoHron YncelH Ux CypryynuinH 3avHbl cyprantag xapurnuaa
XONIOOOHbI  GONOMXUWr awwurnaH ragaagblH  XaMTpaH [YWUSTrOrYaAunMH - XaMTblH
axunnaraar oHnanHaap sisyynaxaap TeneBnex 6anHa.

Motron YnceiH Ux Cypryynbg ancbliH 3avHaac xaHgax 60noMKTon Tyn XO€p Tanaac
TIY-MAH KOMNBLIOTEPUNH KnacTtep AO93p OOMoBCpyyncaH MatemaTuk 3areapynanbir
aXnUNnyymk 6onHo.

AXnNblH SIBUAA COHIOH LWanrapyynanTt , ceMuHap 30xvoH Ganryymk, OpocbiH ©0MnoH
ragaagblH X9BIang XamTpaH rapracaH yp OYHIYYA39 HUWTNAX33p Tenesnex GanHa.
MYWC-g xmnrgcaH axnblH Yp AYHA KBAHTbIH XMMUIH canbapT MaTemMaTuK 3areapynarbiH
LLUMHXII3X YXaaHbl 60510H 60N0BCPOSbIH LUMHY YUMMAMANAT H33XK, CTPaTErMnH TYHLUNSMUIH

Tyxamn xananuaap bavryynargaHa.

Tecnuur X3aparkyynax 3XHUWA XWANA WWHXI3X yXaaHbl Yp AYH rapHa (tecenp
aypAaaracaH cyaanraaHbl TONOBMOreOHUN X3P3INKUITUNH OONOMXUT TYBLUMH, YP

AYHr cyanax,yH3anax 60/IOMXUAT LUMHXIYMA onroxyuuaap omunracaH 6amnx)

TecnunH garyy XMNUracaH axrnblH Yp AYHr33P COHrogor apraap XMNUC3H TOOH TYPLUMAThIT
YHOACN3H X3T BGara TemnepaTtypT caafblH PE30HAHC CUCTEMIIP refIMOHbI TYHHESAH
HOBYMNTUMH Tyxaun , TYYHUNSH 3HAXYY apraap refnmraac TYYHUUr yp OAYHTAaW Tycraapnax
BONOMXUINH Tanaapx Taamarnanyya 6atnargax 60nHO. OH3 yp AYH Hb caafblH PE30HAHC
CUCTEMUIT aluurnax tan Aalap aHxgard 6onox 6ereeq opoorunH 6aranaap renn-renm
XWUMH XONbLUbIF HYYPCTOPOryMmMH HAHO HYXT OaH XaanT A33p Tycraaprax axun XUArgax

GanHa (cymanraaHbl eHeernnH Gangan oynrunr y3).
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CyaanraaHbl axHu »xung OpocbiH Tanaac gapaax yp AyH4 XYPaxaap Tenesnex 6anHa.

YyHAO:

1. HaHO 6yTL33p M30TOMbIH KBAHT LWMMLUKMAT XMNX canbapT OHOMbIH 60NOH TYPLUMATBIH
cyfanraaHbl eHeermnH Tenes GananbiH TonM. CyganraaHbl TakTUKyyabir 6ui 60nrox,
acyyanbir WWNA3XUAH Tyna TOLOPXON TOOH anropuTMbIr 6un 605rox.

OH3 ye WwaTtaHa MaTemaTuK 3arBapblH Lyriyynra 6a Tecen xapankyynardng aBy y3ax
BGONOMXKTON TOOL00SIOX CTAHLbIH TOOL00SMbIH XYYMH Yaaan, KOMMboTEPUINH KNacTePUNH
TOOL0OMNMbIH XY4MH Yadan 33prunr xapranscaH KOMMboTep 3arsapynasnbiH TOOLOOSbIH
apryya 6un 6onHo. YyHuin yp AyHAO TOOLIOONbIH HapunBynan 6a 60MoMXUT YagamxuiiH
XOOPOHAbIH TAHLBIPUNH YHIMI33r TOOLOOSHO.

XapuyuaH rynuatraryma: bybernumkos M.A., YenHokoBa A.C

2. CaagblH 9NeKTPOH HArTpasbiH XyBaapunanTblH garyy noTeHumanblH COHFONTbIN XUAX
acyyanbiH Togopxounont. [padeH yypHuin XyBbad GONOH XapunuaH YANYNaNuUnH ax
YYCB3PYYAMAH OPOH 3aliH HArtTpanbiH MaragnanbiH TanbapbiH XyBb[ TOOLOOMOSN Hb
X3OMMHI3  XMUIACOH  OMEKTPOH  HArTpanblH  XyBaapwunanTtyygbir  XapbLyyrnax.
bonoscpyyncaH KOMMbOTEPUMH 3arBapunianaap 3HMMWH rpadpeH YYpPHYYOUMH XyBbA
9NEKTPOHbI HArTpanblH XyBaapunanTbir cyfanmk ogoorniH 6aranaap oK aBCaH yp
AyHryyamnr Hartrax. Ab initio caagran 6eemMcuinH xapunuaH YUnynanumir TOgoOpXOonsiox.
OH9 ye wartaHg 63naH 6anraa HAMTNANYYOUWH erergneec cygarnraa XMmxasap COHrOCOH
HYYPCTOPOryMiH OYTUMNH XaMrMnH 6ara XSMXK33HUA CErMEHTUMAH NnoTeHuman 30XWOH
OyTa3argax bereeq xapaB Wwaapanaratam 6on Toouoonnoop 6asxkyynHa. QHrmrH rpadeH
YYPHUI KOMMbIOTEPUINH 3arBapbir XMmx 2-3 gaBXxaprblH CUCTEMA ©preTreHs.

XapwuyuaH rynuatraryma: bybeHumkos M.A., MamoHTOoB [1.B.

3. Toouoonox KBaHT MeXaHWK aprbir awmriiaH Xoeép AMPaKOBCKUW caafblH pe30HaHC
cuctemaap He3, He4 atomyyabiH pe3oHaHC TyynanTbliH xsanbapyuncaH 3arsapysnanbiH
acyyanbir TOMbEOOX

XapwuyuaH rynuatraryma: bybeHumkos M.A., Ykonos A.B.

4. Unb + Ueb + Uee 6ypaH noTeHuman Oyxuh xapransax atoMmyyablH XyBbA BOpH-
OnneHrermepunH HapumBunantavraap LpeanHrepunH HIr Xamkd3CT TOITMOJ
TArWMUTIAANNH TOOH WNMWAJN: NoTeHUManblH XxapunuaH yndnanyya He : Unb —caag + uem,

Ueb — caag + anekTtpoH, Uee — 3neKkTpoH + 3MeKTPOH, AUCAEPCUNH XYYUUAT TOOLICOH.
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Caagyyatan xamaapantan He3 / He4 GeemcuinH GanmpinbiH MaragnanbiH TapxanTblH
JOYHKUMIT TOLOPXONSTOX.

XapwuyuaH rynuatraryma: bybeHumkos M.A., MamoHTOoB [1.B.

Oarasp 2 ye watang matemaTukuiH 3areap 6ytaargax 6a He3, Hed-uiiH xoép ampak
caafblH pe30HAHC CUCTEMUIT Tyynax Tyxan 1-XaMXKa3CT acyyasiblH TOOH LUMNA3N rapHa.
3oxuoryabiH 6ar 3Haxyy acyyanbir Cyypb Y3MUNH YYOHI3C Mall COHUPXOSTON raX y34ar
Gereep rapracaH yp AyHraa 1-2 ynvpnbiH CITryyn A33p HUWATMAX Tenesrnereetan 6arnHa.
YyHA:

1. ActaCrystallographica Section A: Foundations and Advances,

2. Nanoscale,

3. Advanced Materials,

4. Diamond and related materials,

5. Journal of Physical Chemistry Letters,

6. BeemMuiiH KMHETUK 3JHEprunH (TemnepaTtyp) AaMXKyynantblH KO3((UUMEHTIIC
XamMaapax Xamaapnblr Togopxounox 6a caag XxoopoHAblH 3anl. Ab initio pesoHaHc
LIYYATUAH NPOLECCbIH MaTEMaTUKUIH 3areapynansir aproir 6un 6onrox.

XapwuyuaH rynuatraryma: bybeHumkos M.A., Ykonos A.B.

OH9 WwaTtaHg caagyyablH XOOpoHOOX 3anr 6onoH He3 6a Hed4 6eeMCcUiH xamMrumH yp
AYHT3N TycraapnanTtblH TeMnepaTypbIr TOOOPXOWMHO. 3aaracaH y3yynantyyaaac He3 6a
He4-unH gamxyynantblH KOIPUUNEHTYYAUNH Xamaapax Xxamaapnbir OfHo. NpakTukT
3H3 aprblH X3Parfia3HMI Yp Heneer yHanax 60nHo. OHS ye waTblH Tercreng tecen 6ar Hb
3-D Toxmonagona xaparnaraax KoMnbloTEPUINH 3arBapTan bonox 6a HAP -unH gapaarniiH

lwatyyaan caagblH UIyy HApWiAH ByTauTa 60ox oM.

OpocbiH Tan MOHronbiH TYHWYYAT3W XamMTpaH cyaanraa LWUHXAIMI XUAX
3aunLwrym waapanarbiH YHA3CN3N (ONOH YNCbIH XaMTbIH aXunnaraaHbl yen o

aBax 60510MX)

TYWC Hb 3H3 TOCNUNH OHOMbIH Ye LWaThir X3pankyynaxas waapgargax OGyx ToHor
TOXOOPOMXKTAN BOMOBY M30TOMbLIH Tycraapnax CTaHublH nabopaTtopuiiH 3areapbir 6un
©ONrox TOHOr TEXeePOMXKIYN oM. TOCNMNH YHAC3H LWMHX YaHapbIr YN xapransaH TYYHUn

30XMOrvng, OHOSbIH YP OYHr TypwunTtaap 6atanraaxyynaxbir xycd 6anraa 6mnaa. JH3

36



30PUITbIH XYP33HA 3PpA3M LUMHXUIT33, CyaarraaHbl YI7IJ'I axunnaraa sasyyngar MoHron

YncoiH Vx CypryynunH Yyagamkumr alimriax om.

Tomck YnceiH Ux CypryynuiiH apaaM LWAHXUAT3HUIA aXIblH aMXKUNITTan rynudTranvimH
papaa OKP watbir MYUC rynuatrax 60nHo. MeH OHOMbIH 3aBCPbIH YP AYHIMAH XyBbA,
HO3NTTAOM XIBNANUMH erergeng TYLWMrnax G0oNoMXKIyn Hexuena, 30XMOCOH MaTeMaTuk
3areapaa 3acBapnax 60noBCpPOHryn 60nrox TypwunTTanm ye ye xapbuyynax Hb Malu

yyxar oM.

MapgaagblH TYHWUAT COHroX Hb OXY, MOHIron yncbiH XOOPOHAbIH XapuruaaHbl XeDKNUnH
cTpaTerMnH acyypantan xamaatam . ©Hee yeng TYUC 6a MYUC-biH XWWYWUC-nitH
XOOPOHAbIH XaMTbIH aXunnaraa Hb LUMHXN3X yXxaaH, 60M0BCPOSbIH YMIMIANA3P XONKMK

banHa.

TYWNC-g Monron YncelH VX cypryynunH acnupadT, OlYTHYYAbIH cypanuaar Xa X343H
©0noBCPOnbIH YNUrNaN 6uin . MeH 3H3 TECNUMH YUrNANA3IP LUMHXKINAX yXaaHbl XamTapcaH
axunn xenkmx 6anHa. TomckuiiH Ux CypryynuiiH KBaHT XMMUIAH, Naparnesnb TOOL 000/,
MOMEKymnblH AUHAMUK MaTeMaTUKUAH aprblH OHOMbIH XyBbA XamMaaryn gasyy Tantam Y
TOCINNH 30XMoryabliH Y33 6aunraaraap OXY, MoHron YncbiH cTpaTterMmH XamTbiH
axunnaraaH MOHrOfblH 3anyy MOpProXunTHYYOUMWr cydanraadbl Tandapt TaTaH
oponuyynax Hb  AHY, XdaragblH 3pasM LWMHXUAT3S, OONOBCPOSbIH TOBYYAI3C
X3pankyyrmk 6yn (ayHO cypryynuvygaac axnaH AOKTOPbIH Aapaax ye wart gyycrtan)

XxeTenbepyyaniiH acpar Mall Yyxarn oM.

TecnuUnH WKMHXNIX yXaaHbl YHA3CNan (rapcaH yp AYHryya , GonoBcpyyncaH
apraunan, xeteno6ep, TypPWUNTbIH TOHOI TOXOOPOMX, TOCIIMUI XIPINKYYNaxaa

cyanaayabliH 6arunH mapang 6yn matepmanyya,Mm3433515IMUH Heeuunr 6arraacaH)

-TecnuinH cygnaaumg

CypanraaHbl 6ar 2008 oHOOC XxOWW MOMEKyrnblH AWHAMUKUAH acyyaribiH - canbapT
axunnax banraa (bybeHunkoB) Bereeq 2016 OH roxag TecnMnH BarviH BGypanaaxyyH
aucuirH banagnaap 6ypacaH 6arHa (YenHokoBa, Ykonos, MamoHToB). BarninH ron ymn
axunnaraa Hb — HyypCTeperdniiH HaHo ByTaw 6yxui XninH opYHbl aToM 6a MonekynyyabiH

XapunuaH YUnynanuMinH MonekynblH AMHaMUK acyyanyyablH TOOH LUNAA3M HOM.
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“‘MD-simulation of rotation fullerenes in the plastic phase of fullerit” roacaH HopTaon
XaMIrMrUH CYYJIMAH YeunH axun Hb  7.93 HeneennvnH 3sparnantan Q1 Acta
Cristallographica- catryyng xaBnargaxaap 3eslleepericeH b6anraa 6ereeq 2019 oHbl 4-p

ynvpang rapax 605Ho.
©OMHex axnblH ABLaj :

- COHIroA4or MOMEKYIbIH AMHAMUKUIAH aprbir alnriiad XMinH opumnH BYXnin HyypcTeperymimH
HaHoGeeMCUNH xepenreeH 6a xapunuaH YANYNANUAT TOLOPXOWMOX, TOOL0OM0X

apraunan (oHon, Toouoonorn) - bir BypaH 6onoscpyynargax, Typwurgax 6ancat. [1-21]

- COpOH30H OpHbl HEmNeereep XWH OPYUH COPOH3OH arlwmHTanm HaHO XOOJIOWH

rTMPOANHAMUKUIAH TOOLIOONSbIM aHX yAaa XMAC3H. [2]

- OynneputunH 6yTusg C60 dhynnepeHun rmMpoanHaAMUKUIAH TOOLOOSON XUWTAC3H
Dereeq TOAr93PUNH 3Prox SHEPrunH SaBTaMXKyyAblH TYPLUMUATbIH Yp OYHTOM AaBXuax

Daviraar OHOSIbIH XyBb/J, TOLOPXOWIICOH . [3]

- £1H3 BYpUINH HaHO-686MCUNH MEXAHWNK YNYNPII3HUI XYBUNH AABTAMXUAT TOAOPXOWSOB.

TaaraspunH aHanUTUK UNIPXUANSNUIAT OJTK aBcaH [4].

- XWH OpyYunH Aaxb Tepen 6ypuinH HaHOBeeMCUNH XanNbapaacad xamaapy LUMIMKUITUAT
3ACIAPryyuax KoappuumneHTyyaumr TOOOPXOWMNCOH. AHX yaaa T3ar3spuiH aHanuTuk

WUN3PXUANIIUAT OFK aBcaH [5].

- XUrH opyunH Byxmin monekynyyaram aH3 6ypunH xanbapuinH HaHoGeemc OpOH 3ang

Mepresniaex MOJeKyrblH CTaTUCTUK (KracTepT MONeKys1 OpoX) — UAH acyyanbir WWNOC3H
[6].
- XUNH opuunHA Tepen 6ypuinH HaHOBGeeMCUIMH TEPMOGOPE3NIH TIAr3I3PUNH XIND3PI3C

XamaapcaH XypAabir TOOOPXOWNCOH. TaAragpunH aHannTuUK UNIPXUANINUT Hb OHOSbIH

XyBbp [7] rapracaH tom.

- TatanunbliH OONOH TeBeec 3yrtax TyHagackunT [8], ueHTpudynkmnx [9], uaxunraaH
TanbariH OpHbl Heneereep Xwi AOTOP HaHOGEeMCWWH TycraaprianblH TOOLOONNyyn

xunrgcaH [10].

- X9T HapumxaH HaHOoyTaCHbl MOMEKyn XOOPOHAbIH XapwusiuaH YUNYISIMAH XYYHUI

noTeHUManblH aHanMTUK UNIPXUANINIAT aHX yaaa rapracaH [11].
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- HaHocysryyabiH 6ary, cyBapxar rpadeH, dynnepyyn 6a HaHobeemcuiiH 3aresap
AyHayyp Tepen OypuiH XUWH aToMyynd,MONEeKynyyn H3BYMH rapax Ttoouoo [12-

14]XMAracaH.

- MaccwumkunTuinH cynepaamikux YaHapaap TOAOPXOMNOrACOH Anddy3a3c YaHapbIH

anraatan H3BYMMATUH FOPUMbBIF aHX yaaa ok aBcaH [15].

- XWH yp AYHTaN Tycraapnantag 3opuyncaH siH3 6ypuinH HaHOBeeMCUNH HYXHYYLUAH

3CBaN1 aTOM BYTUMIH gedeKTUH HArT 6a napameTpyyaunr Togopxonsnos [16-18].

- AToM / MOneKyrnblH Tepen BypunH xanbdapuimnr HaHO6eeMCyya33pP LWNHIAAX LUNHIIINTUAT

3HEepraac Hb xamaapyynaH TOOLOONCOH. [19]

- OnoH gaBxap 6a LWMN3H HaHOo BYTUYYAUAH XUAH OPYHOOP aTOM/MOMEKYNYYAbIH HIBYMX

YaZBapbIlr TOOLOOSCOH. [20]

- OHIMMWH HOX33CT HaHOoTOp OOMNoOH artomM/mMonekynyyablH XUWAH X3anbapTan dasbiH
XapunuaH YUnunanuinH noTeHuuarnbsliH aHanuTUK UMapXUAITIVAT aHX yaaa OrkK aBCaH.
[21]

TecnuinH xapuyuaH rynuatrard bybeHumkoBbliH M.A. raspblH 6anranniniH XMMHI3aC renur
Aanrax TeXHomnorummH y3an GapumTnansir 60M0BCpyyficCaH ©MHeX cyaanraaHbl Yp OYHr
«lMasnpom» komnaHmn TY3-unH gapra A.b. Munnep OOKTOpbLIH AuccepTaun xamraanax
3opunroTon Tycram T1atranar xan6apasp(OAO "lMa3npom"” 02.13.2015-Huin Ne61 Tywaan),
TYYHUN3H OXY-bIH LUMHXN3X yXaaHbl caH (byuantryn Tycnamxk Ne 14-01-31365) OXY-bIH

caH (byuanTtryn Tycnamx Too 16- 19-00089) gamxuB.

CypanraaHbl yp AyH OmuurgcaH 70 rapyy axun LUMHXINSX yXaaHbl 36BLUEEPeraceH
CaTryynyyasa HuUATnaracaH Gereen yyHaac 20 rapym Hb SCOPUS 6onoH WEB of
SCIENCE -33p MHAEKCXKYYNaracaH 6anHa. ©MHe Hb rapracaH yp OYHMMWHX33 YHACSH
A33p Tecen xapuyuaH ryiuaTrard apaMuinH 33par ropunoryminH aucepTtaun xamraarx,

MeH 1 cypranTblH rapbiH aBnara GanTraxas.

TecnuiiH xapuyunaratan rynudTrard M.A.ByGeHUYNKOB Hb LUMHXMAX yXaaHbl ULLMJMUIAH
nHaekc (unpgekc Xupwa) - 9, elibrary.ru —mnH paryy , (SCOPUS-uiH paryy 6)-unr

933MLLAAT.

M.A. By6eHuYnkoB 3 MaTeHT 30XMOMYMIH APXTaN : "LIMKIOHOH Kamep, KCEHOH sinrax apra
6a Texeepemx" OyTaan (gaBamramnax orHoo 01.07.2011), "Metann cyypbTaun
T93BIPMAY A33p XaTyy UCAUWAH TYMNLWHUA 3NEeMEHTUAH yypuir 6anTrax apra" 6yTaan

(aaBamramnax orHoo 11.12.2014), “Xuin gamxkyynax XOOSOWH KpaHbl OCfblH aBTOMaT
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xaant” 6yTaan (Tapryynax orHoo 04/06/2015) MeH KoMNbOTEPUIAH NPOrpamMMbliH 8 yNCbIH
OYPTroNUNH  rapunnraa: «S-RimplyGraphen-2.0 Ypurap rpadeHun ragapryytam
MOJIEKYSTbIH XapusiLaH YUIYIaxX SHEPrumH TOOL0O XMUX nporpaMm " agaBamramnax orHoo
-04.02.2016, , "S-ThinLayer. XaT HApUWH LUMPXArTan amopd AnTacHbl HIBTPYYIAX YaHap
TOOLOX nporpaMmm "AaBamramnax orHoo - 04.02.2016, « S-RimplyGraphen 1.0 Ypurap
rpaeHnn HemneennumMH 3JHEePrunr TOOoLoOoSIOX nporpamMm  “"gasaMramnax OrHoo -
04.02.2016, " ®ynnepaH HaHOOEOMCUIH MOMEKYNTanm XapwunuaH YUIYnanuiiH

TOOLOONMbIH nporpamm”- . agaBaMramnax orHoo 04.08.2015 Monngucnepc
HaHOGeeMCUH Wuryy 6arnaaHbl 3MeMeHTUMH HIBTPYYSIOX YaaBapbir TOAOPXOMOX
nporpamm” - gasamravnax orHoo 08.04.2015 , “ dynneTuinH HOBTPYYN3aX 4YaaBapbir
TOAOPXOMNOX nporpamm " pgaBamravnax orHoo 16/06/2015, OXY - 04.08.2015-eec
16/06/2025," Bembepuer xanbapTan HaHOGEeMCeH TYHHENUWH HIBTPYYNAX Yansapbir
TOOOPXOMNOX nporpamm"gaBamrannax orHoo - 06.16.2015, "HaanTTanm HaHOXOOSIOMH
MOJSIEKYNITAaN XapunuaH YUNYNanuMir  Toouox nporpamm "gaBamramniax OrHoo -

04.07.2015.

M.A. BybeHunkoB cyganraaHbl rapcaH yp AYHro3pa3 OfOH YICbIH 3p43M LUNHXUTI3HUN

Oara xypan 033p UnTran TaBbcaH banHa, Tyxawnnban:

1) Nonnmep 6a HUMNMan matepuanbiH 2015 oHbl 4anxunH yyynra yynsant (PCM 2015)

5-p capbiH 16-19, B3aaxuH x0T, XaTag;

2) UaxunraaHbl WHXeHepunan. JApyuMm Xxyd. MexaHuk wuHxeHepuinH axwun | 3anyy

3PL3MTANNH ONOH YIICbIH 3p43M LUMHXNNrasHMK 6ara xypan. Hosocnbupck xot, 2014 oh;

3) OnoH Tant reometp 6a TyyHuMA x9parnad3: OnOH yNCbiH OPOMUOOTOM 3PA3M

LUMHXUIraaHM B6ara xypnblH MaTepuan, YnaaH-Yg xoT, 2014 oH;

4) 3anyy apasMTaH, MIPIraXUNTHYYAUAH 3pA3M LUMHXUNTISHUIA BONOH NPaKTUKUIAH 7-p

xypan, Tomck xoT, 2015 oH, Masnpom TpaHcras Tomck XXK;

5) 3anyy4yyyablH LUMHXM3X yXaaH, NPakTUKMH OnoH yncbliH VI 6ara xypan "XumnH ax
YANAB3PUNH LUMHS TEXHOMOIMN: TypLunara, Tacpantryin 6angan. UMnopTbiH OpnyynanTbiH

X3TuH Tenes, acyyaan ", XXK Masnpom BHUNIA3, Mocksa xoT, 2015 oH;

6) Byx OpOCbIH 3pA3M LUNMHXUTI3HUIA OFTOH YNCbIH oponuooTon VI 6ara xypan "Opymum

XYYHUW TEXHOSOIMMMH AynaaHpuankunH yHacyya”, Tomck xot, 2015 oH;
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7) "OpUMM XYYHUA XOMHINTUNH TEXHUK, TEXHOMOIMMMWH TOHOIMOSbIH AyNnaaHbl ropuMbIr
XaHrax CUCTEMYYOUWH AyfnaaH MacC LWWDKMAT  ONOH YICbIH 3anyyyyyablH 3paaMm

LUMHXUNragHmn 6ara xypan", Tomck xoT, 2016 oH.

8) ONOH yncbliH OPONLOOTON APA3M LWMHXMAT33HWK [V yynsant "OnoH Tant reomeTp 6a

TYYHUI X3parnaa”, Ynaan-Yg xot . Lyybe Hyyp, 2016 OH

9) WunHa TexHonorn, HanaBapTan GanryynaMmxminH waTtancaH 6yTay 6yxuin O3BlInNTaT

matepuarn, OnoH ynceiH 6ara xypan, Tomck xoT, 2016 oH

10) KO.A. arapuHbl HUCNArMNH 55 XunuiH ona 3opuyncaH "OpyYnH YennH MexaHUKUnH
cyypb 6a xaparnaaHun acyyanyya" byx OpocbiH 3pAam WnHXMArasHum IX 6ara xypan ,
Tomck xoT, 2016 oH. 11) "OpunM Xy4HUIA TEXHONOIMMNH AynaaHbl puank" byx OpocbiH
3pO3M LUMHXUITTASHUIA ONOH yrcbliH oponuooTon VIl 6ara xypan, Tomck xoT, 2016 rax

M3T.

M.A. byb6eHunkoB cyaanraaHbl TOCNYYA34 OPONLUOX, yanpaax Typwnaratan. YyHAa:

1) OpocbiH Cyypb Cypanraanbl caH " Tortmon 6uwl COPOH30H OpPOHA HyypcTeperd
HAHOXOOSIOMH 3Prangax XenenreeHun AnHamukuur cygnax He" 14-01-31365 mon_a,

2014-20150H. (yanpgaruy).

2) WnHXNax yxaaH, TEXHUKUAH canbapT Tycnax OyTaargaXyyHUM KUKUT Xanbapuimr
XONKYYN3X CaHMMWH Tycnanuaaraap 3acruiH ra3pbiH rapas "HaHo matepuan 6a Tyyraap
XUAC3H OYTIArA3XyyHUN LWMHX YaHapbIr cygnax nporpammM XaHramx , TOXeepemMKuiiH

3areapblH 6onoscpyynant” caasaap "YMHUK" xeTenbepuiiH xypaang (yampaary)

3) OXY-biH WuHxnax YxaaHol CaHruiH gamxknar "MoHbl nnasmblH apraap HUMI3H

XanbCaH xaTyy OKCuA TynwHuM anemeHTunr 6anryynax"Ne 16-19-00089 (rynuatrary).

4) OpocbiH Cyypb CypanraaHbl caH " AHeBpu3aMTail apTepuiiH  CyAacHbI
TMOPOAVMHAMMKBIH - KMHEMATUK 6a 3nekTPOMU3UKUAH MEXaHU3MyyAblH MaTemMaTuk

3arsapunanbir COpOH30H OpoH Ganx yen" Ne 08-01-00484-a (ryiuaTrary).

5) 2009-2013 oHyyaag "LUnHxKNax yxaaH, LWNHXIIAX yXaaH-CypraH XyMyYXyyardy opocbiH

M3PraXXunTaH" XonbooTbIH 30punTOT Tecen. 3acrmiH ra3pbiH rapaa Ne 8345 (rynuatrary).

6) [anxviH LWKHXN3X yxaaH, 60noBCponbiH Tapryynary TeByyaunH ayHn OXY-biH

TOPryynax WX CypryynuyablH epcengex YaaBapbilr O33LWWNYYM3X 30pUNroTON TepuiH
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A3MXKNArTam Tecen "banranviiH XMNH XONbLbIH FENK, HYYPCyCTeperyminH 6ypanaaxyyHumn
XyBb[, HYX3H rpadeHbl HaBTpYYnax Yagsap" PrAOY BOHN TIY 09.08.2016 - 31.12.2016

(rynuaTrary).

7) OanxviH WWHXN3X yxaaH, 60noBCPONbiH Tapryynard TeByyamiH ayHa OXY-biH
TOPryynax Wux CypryynuyablH epcengex 4agsapbir L33LUNYYNaX 30pUroTon TepuiH
OOMXKIIarTan Tecen " Xum wyyn anrapyyrnax sopuynantran XaT HUMI3H HYX3H AaBXaprbiH
bonoscpyynant 6a wWuHX 4YaHapbliH cyganraa" ®rAOY BO HW Try 01.01.2015 -
31.12.2016 (rynuaTrary).

8) [anxviH WNHXII3X yxaaH, 60noBCPoOSibIH Tapryynardy tesyyaunH ayHa OXY-biH
TOPryynax ux CypryynuyablH epcengex 4agsapbir L33LNYYNaX 30pUSIrOTON TepuiH
A3MXKNArTan Tecen "banranvinH xMnHaac renu 6a renumoH anraxag 3opuyrncaH membpaH
TexHonornyg" ®rAOY BO HA TIY 01.01.2014 - 31.12.2014 ( rynuaTrary).

Opooroop M.A. Bybenunkos TYUC-unH MM® JILWX-uH  oHonbiH mMexaHuk (TM)
TIHXMMUMH Barwaap axunnax, MonekynbiH punank, HaHOMEXaHUKUIH YUrNanasp nekuy
yHLwiaar.

OpAsM WMHXUNIA3-cyaanraaHbl 6ar Hb TOOLOONOX MaTeMaTUKUNH BOMOH napannesnb
TOOLI00SIOX anropuTMyyabIr Xaparnax NpakTuk yp Yageaptan 6ereeg TYNC-ninH SLLX —
unH "SKIF Cyberia"cynepkomMnbiOTEPUIAH KNacTepT HIBTPAX OGONOMXTOW. 64-OMTUIAH
epreTrenunr A43MXcaH X86 knactep; (Westmere) 3aHrunaa 6yp 0s3sp xoép 6-uemt Intel
Xeon 5670 2.93 GHz npoueccopTon 358 ToouoonsbiH 3aHrMnaatan, 6a xoép uemrt Intel
Xeon 5150 2.93 GHz npoueccopoop (Westmere) ToHornoracoH 282 TOOUOOSMbIH
3aHrmnaa aryyngar. CuctemminH cymkaa Mellanox Infiniband QDR 40 GB / sec. XamruiiH
eHaep byTaamx Hb 62 TFlops tom. Tyc 6ar He MeH GAUSSIAN-09, FIREFLY, GAMESS-
US, TURBOMOLE, MOLPRO, COMSOL MULTYPHISICS racaH Tycran 3eBLueepenTain
nporpaMmmblH nakettan 6ereeg TYNC-nnH SLUX-rviiH LWIMHXN3X yXaaHbl HOMbIH CaH Hb
LUMHXKMI3X YXaaHbl TOrTMOM X3BIANYYANNH apXMBbIH CYIPKI3HUIN 6preH Xypaar xamapcaH
bereepq Springer, Institute of Physics, American Mathematical Society, Elsevier rax mat
LUMHXK3X yXaaHbl TAOPryynax TeByyAs4 HIBTPIX 3pXTan. TecnuiH 6ar MeH aapaaxb TOHOT
TOXOOPOMXKYYAUWT aumrinax 60noMXKTon:

CnekTtpodoTtomeTp UV-1800
Mponssogutenes: Shimadzu (AnoHus)
"og BbINycka v BBoAa B akcnnyaTaumio: 2013

JInHenka rasosbix xpomaTtorpadoB "XpomaTak Kpuctann 500.1 n 5000.2"
Mpownssogutens: 3A0 CKB «XpomaTak» (Poccus)
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Potekaev A.l., Usenko O.V., Zhambaa S., Bubenchikov M.A., Kulagina V.V. Russian
Physics Journal. 2016. T. 58. Ne 12. C. 1711-1719.
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systems Bubenchikov A.M., Bubenchikov M.A., Potekaev A.l., LibinA.E., Khudobina Y.P.
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dynamics simulation Bubenchikov M.A., Potekaev A.l., Bubenchikov A.M., Usenko O.V.,
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44



[21] Ukolov A.V., Bubenchikov M.A. Permeability of carbon nanofabrics. Proc. 10th Int.
Sci. Conf. of Students and Young Scientists ‘Prospects of Fundamental Sciences
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- MOHronbIiH TanbiH cyanaavuung

MOHronbIH TYHWYYA SH3 OYPUAH X3IMXKIITIN HAHOBEEOMCUNH CUCTEMTIN MONEKYNYYAbIH
(aTom) xapunuaH yMnunanunr aareapynax YagsapTtan, HyXaH rpadeH XyyaacHbl COHIoxX
LUMHX YaHapbIr YHANaX 6a H3BYMX YaHapblH TOOLIOOMNNbLIN XUAX yp Yaasap, Tyxamnban,
XWUWH anrax YyageapTtaun rpadeH XyyacbliH X3a5103puIH HeNeenMnr LUMHXNAX YaaBapTtan
banpar. YyH33C ragHa, T34 canaaricaH HaHO XOONOWHyy[A aryyricaH CUCTeEM [A3X XUMIH

OYpPaNgdXyYYHUN WNIMKUATUIAT TOOL0OOX apBUH TypLunaraTan oM.

YYHUIA 33p3arydsd CyynuUnH Xunyyasg YnaaHGaatap XOTbiH TYHWYYA Hb MeTansbiH
cybeTpaT 099p XUMUMH yypLuyynax aprbir awmrniax 6onomxkron 60ncoH. JH3 apraap
MaKpO X3MXX33CT rpaddeHnnr ynnaeapriax 60NoMXKTON oM. JH3 apra Katanuv3aTopbiH
ragapryy 093p HyypcTepery aryyrncaH eep Har XM 3CB3f1 MeTaHbl KaTanuTuk 3agparbiH
ynn aBy, 039p Tynryypnagar. Karanusatop (cybctpart) Hb MX3BYN3H 33C antac Gavaar.
NPEeKypPCoOp-XUUT Wwaxax waxyyprbiH Temnepatyp Hb 1000 ° C 6anHa. Niim TemnepatypT
XU Hb 3agapy 33CUNH ragapryy 493p rpadeH Oypxyyn yycax 6a cybectpat 6ypaH
OypxargcaHuMii gapaa npouecc 3orcaor. QH3 apra Hb gedekTryi Xyyacyyn rpadeH
XyYyAcyya, TOITMOJ HYXTaM HyypcTeperymiH 2D maTepuansir Hartrax 6onomxromn 60nrox
6a MeH TYyYHYnaH cybecTpaT 493pX YYpblH Hanprarbir eepunieHree CyBapxar rpadeH

MaTepuarnbIlr raprax aBax BONOMXMIT ONroaor.

OH3 TeCenT 3XJ/I3X33C OMHOX XaMrMmH Ux xonbooTom Gampaar OopocCbiH TarblH
6arMMH rmwyyn OONMOH  MOHronbiH  TanblH  cyAnaadyvaTtan xamTapcaH
X3BM3NYYNYYNC3H OYT33MUNAH XarcaanT
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C. I.-U. Upigbinos // BectHMk ToMCKOro rocyfapCTBeHHOro yHnsepcuteta. Matematuka
n mexaHuka. — 2019. (npuHATa B nevaTtb)

Tecen 3xnN3ax33C OMHeX CYYIIMAH 5 XWINWWH Typlua TOCNUWH yaupAardyvMuH
M3PraXxfnunH CITIryyna X3BN3araAcaH ron HUATN3ANyYYA

[1] Bubenchikov A.M., Bubenchikov M.A., Potekaev A.l., LibinA.E., Khudobina Y.P. The
potential field of carbon bodies as a basis for sorption properties of barrier gas systems.
Russian Physics Journal. 2015. T. 58. Ne 7. C. 882-888. (Q3)

[2] Bubenchikov A.M., Potekaev A.l.,, Usenko O.V., Zhambaa S., Bubenchikov M.A.,
Kulagina V.V. The effect of graphene shape on its ability to separate gases. Russian
Physics Journal. 2016. T. 58. Ne 12. C. 1711-1719. (Q3)

[3] Bubenchikov M.A., Bubenchikov A.M., Tarasov E.A., Usenko O.V., Chelnokova A.S.
Calculating permeability of the low-temperature phase of a fullerite. Diamond and Related
Materials. 2018. T. 86. C. 146-158. (Q1)

[4] Bubenchikov A.M., Bubenchikov M.A., Malozemov A.V., Ovcharenko V.V. Selective
permeability of carbyne membranes. Russian Physics Journal. 2019. V. 61. Ne 11 (731).

(Q3)

[5] Bubenchikov M.A., Bubenchikov A.M., Mamontov D.V. MD-simulation of rotation
fullerenes in the plastic phase of fullerit. Acta Cristallographica: Section A. 2019. (in press)

(Q1)

46



MoHronbiH 6arunH yaupaarymnH Tyxam mM3a33nan (aHrnm xanaap):

- OBor Surname: Jambaa, Hap Name: Soninbayar

- TepceH oH cap egep 04.11.1960

- Ync Mongolia

- AxnbIH rasap Mongolian State University, Institute of Applied Science and
Engineering, Department of Applied Mathematics, Ulaan-Baatar, Mongolia.
- An6an Tywaan(Ph.D), Assistant Professor, Senior Lecturer.

- Contact phone (976) 95006512
- Email jsoninbayar@yahoo.com

- Tecen 3axnax33ac ©MHeX CYYNUIH 5 Xung X3BnaracaH 3/l eryynnuiH XxarcaanTt
(2013 - 2018)

1. M. A. Bubenchikov, A. M. Bubenchikov, O. V. Usenko, V. A. Poteryaeva and S. Jambaa
Separation of gases using ultra-thin porous layers of monodisperse nanoparticles // EPJ
Web of Conferences, 110, 01014 (2016) DOI: 10.1051/ epjconf/ 201611001014

2. Bubenchikov A.M., Bubenchikov M.A., Potekaev A.l., Usenko O.V., Zhambaa S.,
Kulagina V.V. The Effect of Graphene Shape on its Ability to Separate Gases Russian
Physics Journal, Volume 58, Issue 12, 1 April 2016, Pages 1711-1719 DOI:
10.1007/s11182-016-0706-y

http://link.springer.com/article/10.1007/s11182-016-0706-y

3. XXambaa C., KacatkmHa T.B., bybeHunkos A.M. O6 onpegeneHMnM KOHCTaHT B
nHterpane Kpuctodpdens-leapua no metogy [.I. Kydapesa // BectHuk TIY.
MaTtemaTtnka n mexanuka. 2016. Ne5 (43). C 21-27. DOI: 10.17223/19988621/43/2

47


mailto:jsoninbayar@yahoo.com

XOEPOYIrAAP BYNAr. YP AiYH BA X3N3nuyYynar
2.1 CypanraaHbl aXrnbIH COHFOCOH apra, ron yp AyH

. CaagblH cucTeMumH XyBb[ LUpeLl,I/IHFeprH MHTEerpasq H3r X3X33CT CTaunoHap

TArWNTIONNAH LWWWROMIAT aHX yaaa OfiCOH BOMHO.

. WpeaunHrepblH HTErpasn Har XaMxaacT cTaunoHap TIrlWNTrONUMH WNRANUAT ONAT
6a 4aMXUH eHrpYYNaNTUINH KOIPMULNEHTYYABIH XyBbAax UNIPXUANSN Hb LYY
rapyd npax xanbaprtan 6oanoryygaa anddepeHuman- onepaTop xanbapTanrasp

OJIXK rapraxx aBCaH.

. TecnuiH siBuag AH3 6ypuiH BONOMXUT NoTeHuman caagbiH (bapbep) xyBbA rapy
npx 6yn LLpeanHrepunH TarlwmTranyyannH WUWAgyyammir onox yp AyHT3M TOOH

anropuTMyyablir COHIOCOH.
. CawnH Tanurgcan Agamc - bawdopT, Agamc - MoynToH HapblH OfOH waTtnanT
CXEMWUIT 0epeBaYrasp 3pamMbuiH HapunBynanTam coHrogor PyHre - KyTtta cxemTanm

xapbLyyncaH 60sHo.

. OXY-bIH TanbiH TecnuiH yampaard M.A. bybeHnunkos 2020.07 capg WY-bIH

AOKTOPbIH 33par xaMmraarcaH.
. OXY-bIH KOMMbIOTEPUIH 5 NporpaMMblH BYPTranuiiH rapunnrad Ne 2021680776, Ne
2021680468, Ne 2021680775, Ne2021666867, Ne2021666869 (OXY-bIH TanbiH

XaMTpary HapblH H3p 033pP) aBcaH. (xaBcpanT)

. OnoH ynceiH WEB of SCIENCE 6a SCOPUS -uitH Q1, 2, 3 UHOEKCTAN MIPraXninH

CaTryyna 6w eryynan XaBnyyrcaH.

. OnoH yncblH 3/Ww xypang 7w, 4o4004bIH 3/wW Xypang 3w UTran TaBbCcaH.

. OnoH yncbIH 9/Ww gotooabiH 3w xypan, 4oTooAblH 3/Ww 1w Xypan 30XUOoH

Ganryynaxag OpOsLCcOH, 4OTOOAOA 21 CEMUHAP 30XMOH GanryyncaH.
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10.MagaagblH 050oH yncbiH 3w xypan, ceMuHapT: 2020 OHOOC 0400r XYPTan X0ép
A0N00 XOHOIT HAr yaaa sisargax barraa onoH ynceiH «Beijing-Novosibirsk seminar
on geometry and mathematical physics» online cemnHapT >K.CoHUHBanp MaaBXmTan
oponuox npnaa. https://srmc.pku.edu.cn/pyc/xzyj/kylt/128485.htm, 2023 oHooC
XK.ConnHbasap AHY-biH The Institute for Operations Research and the Management
Sciences (INFORMS) MHCTUTYT, HUAraMNarMiH rmwyyH 6omx “Aviation Applications

Section”, “ Computing Society” cekTtopyyablH 6anHrbIiH 3w Xypan, ceMuHap,

Xananuyynart online Torrmon oponuox 6anHa. https://connect.informs.org/
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2.2 MateMaTUKUMH Tanaac COHIrOCOH apra, ron yp AyH

Bavranba 93nTanm 34MINH 3aCrMNH eHAep ad XonborgonTon yxaanar Mmatepuan-wyynTyyp
XWX cypanraar axnax yea sMap MateMaTuKUH TarmnTranasp budmnx tanaap xanuyynar
OXY-a OpocblH TanbliH cyanaadnaran xumx LWpeguHrepuinH TarwmnTranasp 6uumnxasp
LUMNACOH oM. YnmMaap WpeanHrepuninH 1arwmtranaap OpocbklH TanTam xaMmtapy opoc Xarn
A33p TyXaH LWaTHbl cydanraaHbl axnbH yp AyH Ouuvraax, Typwuntyygaap

OaTtanraaxcaH, ragaagblH ONOH CyanaadblH aHxaapsbir TaTax 6anraa axxkmn 60MCoH.

AHANUTUYECKOE PELLEHUE MHTEMPANNIbHOIO YPABHEHUA LUPEOUHIEPA?

lMocmpoeHo aHanumu4eckoe peuweHue 3adadyu 0 80/THOBOM mpaHcriopme geujecmea
yepes cocmasHble ceepxmoHKue bapbepbi. [TokasaHo, Ymo Orsi cocmagHoU MeMbpaHsbl,
cocmosuwel u3 08yx O0OUHaKOBbIX CBEPXMOHKUX Crloes, ecezda Cyuw,ecmsyrom
paccmosiHusi Mex0y CriosiMu, MpuU KOMOPbIX peasiu3yemcsi pe30HaHCHOE MpPOXOXO0eHuUe
OOHOU U3 KOMMOHeHmM. Pe3oHaHC ro3gosisem pasdensamb 0ebpolrieécKue 60JIHbI
yacmuuy, O0OUHaKo8bIX MO ceolicmeaM U pasfnu4darouuxcs nuwb maccamu. [lpu
memnepamype 25 K HalideHa wupokasi rosioca eurnepcesiekKmugHo20 pasoesieHust
2eJluoH-2enuesou cMmecu.

KnioueBble cnoBa: uHmezpasnbHoe ypasHeHue, 8blpoxOeHHoe sIOpo, orepamop
cdsu2a, IKCroOHeHUuUarnbHble hyHKUUU, moxdecmeo ®ypee.

BBegeHue

B kayectBe anemeHTOB cocTaBHOWM MemMOpaHbl Haunydwum obpasomMm nogxogut
nopuctbii rpadeH unum nopucTbin HUTpuL Gopa. Takume maTtepuanbl MoOryT ObiTb
nosilydyeHbl MeToaom anutakcun [1,2] nnu cnocobom ocaxaeHus M3 napoBon dasbl Ha
noanoxky, cogepxawy 6e3gedekTHbIn rpadeH mnm nopuctein HUTpuL Gopa [3,4].
OpHako cyulecTByeT elle uenas rpynna ctabunbHbIX JIMCTOB TOSIWMHOM B OANH aTOM,
KOTOpble Ha 3Tane CcuHTe3a WM Mocfe MeXaHUYecKoro OTCroeHus MoryT ObiTb
npespaLleHbl B nopucTbin 2D-matepuan. Tak B paboTe [5] coobuiaeTtca o nuctax GeH,
KOTopble ABNANTCSA TEPMUYECKM CcTabunbHbiMu Oo 75°C. VI3BECTEH TakkKe CUITMKOH —
rpadyeHOBbIN 3KBUBASIEHT KpPeMHUS [6], umetowmin 6onbline nepcnekTusbl A4S HOBbIX
npumeHeHnn. B pabote [7] aBTopbl yKasbiBalOT Ha YepHbI POCKOop Kak Ha CrOUCTbIV
Matepman n3 KOTOporo MOXeT ObiTb nonyvyeH d¢ocopeH — OO4HOATOMHbLIN CIIOMN,
hunsnyeckme CBOMCTBA KOTOPOro 3HAYMUTENBbHO OTNIMYAKTCA OT ero 06bEMHOro aHanora.
B pabote [8] coobuiaeTca 06 ycnewHoOM U3roToBrieHn ByMEPHOro CTaHeHa Ha OCHOBE
Sc MeTogoM  MOneKynsipHo-ryyeBon  anuTakcum. B [9]  oTnmyaetcqa,  4Tto
yHKUMaHaNM3auma rekcaroHanbHoOro HutTpuaa Gopa Mornekynamm amuHa Bbi3Bana
paccrnoeHne CroMCToN CTPYKTYpPbI, YTO NPUBENO K 06pa3oBaHMio NMCTOB HUTpuaa bopa.
B pa6bote [10] roBoputcs, 4To “paspaboTka HOBLIX CIIOUCTLIX MaTepuanoB npetepnena
3BONIOUMIO OT rpadpeHa K MeTannm4yeckum okcugam n metanimdyeckum xanbKoreHUaHbIM
HaHonucTam”. B [11] Takke ynoMuMHaeTca MetannauxanbkoreHuabl kak HoBenwme 2D-
MaTepuansl U NpMBOAUTCA NpUMeEpP MaTepuana, co3fgaHHoro Ha ocHoBe MoS:2. B [12]
N3y4alTCa SNEKTPOHHbIE CBOWCTBA CredyrLlux MeTannaMxanbKoreHMaoB, MMeLnX

! Vccnenosanue BoimosHeHo mpu (uHaHCOBOH noanepsxkke POD®U u MUHUCTEPCTBOM KyJIBTYphI, 00pa3oBaHus,
HayKH U criopTa MOHroImy B paMmkax Hay4dHoro rnpoekra Ne 19-51-44002
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ABYMepHYO CTpykTypy: MoS2, WS2, WTe2, TiSe2, NbS2, VSe2, NbSe2, TaS:. Bce
MaTtepuarnbl Ipy COOTBETCTBYHOLLEM crocobe nx cuHTe3a unu nocnegyowen obpadoTku,
npuBoasLen kK 06pasoBaHnio NOp MOryT ObiTb NMPUCNOCOBNEHbI AN pa3aeneHns rasos.
B [13] coobuwiaeTcss 0O CNnoMCTon OBYMEPHOW CETYaATOM CTPYKTYpe, KOTopas COAEPXUT
paBHOMEpPHO pacrnpeaeneHHble Oblpku U UMeeT B cBoeln OCcHoBe cTtexnomeTputo C2N.
Taknm 0bpasom, yxe CMHTE3MPOBAHO AOCTATOMHO MHOMO ABYMEPHbIX MaTtepuarnos,
KOTopble MOryT BbITb MPMMEHEHbI B paboTax No KBaHTOBOMY NMPOCEMBAHUIO N30TOMOB.
Llenb HacToswen paboTbl COCTOMT B HaXOXAEHUW YCNoBuKW, obecneymBatoLLmx
pPe30HaHCHOE NPOXOXAEeHNE KOMMOHEHT ra3oBOM CMECH Yepes CocTaBHble Hapbepbl.

AudbcpepeHumnanbHoe ypaBHeHue LLpeaunHrepa

N depeHumansHoe ypaBHEHE BOMTHOBOW AMHAMUKN UMEET BUA:

2 2
—h—A\I’+U‘P+hf6—\P:O. (1)
2m i ot
3oecbe W — BonHoBas yHKums, h — noctoaHHaa [lnaHka, U — aHeprus

B3aMMOOENCTBUSA YacTuULbl C OKPY>XEHMEM, M — Macca YacTuupl, A — onepatop Jlannaca,
i — MHUMasa eguHULA.

B yactHom cnydae, korgaa noteHumanbHas aHeprnst U SBHO He 3aBUCUT OT BPEMEHM,
pelueHne ypaBHeHus (1) uwlieTtcs B BUAE:

y— We—iEt/h ) (2)

roe E — aHeprusa yactuupi.
Torna Ans Haxoxaewust amnnutydbl BofHbl W Oyaem MMeTb CcTauMoHapHoe
ypaBHeHue LLpeauHrepa:

A\y+2h—T(E—U)\|/:O. (3)

B 3agavyax Hu3koTemMnepaTypHOro MembpaHHOro pasgerieHusi rasoBbiX CMeceWn
onpegenswollee 3HavYeHMe UWMeeT HarnpasrieHue rnepeHoca, nepneHaukynapHoe
NoBEPXHOCTU MeMbpaHbl. BBMay manbix pasamepoB HaHOMOp Ntobon MakpOCKONUYECKUI
dparMeHT mMembpaHbl MOXHO cYMTaTb GECKOHEYHO MPOTSXKEHHbIM B HampaBfeHUsx,
napannenbHolx MembpaHe. Onpegenss nNo  HEKOTOPOMY  MpeAcTaBUTENbHOMY
doparMeHTy NOBEpPXHOCTM MeMOpaHbl cpefHee 3HayeHue 3HEeprum B3aMmMoOenCcTBUA u
ncnomnb3ys OAHOMEPHOE BOMHOBOE YypaBHEHME [MepeHoca BeLwecTBa, Mbl MOXEM
roBopuTb 0 BapbepHON TEOPUM MPOHNLAEMOCTM MeMOpPaHBI.

Takum o6pasom, npu nonydeHun pesynbTata MO MNPOHULLAEMOCTU OTAENbHbIX
KOMMOHEHT CMEeCW WM MO CEeneKkTUBHOCTU ee pasfefieHnss MOXHO MWCXOOUTb U3
ypaBHeHus (3).

Hwxe OyayT npeacTtaBneHbl HEKOTOpPblE aHanuMTUYeCKMEe MNOCTPOEHUSA, KOTopble
oKasanucb BecbmMa aPMEKTUBHBIMWU NP aHanu3e 3agay NPoxXoXaeHUs N3oTornoB Yepes
COCTaBHble MeMbpaHbl. B ¢BA3n ¢ aTuM yaobHen ByaeTt nmetb 6e3pasmepHyto oopmy
ypaBHEHUs nepeHoca BeLecTsa.

Ecnu maccy yactuubl OTHECT K Mo — Macce atoma Bogopona, 3a Macwwtab aHeprum
B3aTb Uo — rnybGuHy noTeHumanbHOW SMbl B pacrnpefeneHun 3SHeprum napHbIxX
B3aMMOOEeNnCTBUN BellecTBa MeMbpaHbl 1 NOABMXHbBIX YacTul, a B KayecTse maclitaba
AJIMHbI NPUHSATb BEJTUYUHY

L=n/JmU, . (4)

TO Ge3pa3mepHoe ypaBHEHME BOSTHOBOM AMHAMUKM He ByaeTt coaepaTb NOCTOSIHHOM
NnaHka h:
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d2y
>~ +2m(E-U(X))y =0. (5)
dx

B 3anucu (5) Bce BennumHbl 6e3pasmepHble, BKNOYas KOOPAMHATY X.

Takum o6pasom, Mbl YMEHBLUMN KOMMYECTBO KOHCTAHT 3ajayn Ha eguHuly. JT0
ABIIAEeTCA CyLeCTBEeHHbIM Npu nposegeHnmn ,EI,8]'IbH€I7ILIJI/IX aHalnnTn4eCKnx BblKInagok.

MHTerpanbHoe ypaBHeHue LLipeanHrepa u ero npeo6pasoBaHus

Peanusauus u4mcneHHbIX MeToOoB pelleHust andpdbepeHumanbHOro ypaBHEHUS
WpeanHrepa opueHTMpoOBaHa Ha KOHeYHyto obnactb W3MEHEeHUs He3aBUCUMOM
nepemMeHHON, a Takke Ha NPUMEHEHNE «CLUMBKM» MOSMYYEHHbIX YUCNEHHbIX AAHHbIX C
acMMNTOTMYECKUMM  pacnpeferieHnsMn  BbluMcnsaemMon BenuyuHbl. OB6blMHO  nopg
YCMOBUSAMMN «CLUMBKM» MOHMMAKOTCA paBEHCTBA CaMOW BOSHOBOM MYHKUUM U ee
npoussogHon. OpHakKO OTCYTCTBYHOT KakMe-nnbo 060CHOBaHMS B OTHOLUEHUMU
NCronb30BaHNS 3TOM (bopMbl ycroBun. Takke TpebyeT obOCHOBaHWA U cam pasmep
KOHeYHon obnactu WMHTerpupoBaHus. B CBA3M C 3TMM BaXXHbIMU SABMSKOTCH MOMbITKA
NpoOBEeAEHNST MHTErpupoBaHMs NO BCEN [encTBUTENbHOW ocu. [lo-BugmMmomy, 37O
BO3MOXHO cAenatb aHanutuyeckum metogamu. BnonHe nogxogswum ang 3Toro
ABNSETCA UHTErpanbHoe ypaBHeHune LWpeanHrepa:

Vo)~ [ € U@ wac e ©

30ecb m — 6espas3MmepHas mMacca YacTuubl, k=v2mE — napamMmeTp BOSHbI, E —
Ge3pasmepHas aHeprusa YacTmubl.

B kHure ®.M. Mopca u . dewbaxa [14] AokasbiBaeTCA 3SKBMBANEHTHOCTb
andpdepeHumManbHOro M MHTEerpanbHOro  noaxo4oB B ONUCaHMM  NPOLECCOB
pacnpoCcTpaHeHuUsi BOSTH MaTepuMn.

YpaBHeHne (6) eCcTb WHTerpanbHOe YypaBHEHWE C BbIPOXAEHHbIM sgpom. [Ona
npoBefeHnst ganbHenwmnx ero npeobpasoBaHni Bocnonb3yemMmcs anddepeHumnanbHbIM
onepaTtopom caBura:

d

e = f(x)=f(x—h). (7)

[lokasaTenbCTBO NocnegHero paBeHCTBa MOXHO MPOBECTU C MOMOLLbLIO Pa3noXeHns
3KCNOHEeHTbl B psag Tennopa, a Takke MNOCPEACTBOM MPUMEHEHUS YXe JUHEWHbIX
onepaTtopoB K dyHKUMK f(X) 1 HaxoxaeHus HOBOW CyMMbl psiga. MNpumeHsis paBeHCTBO

e
(7) k e ucxooHoe ypaBHeHMe MoxeM nepenucath B BUAE:

[ Cade | g 5 _M_1 [2m
w(x) X(LU(C)\V(C)e df;Je e A= =T (8)
O6patMm BHMMaHME Ha BblpaXeHne B CKOOkax. OTO BblpaXXeHUe MOXHO
paccmaTpmBaTtb kak AvddepeHumnanbHbii onepaTtop WU aHanUTUYECKYt (YHKLNO
napametpa p=d/dx:
0 -~ i © B d
[u@w@ e ®dg=[UE) w(E©) e“d;=L(p), P=y )
C yyeTom BBeeHHOro 0603HayYeHns ypaBHeHme (9) MOXXHO nepenucaTthb B CrieayoLem
BMae:

w(xX)—A-L(p)-eH =g (10)
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Bua andpdepeHunansHoro onepartopa, AeNCTBYIOLLEro Ha CTOALLYIO OT Hero cnpasa
9KCMOHEHUManbHy0 YHKUUIO, MOKa YTO HaMm HeusBecTeH. OgHaKO ero MOXHO HauTuw.
YMHoxas (10) Ha U(X)exp(—xp) n nHterpmpys B 6€CKOHEYHbIX Nnpeaenax Hanaem

U U (x) y(x) ex"dxj —-AL(p) [ T MU (x) e*pdx] = ( T eU (x) e*"dx] . (11)

3necb nosBnaTCA elwe ABa anddepeHumanbHbIX onepaTtopa, Ana KOTOpbIX BBEAEM
cnegytouine o603HavYeHs:

B(p) = Te‘kxu (x)e®dx, Q(p)= Te‘k‘*‘u (X)edXx . (12)
C yyeToM aTMX 0603Ha4YeHUN onepaTtopHoe paBeHcTBO (11) npumeT BuA;
L(p)-[1-2Q(P)]=B(p) . (13)
Ortcroga nonyyaem
B(p)
L(p) = ———2—. 14
(M= 1" 0m) (14)

WHorga nHterpansl (12) MoryT 6b1Tb BbIYMCIIEHBI aHANUTUYECKMM cnocobom. B obLuem
Cry4yae HyXXHO NPOBOAMUTb YMCMEHHOE UHTErpupoBaHune. B niobom cnyvae aTn uHTerpansl
3aBUCAT TOSMbKO OT popMbl NoTeHUManbHoro 6apbepa. NMoacraesnss (14) B BblpaxxeHue
(10), nonyyaem peLlueHe NHTerpanbHOro ypaBHeHUs B BUAE:

ety PB4y pmE a2l 15

y(x)=e +1—AQ(p)e P ot me , i (15)

Ecnn 6bl andpdepeHumaneHbii onepatop L(p) AenctBoBan Ha MokasaTenbHYH
PYHKUMIO 0OBLIYHOMO BUAa, TO pesynbTaT Obin Obl crieayowmm:

d X X
L[&)e“ L) (16)

OpHako B chopmyne (10) aTOT onepaTop OEWCTBYET HA SKCMOHEHTY OT MOAYIs
aprymeHTta. [loaTomMy HenocpeacTBeHHoe npuMeHeHue (16) HeBo3MoxHo. Ho
9KCMOHEHTY OT MOAYNSA apryMeHTa MOXHO MpPMBECTUM K OObIYHOW 3KCMOHEHTE, ecrnu
BOCMNOMb30BaTbCs TOXAeCcTBOM Pypbe:

RS j j e e g ade . a7

2n

MpumeHas npasuna (16) n (17) k popmyne (15), nony4mm:

y(x) =€t = [ | L) ™ e e dadw . (18)
2n > o
Boipaxxenne (18) u npegcraBnsieT cobon pelleHne WHTerpanbHOro ypaBHEHUS
WpeauHrepa, 3anvcaHHoe B Buae OBOWHOrO MHTerpana no cnekrpanbHou ocu. Kak
BUOUM, B OTnun4dme ot (6), B ero NpaBoM 4YacTu HaAXOAATCS BCE M3BECTHbIE BESIMYUHDI,
nockonbky dyHkumMmM B(w) n Q(w), HasbiBaemMble cnektpammn Gapbepa, onpeaensatTcs
NnUWb ero oopMon, T.e. ABNAKTCA U3BECTHbIMU PYHKLMSAMM NOCTAHOBKN 3aga4qn. Kpome
dopmbl Bapbepa 4O NOYYEHUSA peLIeHMs HaM U3BECTEH XapaKTep aCMMNTOTUYECKOro
noBeaeHNs peLleHns no ocn onan4eckon NnepeMeHHoOn X.
Ha aTom atane WHTErpMpoBaHus Mbl yxe ocBoboamnuncb oT anddepeHLmanbHOro
onepatopa L(p), 3ameHuB ero c ucnonb3oBaHnem npasuna (16) dyHkumen L(w).
®yHkumio L(-iw) 0603Haunm Yepes G(w). Torga ¢ yueTtom (14) nonyynm:
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}\'J‘U (X) eix(m+k)dx

G(0)=1 KEH‘?) == : (19)
~1Q(H) 1—7»J‘ U (x) e*Me'*dx
B pesynbtate 6ygem nveTb
v =+ = T T e G(w)e" e dadw . (20)
2n e Y
Ecnn doyHkuma G(o) aBnsieTcsa cnekTpom HekoTopoit doyHKkummn K(X), To
G(w) = T KO- dx,  K(x) = TG(m) e do. (21)
c 2n Y,
Toraa peweHune (20) 3anuweTcs B BUAE NOCNeaoBaTeNbHOCTU TPEX MHTErparos:
_ aikx 17 —imxw i T i kla| ji oo _
y(x)=e" +2_n_£e _J;K(ﬁ)e B_Le e°“dadf do=
(22)

_ek s j K(p) je . (2—1nje “"X*B*“)dedadB -

MHTerpan, ctoswmn B ckobkax nocnegHero BblpaxkeHusi, npeactaBnsaeT cobon genbrta
dyHKkumto npaka. NoaTtomy ganee Moxem 3anucaTthb:

y() =€+ [ K(B) dp [ &5 (a—(x—B))da =
s (23)
:eikx+J'K(B).eik\x—B\dB.

Takum obpasom, Haumbonee KOMMAKTHAsA 3anuCb pPeLleHusi, B KOTOPOM MWHTerpan
GepeTcs No HanpaBneHUo N3MeHeHUs1 PU3NYECKON NEPEMEHHOWN, BbIFMSANT CreayoLLnm
obpasom:

y(x)=e"*+ T K(g)-e'™*Hdg . (24)

Mpn peweHun ypaBHeHus LUpeauHrepa MeTooOM WMHTErpanbHOr0 ypaBHEHUS He
NnpeaycMoTPEHO BbIMNOMHEHME YCMOBUIA «CLUMBKMY. [Mo3TOMy HeobxoouMmMo npoBEpPUTb
BbINOSTHEHWE YCNOBUIN NpU X = +. [1na 3T0ro nepenvwemM pelleHue (24) B cneayrowmne
Buae:

v(X) =e‘k{1+ j K(6) e‘“dz;}e‘“ﬁl((g) e‘“d(;} . (25)

Onupasice Ha nocnegHwl GOpPMYy peLleHUsi, MOXHO caenaTtb 3aknio4veHne o6
acUMMNTOTUYECKOM NOBEAEHUN BONHOBOW (PYHKLUN Crieayowmm o6pasom:

w(X) ze”‘{lJr T K(©) e‘”‘cd(.j}, X — o0
- (26)
y(x) e X e j K@) e'*edg, x— -
Kak Bugum 13 aTmux cooTHOLIEHUI, nocne 6apbepa Mbl UMeeM NPOXOAsLLYO BOSHY, a
Ao bapbepa MMelTCsa 1M nagaroLlas, n oTpaxeHHas BOMHbl. Takum obpa3om pelleHue
(24) BepHO OTpaxaeT acMMNTOTUYECKOE NOoBeAeHNE NCKOMOW (DYHKLMW.
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OavHoO4YHbLIM 6apbep B BUae umnynbca Faycca

MycTb Bapbep onpeaenseTca npocrenen opmMynon:

Ux)=e™. (27)
Bblumncnvm rpadoukun cnektpanbHbIX yHKUMNA:
B (0+K) = [U(Qe"™dx,  B,(0-K) = [ U(e e,
- - (28)

Q(w) = B,(w) = Tu (x) e*Mei*dx .

Fpacbvu(m ATUX TpexX (ZbyHKLl,VIIZ, paccynTaHHble YNCITIEHHBIM MEeTOOOM, MNOKa3aHbl Ha

puc. 1.

ra

=y

o

—— Bi({o+k)
B2(o-k)

B1( otk), B2{ac-k)

reaI{Bé}

imag(B3)

O I

Puc. 1. MNpadumkn B1(w+k), B2(w-k) n Bs(w)
Fig. 1. Graphs B1 (w+k), B2 (w-k) and Bs (w)

®yHkumn Bi(w+k) n B2(w-k) aBnaoTca BeweCTBEHHbIMU PYHKUNMAMU 4acToTbl W U
COOTBETCTBYHIOT CABUIY cnekTpa 6apbepa Ha BenuunHy k. Yto kacaetca oyHkumm Ba(w),
TO OHa ABNSETCA KOMMMEKCHOW. Jlerko 3aMeTuTb, YTO BELlEeCTBEHHAA 4YacTb (PYHKLMM
Bs(w) paBHa nonycymme BenunyumH Bi1 u Bz. [Npu aToM, BCA koMmnnekcHas oyHKumnsa Ba(w)
ABIISIETCA YETHOM (PYHKLMEN OTHOCUTENBHO YacToTbl W. Kpome Toro, BUAHO, YTO BCE TpU
YHKUMN JOCTaTOMHO ObICTPO YyObIBalOT € yBenuyeHnem moayns w. [llocnegHee
06CTOATENLCTBO NO3BONSIET, NOCNE BbldUCreHns cnektpa G(w), Nerko BOCCTaHOBUTL U

dyHKumo K(X)

0.5

no dpopmyne (21). Npadukn dpyHkumn G(w) n K(x) npueaeHsl Ha puc. 2.

T—real@)

K(x)

Puc. 2. ['pad1ku BewwecTBEHHbIX 1 MHUMbIX YacTen (PyHKUUN
G(w) 1 K(x), BblYMCEHHbIE ans 3Ha4yeHn: m=3 n E =0.5
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Fig. 2. Graphs of the real and imaginary parts of the
functions G (w) and K (x) calculated for the values: m =3
and E=0.5

BuagHo, uto 06e dyHkumMn G(w) 1 K(X) OTANYHBI OT HYNSA TOMbKO Ha OrpaHUYEHHbIX
yyacTKax, Kak Mo nepeMeHHOn w, Tak 1 Mo PacCTOAHUIO X.

KoadchcpuumeHT oTpaxeHus

OyeHb BaXXHbIM NPEUMYLLECTBOM TOYHOIO peLUEeHUs, N0 CPaABHEHUIO C PeLLUEeHnAMH,
nonyyYyaemMbiMM C NOMOLLbIO YMUCINEHHBIX METOAOB «CLUMBKWNY, ABMASIETCA TO, YTO TOYHOE
peLLeHne NO3BOoNSET BblYUCASATL NOMHbIA KOIMMULNEHT NPOXOXKAEHUSA S UNN OTPAXKEHUSA
R ansa noteHuwaneHoro 6apbepa U(X) 3agaHHom coopmbl. V3 pacnpenenenus (25) cpasy
Xe HaxoauM KO3(pPULMEHT OTpaXKeHUs:

R= TK(Q)e‘“dz; . (29)
KoahpmumneHT npoxoxaeHust byaeTt paBeH:
S=[1+ T K(e ' edg| . (30)

OTU MHTerparnbl 3annucaHbl ¢ 6eCKOHEeYHbIMW NpedeniaMmun 1, no KpanHen mepe, OAuH U3
HUX MOXHO BbIpa3nTb Yepes crnekTpanbHyo dyHkumMo G(w). [enctBntensHo, gopmyrbl
(21) n (19) patot:

. A T U (x) e®™dx
j K (x)e"™dx = G(k) = —= : (31)
- 1-2 [ U (x) e"Me™dx

WHTterpan, exogawmn B dopmyny (30), He BblpaxaeTcsa nNogoOHbIM Xe MPOCTbIM
obpasom 4yepe3 cnektp G(w), ogHako B kHure ®.M.Mopca un [. Pewbaxa [14]
AOKa3sblBaeTCH, YTO Mexay KoadduuneHtamm S 1 R BbINOMHAETCS paBEHCTBO:

S+R=1. (32)

MockonbKy cnpaBeasiMBo COOTHOLLEHMe (29), To umeeM creayowme opMynbl Ans
KOS(O(ULMEHTOB MPOXOXOEHUS U OTPaXKEHUS!, BbIPaXKEHHbIE B SIBHOM BUAe Yepes
UHTerpanbl OT NoTeHumansHoro 6apbepa:

2

—o0

‘ kIU (x) e*™dx

R=|G(K)|" = (33)

‘l—k I U (x) e*Medx

®opmynbl (33) yoobHbl Ana cnyvaes, Koraa cnektpanbHas yHKUMS NoTeHUnanbsHOro
Oapbepa HaxoouTCsa aHaNMUTUYECKUM NyTEM.

HaxoxaeHue HyneBow cnekTpanbHOW (pyHKLUN

[ns 6apbepa B BUAe nmnynbca Faycca Hyneeasi cnekTpanbHas oyHKUMS UMeeT BUA:
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@

Uy(x)=e ™, B,(0) = Tu (X) e"dx = Jg e 4, (34)

[ns NpssMOyronbHOro mMmnynbca C WWPUHOM h, OCHOBHOW CMEKTP onpenensdercs
cnegyowmnm obpasom:

0, X<_g X
h h hiz sin%
U,(x) =11, EELEEE B, () = je'wxdx:h. = . (35)
—h/2 —
0, x>D 2
2

[ns 6apbepa obpaTHOro kBagpaTy runepbonmyecKkoro KOCUHyca, UMeeM:

%
__ 1 _2| o
Uy (x) = ch(ox) " By (w) = 5| 07 . (36)

o

Mo)HO HauTuM 1 gpyrue npumepbl cnektpa Bo(w) B cnpaBoyHuke [paglitenHa u
Pbikuka [15]. Bce OHM ABNAKOTCSA YETHBIMU BELECTBEHHBbIMU (PYHKUMAMU W U BbICTPO
ybbIBatoT, Korga w cTpeMuTcst K 6eCKOHEYHOCTM.

CBoMncTBa COCTaBHbIX NOTEHUMaNbHbIX bapbLepoB

B n3BeCTHbIX NUTepaTypHbIX UCTOYHMKAaxX HWUKOrga He 3aoCTpSAniocb BHUMaHWE Ha
ocoboM nNoBeaeHMM COCTaBHbIX NOTeHUManbHbIX 6apbepoB, T.e. Takux, Korga Asa wunm
HeCcKosnbko BapbepoB HaXOASATCA Ha HEKOTOPOM pacCTOAHUW ApYr OT Apyra, U Mexay
HUMM obpasyeTcsa noTeHuuanbHas smMa. Mexagy Tem, Npu YMCNEHHbIX PeLUeHUsX,
NCMONb3YLWKNX METOA «CLUMBKWY», ANS COCTaBHbIX GapbepoB 4acTo Habnoganucb
3HauuTenbHble konebaHua  kKoadpdumumeHTa oOTpaxkeHns R n KoO3aPUUMEHTA
NPOXOXOEHUSA S C U3MEHEHUEM 3Heprun Yactuubl E. MeToa «ClumBKM» HOCUT cyrybo
YUCIEHHbBIN XapakTep M Mpu ero NPUMEHEHUN TPYAHO MOHATb MPUYMHY TOro, NovYemy
yacTuua nerye npoxoauTt vepe3 OBOMHOW Dapbep, Yyem 4yepe3 Gapbep OAMHOYHLIN,
BCNEeACTBME YEro CKITOHANMUCHL K TOMY, YTOObl OTHOCUTbL Takon appeKT K oumbkam cyeTa.

CHavana 3amMeTuMm, YTO ecnn OAMHOYHBbIN BGapbep CABMHYTb Ha paccTosiHune d oT
Hayana KoopauHaT, TO ero CNeKTP NPOCTO YMHOXWUTCS HA MHOXWUTENb e%d, T.e.

T U(x—d) e™dx =& - B, (e) . (37)

CnekTp OBoiHoro 6apbepa Torga byaeT paBeH:

T [U)+U (x—d)] e”dx = (1+€"") - By (w) - (38)
dyHkumna G(w), onpegensiemas opmynon (21), USMEHUTCA NpU 3TOM CreayroLmm
obpasowm:

A .T U (X)eix((n+k)dx . (1+ ei(m+k)d )
Y ' (39)
1-4 J. [U (X) +U (X — d)]eik‘x‘ei(oxdx

EcTecTtBeHHO, 4TO 1 pyHKUMS K(X), BXOAsWasa B pelueHne (24), Takke NOMeHseTcs ¢
nameHeHnem yHkunmn G(w).
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MopctaBnas B (39) w =k, nony4yaem cnegylowiee BblpaXeHne Ana KosdduumeHTa
OTpaxeHus:

‘ A T U (x)e™ dx-(1+e™)

S=1-R. (40)

—0

R=|G(K)|" =

0

1-2 [ [U(x)+U (x-d)]e"e™dx

dopmyna (40), npeacTaBnsAoLas KOIPPULNEHT OTPaXKEHUS COCTaBHON MeMbpaHbl,
onpegenseTr OCHOBHOM MareMaTU4yeckun pesynbtarT paboTbl, MOCKOSbKY MO3BOSseT
BbIIBUTb PE30HAHCHbIE PEXMMbI NPOXOXAEHNA KOMMOHEHTOB ra3oBon cmecu. Hanudne
MHOXuTens (1+e?kd) cylulecTBEHHO YCMOXHSEeT ChnekTp [ABOWHOro Gapbepa, no
CpaBHEHMIO CO CNEKTPOM OAMHOYHOro Bbapbepa, 1 3TUM 06bACHAETCA YyBCTBUTENBbHOCTb
KoadhdmumMeHTa oTpaxXeHns K napameTpam popmbl NoTeHLManbHoro 6apoepa.

MpucyTtcTBre MHOXuTens (1+e?kd) B uyucnutene copmynbl (40) o3HavaeT, 4TO
KoadppuumeHT oTpaxeHus R pomkeH obpawaTtbCa B HOMb NpU  onpeaeneHHbIX
3HaveHusix pacctosHua d mexay Gapbepamu. [NpupaBHMBaAA 3TOT MHOXWUTENb HYIHO,

HaxoOuMm:

n(mzj n(m;j
e2kd —_gogin@ g ” _ — n=01 2, 3. (41)

OTtctoga BUOHO, YTO KO3(hPMUMEHT OTpaxeHMs obpalaeTca B HOSMb HE NPWY OQHOM, a
NpY MHOMMX 3HAYEHUSIX PacCToAHNS d Mexay OANHOYHBIMU Bapbepamu.

Bbibupas Takum cnocobom pacctosHue d B cpopmyne (40) Mbl gocturaem adpgekTa
n3bumpaTenbHOCTK, T.e. TOro, YTO YacTuua C Maccon m u ¢ aHepruen E dyget ceoboaHo
npoxoauTb, 6e3 BCAKOro OTpaXkeHusi, yepes noTeHumanbHbii 6apbep, COCTOAWMIA U3
ABYX OAMHAaKOBbIX YacCTew.

Ecnn wnmeeTca BO3MOXHOCTb M3MEHATb paccTodaHne d mexay AOByMms
noTeHumanbHbIM1 6apbepamun, TO NpeacTaBnaeT UHTepec NpocneauTb 3aBUCUMOCTb
KoapdpuumeHTa npoxoxaeHus S(d), BbIMUCNEHHOIO C WUCMOSIb30BaHMEM (QOPMYIbI
(40), npn YacTHbIX 3HAYEHUAX MaccCbl U aHeprnn. Ha puc. 3 nokasaH pesdynbTaT Takoro

’

—

eoameeS
oA YA

S(m.E=0.54d)

.
D o PSR
. —
Fenan——
-

Puc. 3. Npadukn koapcumumeHTa npoxoxaerms S(m,E,d), npu 3Ha4yeHumn
aHeprun E = 0.5 gna gByx 3HavyeHun macc: m=3 mm =4
Fig. 3. Graphs of the transmission coefficient S(m,E,d), at an energy value of
E = 0.5 for two mass values: m=3and m=4

N3 aToro pacuyeta BMOHO, 4TO cyulectByeT ekt cenapaumm 4YacTtuu,
pasnuyaromxca no macce. Perynupys pacctoanve d mexgy 6apbepamu, MOXHO
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AOOBUTBCA NPOXOXKAEHMS OOHOW M3 YacTul U Mpu 3TOM NpoxoxaeHwe apyron Gyper
NOJSTHOCTbIO BIOKMPOBAHO.

BrnoknpoBaHue rennoHa onpeaensaeTcs y4actkaMmy CnoLHOM KPUBOK, Nexalimmm Ha
ropusoHTanbHom ocu. Mpu atom ecnu d €[5,6], To BonHbI KOadULIMEHTA NMPOXOXKAEHMS

nayT B NpoTMBOgase. OTO O3HavaeT, YTo Ha Borbluen YacTu OTMEYEHHOro UHTepBana
Mbl MMEEM CBEPXBbICOKME 3HA4YeHUs KOIPULMEHTa pasfeneHus rennun-rerimoHoBom
cmecu. B Tom, uTo nsoton “He npoxoauTt Yyepes cocTaBHble BGapbepbl Nnyylle, Yem He,
HEeT HuMYero yamBuTeNbHOro. OCKONbKY Adaxe MO MepKam KIacCUYeCKOM MeXaHUKU
yactTviua, umerowasa ToT Xe 3dEeKTUBHbIN pa3Mep, HO BGonbllyld Maccy, AOShKHa
NpPOXoauTb NyyLle.

3aknroyeHue

[MonyyeHo aHanuTUMYeckoe pelleHne uHTerpanbHoro ypasHeHus LWpeguHrepa, u3
KOTOPOro cpasy CreaytoT BblpaXeHust 4na KO3 PULNEHTOB OTPaXKEHUS U MPOXOXOEHUS.
bnarogapsa Hanuuuio BToporo 6apbepa, KoadpUUNEHT OTpakeHust obpallaeTcsa B HOMb
B MOCNeAoBaTeNlbHOCTM 3HAYeHUM MO PaCCTOSTHUSIM MeXOY MOHOATOMHbIMK CRosiMU
MeMOBpaHbl. OTO 0O3HaYaeT, YTO Ha ATUX ANCTaHUMSAX KOIPDUUNEHT NPOXOXAEHUS renms
OyneT paBeH eanHuLe. B To e BpeMs rennoH, MMeoLwmMin Apyryto Maccy He 6yaeTt umeTb
PE30HaHCHOro NPOXOXAEHUS Ha YKa3aHHbIX AUCTaHUMAX Mexay CriosMn MmemMOpaHbi.

Takum obpasom, ogHa M3 KOMMOHEHT ByaeT NMpoxoauTb Yepesd cuctemy Gapbepos,
apyras xe He byaeT npoxoauTb BoBce. B pesynbtate Mbl nonyyvyaem 3(peKkTuBHYO
cucTeMy Ansi NPocenBaHNA M30TOMOB. ATy CUCTEMY MOXHO HacTpamBaTh Ha pasgeneHme
rasoB, MeHsis pacctosiHie wmexay Oapbepamu. [lpy 3TOM BbIBOAbI OKa3blBaKTCS
cnpaBeasiMBbIMU OS151 CBEPXTOHKUX OANHAKOBbLIX BapbepoB pasnnyHon hopmbl.
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CtaTbg noctynuna

Bubenchikov M.A., Bubenchikov A.M., Jambaa S., Lun-Fu A.V., Chelnokova A.S. (2020)
ANALYTICAL SOLUTION OF THE SCHRODINGER INTEGRAL EQUATION. Vestnik
Tomskogo gosudarstvennogo universiteta. Matematika i mekhanika [Tomsk State
University Journal of Mathematics and Mechanics].

The present paper considers the use of wave dynamics in solving problems of
membrane separation of helium isotopes in a gas state at cryogenic temperatures. The
dimensionless form of the stationary Schrddinger differential equation is obtained.
Following that, the integral representation form of the wave function which is equivalent
to the classical equation is written. This form is similar to the integral equation with a
degenerate core; however, it contains a modulus of the argument with a shift along the
real axis. Using the shift operator, the existing exponential function in the Schrédinger
integral equation can be split into a differential operator and an exponential function of
the argument module which does not contain a shift. The Fourier identity allows reducing
the exponent of the modulus of the argument to a regular exponent. Next, basing on the
general ability of the differential operator acting on the exponent, it is possible to calculate
the spectral functions of the problem and write down the distribution for the wave function.
This distribution is ultimately expressed through the spectra of the potential barrier.
Thereatfter, the structure and the spectrum of the composite barrier are considered. With
the expression determining the reflection coefficient it is found that the double-barrier
system can have a resonant passage of one of the components in the sequence of
distances between the layers of the membrane.
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B paboTte paccmoTpeH BONpoC O NPUMEHEHWN BOSIHOBOM AMHAMWUKWA ANSA peLleHus
3ajay mMemOpaHHOro pasgeneHns U30TOMOB renuns, HaxXOASWMUXCA NPU KPUOTreHHbIX
TemnepaTtypax B ra3oBoM COCTOSIHWUW. [lonyyeHa 6e3pasmepHas hopma CTaunMoHapHOro
andepeHumancHoro  ypasHeHuss UWpeauHrepa. [locne aToro  3anucbiBaeTcA
3KBMBaneHTHas KflaCCUYeCKOMY ypaBHEHUIO MHTerpansHasa popmMa npeacraBneHns ong
BonHOBOW doyHKumu. [lo cBoemy Buay 9Ta opma aHanormyHa uHTerpanbHOMY
YPaBHEHUIO C BbIPOXKAEHHLIM SAPOM, OAHAKO COOEPXUT MOoAyNb OT aprymeHTta co
COABMIOM MO BellecTBeHHOM ocu. Mcnonb3ys onepatop cABura, MMeEKOLLYCs
9KCNOHEHUManbHy (QYHKUMIO B WHTerpanbHOM YypaBHeHun LpeauHrepa ypaetca
pacwenute Ha AnddepeHumanbHbin onepaTop U 9KCNOHEeHUWanbHy (YHKUMIO OT
MOAyns aprymeHTa, He cogepalyto casur. Toxaectso Pypbe No3BOSSET IKCNOHEHTY
OT MOAYNsa aprymeHTa npuBecTu K obblMHOM 3KCnoHeHTe. [lanee, onvpasch Ha obLiee
CBOWCTBO AuddepeHumnansHOro ornepaTtopa, AENCTBYIOLWEro Ha 9KCMOHEeHTYy, yaaeTcs
BblYUCIUTL CNEeKTpanbHble YHKLMM 3a4a4M U BbiNUCaTb pacnpeaenenne ansg BOsIHOBOW
dyHKUMN. DTO pacnpeneneHne B UTOre BblpaXkaeTCsa Yepes CneKTpbl NOoTeHUMansHoro
Gapbepa. lMocne 4ero paccMmoTpeHa CTpyKTypa M CrnekTp cocTaBHoro 6apbepa. [lo
BblpaXXeHuto,  onpegendawowemMy  KOIP@UUUEHT  OTPaXeHusl,  HaudeHo,  YTo
AByxbGapbepHas cucTtemMa MOXET MWMEeTb pPEe30HaHCHOE MPOXOXAEHWe OOHOW U3
KOMMOHEHT B NocnefoBaTefibHOCTU PacCTOSAHUN MeXay CrnosMu MemMOpaHsbl.

KnitoueBble croBa: vHTerpanbHOe ypaBHEHWE, BbIpOXAEHHOe S4pO0, onepaTtop caswura,
3KCMOHeHumMarnbHble PyHKUNKN, TOXAeCTBO Dypbe.
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Abstract. 15 sse of bydrogen and belium as 3 faed requres well-developad tachnelopes for
e of gas n of tsctopes of an elernent, ﬁnm
dqmnueﬁuun-hunﬂpmuputbk,um‘f ™ wysem of wo g
ma‘mu&dﬂmhumdmm’mmdw
providing hgh sspunstion efficiency. The prdsdility of wome poosing Seough oomposite
berriers i dorived frem e sadving of sationary Scheadinger aquation.

1. Intreduction

The g of the sep
presomsed. The prososce of the scoond potential barmser that is located @1 » vertan distance from the
first barrier can have o ontical tmpset on the pormabibity of the system, even in the case of stosns
whkbdﬂwmly-m(mmnf-cknw;{lJ] huumanmummmlulonmdt Such
wn effect o possible i the di the p § barrier is chosen in such o way that o s u
mnlwku‘du:dcBmdanclmhof&emn;m-d&:bmrnmluhnumﬂtw
choosz the dmtancy between the harriers so that some isstopes pass tirough the syweem while others do
nol

of heliwm isotopes ssing » systan of double enoryy barriers ix

2. Mathematical model
The moton of waves in the space of the pooantial bamies’s (42) Influence v described by the

t e Uy

3
?"f',-«z-m:w-o. "

whero ' is the wave functson: ¥'* is the second donvative of = m is the mass of the particle; A is the
reduced Plunk constant: £ is the energy of the system. Equation (1) s reduced 1o the folbowing form
m 2 diszance from the bamer:

Yeapen 4=20¢ @
The form of the function 9421 depending ce D infeeval s 2 followy

m:mvm.n-nm e ey B berrnt o4 1 v Cnmwmenn Aditunos 111 bomme, Avy Aoty (hits bkt
e work msd rastwimm afyfnd s ber e bt o) el (he i of Phe wonk, pomrl e sl [N
Fobdabnd snder Boowr by TOF Pesbibag Lo 1
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Wizp=e" s e, z<n,
V(=AY (2) = 8¥,12), Dez <, ()]
W= s
We canm obtain the tansmission cocfficiemt 107 by sobving the system of equations hased oo
conditons of equality of the valaes of the fanction $(z) and 115 dertvative ¥1z) a1 the posnts of the
solutions’ crosslinking [5).
A0 Wa0) 0 -1} A 1
POy W) 0 WA - )
WL v -1 o) ¢ fol
PHL PUL -k 0 D) Lo

“

A Results

The exact sobutions for the cases of rectangular potential barrier (=) und 2 smooth bammier of the form

Uiz =17 e’ (ur) Bave already beew received [6). First of all we compared our resubts calculated via

(4) with the snalyticul solution (fgure 1), Here, the curves comespond o the malytical solution, the
rkers carrespond 1o the salution of the problem described above The results are indistingunhable.

A single poteminl barrier dos ol provids the ry degree of lsop sepanition s in

the case of recuangular barnier, so in the case of a smooth barner,

-

i

» - - - - " Rl

Flgwre 1. The wansmisszon coeffcscmt £ of belum 1sosopes passsng through
the rectangular (left) and smooth (right) barriers

Howewer, o system of two shemtical potential famers locstod al 8 corsam distance from ench othor
stmmlares & more intense passage of one of the wocope, whiks the peemeabilaty of the system foe the
other isotope &s significuntly reduced (figure 2). In both cases the heliven-4 prevails over belium-3, but
the degree of separation vanes from 07192 (0.7357) in the case of a single barrier to 3967333
(22 8519) m the case of double rectangudar (smooth) haerier, The rio of the given values |5 S50 (31)
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Figure 2. Helium isstopes passang throwgh the smgle posertad barrier (lefty and the doshle
Mmulmutnmuudmt-dumplw‘mcwmw

Diffesences 0 the masees oF danopes affet teie e Booglic wavcheogiln. A heicrgesenos
chanacter of Be olope’ pasage Seough de wpstem of Seericrs is oleenad whin Sie Ealance
betwoon the pesks of two barziers & 3 o altiphe of the de Troglic wardiong® of ane of e iwtope
wed doss not coineide with $he same perrmoner of the other mutope. The chocsing of the valve of & thae
ds 00 ho posk of hility of ome isctope il coincides with the smallest valee of the
i siun Sor mofier sowpe will peovide the best degree of scpinton.

Figure 3, The degree of tsotiges soparation thevegh the systeom of sngle
and dosbie ssoth barviers
As s be oo in fgure 3, while (e wse of 3 sngle barriers Soes sl peovide o degree of sepanation
greader than |, fe sysiess of wo beencrs eehances e differense in B¢ pasaage of helivn-3 md
Delivm—t 10 30,
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4. Conclusion

The systems of the doable barner that correspond to the usage of bilayer membranes provide very
cfficient separation of isotope mixtures. Thorough adjusement of the parameters will provide a degree
of separation suitable for industrial neods, which will increase the productivity of membrane gis
separation.
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Abstract: The research is devoted to the problem of design
ing materials with an adpustable property of pmneablluy.
The obtained tool for property regulation allows achi
hyper-selectivity In relation to separation of helium lso
tope mixtures, as well as some other gas mixtures. The

h is th ical in nature; however, it suggests a
clear direction of activity for experimenters, The result ob-
tained is valid for ultrathdn bamiers of any form. As a e
sult, & new exact solution of the Schrodinger equation of
wave dynamics, which is valid for the case of two-barrier
systems, s found. This solution allows for comprehensive
consideration of the process of wave passage through a
barrier and identification of the causes leading to super-
permeability of Individual components.

Keywords: membrane permeability, Schrodinger equa-
tions, sefectivity of gas mixtures

1 Introduction

Porous graphenes and porous boron nitride are best suited
as elements of a composite membrane, Stch materials can
be obtained by epitaxy {1, 2] or by vupour depesition onto
@ substrate containing o defect free graphene or porous
boron nitrsde [3, 4], However, there is another entire group
of stable sheets with a thickness of ane atom which can
be copverted into a posous 21 matesial at the stage of
synthesis or after mechanical peeling. Thus, GeH sheets

which are thermally stable at the temperature of up 1o 75°C
are | igated in [5]. Another known material is silicon
which is an equivalent to graphenes {6, 7|; it has great
prospects for new applications. In (8] the authors con-
sider black phosphors a @ layued material from which
it Is possible to obtain a phosy -a

layer whose physical pmpemes differ stgnificantly from lts
bulk counterpart, The work [9] reports on successful man-
ufacturing of a two-dimensional stanene based on Sc by
the method of molecular beam epitaxy, In [10] it & sug-
gested that functionalization of hexsgonal boron nitride
by amine molecules canses exfollation of the layeyed struc
ture which leads to the formation of boron nitride sheets.
The authors of [11] state that the development af new lay-
ered jals has evolved from graph to metallic ax-
Ides and metallic chalcogenide nanoshests. Additonally,
in 12 the authoes mention metal dichalcogenides as the
latest 2D rials and give an ple of a material based
on MoS3, In [13] the edactranic properties of the following
metal dichalcogenides with a two-dimensional structure
arcobserved: MoS;, WS;, WTey, TiSe;, NbS,, VSey, NbSe;,
TaS ;. All the materials can be adapeed for separation of
gases with an application of an appropriate method for
their synthests or subsequent processing leading to the for-
mation of pores, In |14 & layered two-dimensional network
structure, which contains uniformly distributed holes and
is based on )N stoichiometry is reparted.

Thus, a significant number of two-dimensional ma
teriahs have already been symhesized, and they can be
used in works on g silting of isotopes. The r-CyN,
membrane is of great (nterest in terms of quantum screen-
ing of *He/*He mixtures, Using this membrane makes it
possible to achieve a degree of separation equal to 18
units [15] In [16] It 5 suggested that tunnelling problems
improve understanding of chemical phenomena. In {17]
the amhors consider a mmmlul solution fo the problem
olg mechanical t h h barriers, The
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proposed method was tested on some dtsronnnuous po-
tential distributions. Theceetical studies were carried out
and demonstrated that eficient separation of *He/"He can
be achieved using a porous graphene like material from
carbon nitride with application of the quantim sieving ef-

—
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fect 18], Mixtures of H; /T, *He/“He, CH, /CD,, H,/HD are
studied in [19]. The work presents a simple theory for cales-
lating solectivity at zero pressure due to quantum sieving
in nanopores. In [20] the authors use molecular dynamics
modelling, as well as the Monte Carlo method and exper-
imental neutron scattering data, to study adsorption and
diffission of hydrogen and deuterium in zeolite in the tem
perature range of 30-150 K. In [21] molecular sieving of hy-
drogen and deuterium through a zeolite membrane at low
temperatures is observed, There occurs an Inverse kinetic
scattering effect which consists in the fact that the heav-
ier isotope, dewterium, diffuses faster than hydrogen. At
65 K scattering selectivity reaches 46 units, A number of

works suggest that o p phene of s certal {1
can be used for g € ing of a helt helion
[22]. N iy, p boron nitride, as well as

any nanoporous membeane with o thickness of one atom
of a given sub e, Is also sultable for these purposes.
Several pore structures for separation of hydrogen from
methane or helium [rom other noble gases are presented
in [23-26). The authors in {27-32] mainly analyse single:
layer marerials, There are works on controlled separation

1331, These studi that temp plays the role
of the l p [n addition, the case of a tunable
P ol barrier is lysed in [34]. In [35, 36] diffusion
by awe dered. In {37, 38] authors Investigate
k for ind: 1 apphications, Bimaterial is con

sidered in [39]. Helium enrichment by resonant tunnelling
through bilayers Is presented in [40), Works [41-52] con-
sider application of classical mechanics In molecular siev
ing problems. However, at temperatures of the order of 50-
60 K, the Schrodinger wave dy ey should be used for
the probl under consid

"

2 The Schrédinger differential
equation

Passage of matter waves and their reflection from a
potential barrier U(x) are described by the stationary
Schrédinger differential equation:

‘}’5 « [ - 2mu)] ¢ = o0. o
1tis assumed that the barrier U{x) and the desired func

tion Plx) are defined on the entire real axis x, and the wave
which is incidenton the left side of the barrier has the form:;

Yo = & @
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i the values m and E rey the dimensiond
mass and the energy of the material particle, the wive pa-
rametar & Is equal to:

k « V2mE, [&]]

Numerous ltersture sources devoted fo solving the
Schridinger equation (1) [53, 54] describe virtous methods
of sol Exact solutions are k for a p tal bar
rler Ulx) of a rectangular shape, as well as for a bamier hav
ing the form:

1

Ulx) = ‘—:ET(;;—- &)

For barriers of other shay P al
methods of calculation are usually used. They are based
on the ussumption that, firstly, it is necessary to caloulate
two linearly independent solutions € (x) and @ (x) of dif
ferential equation (1) within a certain interval 0 < x < L
adjacent to the Ulx) barrier region. Such solutions can be
found by various numwerical methods, using, for example,
the Runge - Kutta method, or other modifications of linite-
difference schemes. Figure 1 shows one of the results of
such calculations for a bamrier of a numerically specified
shape.

Vigwre 1 Fund | aoh of ¥ Schrbdinger og
for barriers of given shape

It should be noted that the process of finding the func.
tions @, (x) and @, (x) from equation (1) written in the dif:
ference form can be significantly facilitated by using the
null(M) subroatine which i available in the MatLab sys-
tem, Foctually, the difference form of equation (1) Is as fol
lows:

M-p=0, M= DZHﬂu[k’ ~2mll(x)] Y

¢ - the vector of grid values of the desired function,
D2 - the matrix analogue of the second derivative with
respect tox.

If we remove the first and the last rows of the matrix
M obtained in such a way and apply the null(M) opera-

(5)
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tion, wewill, asa result, obtain two desired column vectors
@,(x) and ®;(x). Moreover, they are immediately issued
by the null(M) program in an orthonormal form.

The graphs of linearly independent functions @,(x)
and @, (x) satisfying the Schrodinger equation (1), shown
in Figure 1, were calculated by this method. This method
completely replaces the “sweep method” known in compu-
tational mathematics and even surpasses it in terms of the
solution accuracy.

On determining the functions @, (x) and @;(x) we con-
tinue the solution with reference to the entire real axis x by
cross-linking with the solutions outside the barrier inter-
val. It is assumed that the solutions in different areas have
the following form:

Yl =™ -p.e™  x<o,
P(x) = A-@y(x) + B- @,(x)
IIJ(X) -l elkL'»U

The latter expressions imply that within the region in
front of the barrier there are both an incident and a re-
flected wave, and behind the barrier there is only one pass-
ing wave. The problem of cross-linking the solutions con-
sists in determining the four coefficients A, B, C, D from
the condition that the tf function values are equal to its
derivative at the contact points of the adjacent solutions.
This leads to a system of four linear algebraic equations:

(6)
0<x<L,

x>1L.

®(0) @0) 0 -1 A 1
@4(0) @5(0) o -ik| (Bl ik -
Dy(L) @AL) -1 O cl |o
@'(L) @'5L) -k o/ (b |o

Since the coefficients A, B, C, D obtained from sys-
tem (7) are complex quantities, the function P(x) ex-
pressed by formulas (6) is also a complex quantity.

In quantum mechanics the function (x) expressed by
formulas (6) and (7) is less significant than the square of its
module p = [ because it is equal to the density of proba-
bility that the particle is at a point with the coordinate x. If
the graph of the function p(x) is displayed, it usually fluc-
tuates strongly with a doubled spatial frequency equal to
2k due to the interference of the incident and the reflected
waves. Therefore, such a graph is rarely presented on the
screen. Instead, more informative parameters appear to be
the current transmission coefficient a « |C|* and the reflec-
tion coefficient b = | D/%.

The system of equations givenin (7} is particular asthe
following equation is always observed:

€2 +1DP =1 (8)

That is, the sum of the transmission and the reflection
coefficients is equal to unity, and this equality can be used

Low
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as a control tool for calculations. The current values of C(x)
and Xx) can be determined from the same system of equa-
tions (7) in which the letter L is replaced by the letter x.
Figure 2 shows how the graphs of the functions p(x) =
|)? and a(x) look against the background of the compaosite
potential barrier U(x) given in the numerical form.

Figure 2; Result of numerical solution of Schrodinger differential
equation

The calculation was carried out according to formu-
las (6) and (7) observing that the mass m and the energy
E of the particle had the following dimensionless values:
E«05m«4,

Thus, the described method of cross-linking applied
for linearly independent solutions gives acceptable results
in some cases. However, since it is only numerical, it does
not allow for complete evaluation of the shape of the bar-
rier influencing the transmission coefficient of particles.

3 The Schrodinger integral
equation

In addition to the cross-linking method of solutions, there
is also an approach based on the fact that the Schrodinger
differential equation (1) can be reduced to the correspond-
ing integral equation, which has the form:

W~ 5z [ - et o)

Such an integral equation is given in the well-known
book by Morse and Feshbach [53).

This large book pays much attention tothe description
of various approximate methods for solving equation (9),
such as the iterative-perturbation Born approximations,
the Fredholm series, long-wave approximations, short-
wave approximations, and WKBJ-approximations. The ab-
breviation WKBJ stands for the first letters of the names G.
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Introducing (19) in (17) we obtain
A T e 0y(d

-

Pix) = %% o (20)

ol 74“"""0(1)41

l e gy
Z

- [ etlol . g gy

M-
‘\l

A T Sk oy
= dw

E‘I'—

1-A [ ethedtix)dx

For further { tions of I la (20) it Is con-
venient to introduce the concept of the spectrum of the po-
tential barrier Bo) and caloulate the integral over the van-
uble a in the explicit form:

Blw) = / Ulx)e dx, (a1
/7 i) | ot g 2'*
Then formula (20) takes the form:
Pix) =™ (22)
1 7 A Bk | 2k
oge [ ['r:nmm S L

This is the solution of the Schrodinger (ntegral equa-
tion (9) written as an integral along the real axis w in the
spectral reglon, The factor enclosed in square brackets is

ponsible lor the infl of the shape of the barrier on
the de Broghe wave passing thsough it. Since the integrand
has two poles w « ok and possibly other poles of the de-
nominator of the fraction in square brackets, the integrand
15 constdered to be meromorphic, If we knew all its poles,
integral (22) coudd be found us the sum ol the residues. In
numerical integration, integral (22) should be taken along
a line paralle to the real axis and lying slightly below i,

4 Further transformations of the
solution

A solution of form (22) can be transformed in such a way
that it ks expressed as an integral along the real axis x. To

Low temperature separation of Me/ 'He moture —— 365

o this we need (o introduce & new function K{x) relsted 10
the spectrum of the potential barrier U{x) by the relations
known from the theory of integral Fourier transforms:

—lg'(;‘j’n / Klx) ™ dx, a1
ABwsk) | -
Ktl) - / Ii—'ﬁa:-r’ e ~'|‘N

Then formula (22) can be written as a sequence of three
integrals:
Pl « e (24)

jm}';-pa [-G‘.mlm‘dﬂ

Nl..

e

"\l %

p/ u.d,( /,..“..,...“)_

-

The last integral in this formula, with respect to the
variable w, is the Dirac delta function, therefore, we ob-
taln:

Pix) =V /xwdp/o""s(n (x-M)da (25

RPN /-X(p'l-f*"‘ndﬂ.

Thusy, instead of formula (22), 10 find the wave function
y{x) we can use a more compact expression:
Wle) = o5 j K(Q) - Hr-Cgg (26)

For Its calculation it is necessary to find numernically

the function Kix) associated with the barrier spectrum by
formulas (231

5 The reflection and transmission
coefficients

Solving the Schridinger equation using the integral equa-
tion method does not provide observation of the cross-
linking condition, Therefore, it is necessary to make sure
that the boundary conditions are satisfied ot x « « ==, For
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this purpose, we will rewnite equation (27) in more detail:

)
i) = [u / Ki¢le Mg an

veltt / RO ar

From here we see that ot a great distance (x| — o the
function P(x) behaves as follows:

(28)

y X-soo,

Pix) = a't [1 . [ KO ¢

Pix) « ey /K((V“d(. X — =oo.

That s, behined the barrier only the incident wave is
preserved, and in fromt of the barrler there are both the
incident and the reflected wave of the matter, Therelore,
the boundary conditions of the problem at infinity are sat-
Isfied,

We can now immediately get the expression for the re
flection coefMcient:

3

bl YRR ()
i

Further, we note that the reflection coetficlent (29) can
also be written explicitly through the spectrum of the po-
tential barier Blas). Applying formula (23) we find:

AB2K) |*
1-AB2K)

After the reflection coetficient ks found, the passage co-
effcient cun be determined by the farmula:

b

{30)

a=1-b, (an

6 Examples

There are cases when the spectral function of the potential
barrier is found amalytically.

For example, for a barrier in the form of the Gaussian
pulse we get:
"/;'-f's’

xd=e ™, Blw)- r

(22)

DE GRUYTER

In this case, formula (30) for the reflection coefficient
takes the form:

s By | AT VB

l-M";"ﬁiﬁ?
A 2m
2k
Figuse 3 shows the shape of the potentind barrier and
the graphs of the reflection coefficient b(m, E) calculated
by formula (33),

>}
I
i, where k= 2mE, (3)

Figure 3: Siagle barses (Joft) and refloction coefficion depending an
particle energy (right)

These graphs demonstrate that particles with a lasger
mass at the same energy E are reflected more strongly for
this type of barrier, while smaller particles with a very
small mass pass through it being wealdy reflected at suf-
ficrently high energies.

Let us now consider the question of how the com-
pound potential barrier which, for example, consists of
two identical barriers spaced apart by a distance of d af-
fects the reflection coefficient, The shape of sisch a barrier
Is as follows:

Ulx) =g 77y g et (34)

Calculating s spectrum, we obtain:

a(m)-/n")'le““dxA /e"""""c"“dx (35

.~

= /.e""'e"“dno'“‘]o Pl et gy
- ic""""‘"dx- [1 vl““}
- l’}p’:" . [l ‘J"'l )

Thus, the addition of a pew barrier introduces anly an
additional factor in s spectrum,
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Formula (33) for the reflection coefficient, therefore,
takes the form:

Aﬁ—x\/,—,e-ﬁ 4 (l 4,‘_,Zr'lui)

b(m, E,d) = -
1-Af1y/7e ¥ « (1+ eZikd)

(36)

Due to the presence of an additional factor in for-
mula (36), it is always possible to find such values of the
distances d between two barriers at which the reflection
coefficient b (m, Eo, d) automatically vanishes at energy
values E = Ey. Equating the factor (in parentheses) to zero
we get:

2ikd fm2n+1) n(n+3) m(n+3)
e a-1=¢ , d= = —par, (37,
\/ZmEo ( )

n=0,1, 2, 3...

Choosing the distance d in formula (36) in this way
we achieve the selectivity effect, i.e, a particle with the
mass mand energy E, freely passes, withoutany reflection,
through a potential barrier consisting of two pulses.

Figure 4 shows the position of the composite potential
barrier U(x) and the result of calculating the reflection co-
efficient by formula (36).

(7 S R T R I I |

Figure 4: Composite barrier (left) and reflection coefficient (right,
dotted line - reflection coefficient of single barrier)

The dashed line on the right side shows, for compari-
son, a graph of the reflection coefficient for a single barrier.
It can be seen from this calculation that the double barrier
significantly reduces the reflection coefficient, compared
with the single barrier, and turns it to zero for a discrete
series of energy values E, as predicted by formula (36).

When the Schrodinger equation (1) was solved by the
numerical method of cross-linking for composite barriers,
significant fluctuations in the reflection coefficient b and
the transmission coefficient a with a change in energy
E were also quite often observed. The method of cross-
linking is purely numerical in nature, and it is difficult
to understand the reason why a particle passes through a
double barrier more easily than through asingle barrier. As

Low-temperature separation of He/He mixture —— 367

a result, there has been a tendency to attribute this effect
to counting errors.

As for formulas (36) and (37), they are a consequence
of the exact solution of the Schrodinger integral equa-
tion (9) and, therefore, are not in doubt. Compound poten-
tial barriers are accompanied by potential wells the bound
states of which resonate with the incident wave.

Let the composite barrier have the form of two Gaus-
sian pulses: U(x) = exp(-fx2), U(x) = exp(-B(x - d)?).
We will consider the nature of passage of isotopes with a
change in the distance d between the vertices of the pulses.
Figure 5 shows the permeability distributions of helion a3
and helium ay, as well as the degree of separation for the
mixture y = as/as.

U
-7 |

JiP7 | A
E=04 |

e

-

Figure 5: Change in permeability and selectivity with increasing
distance between barriers

The change in permeability takes place in the form of
vibrations. Moreover, these fluctuations nearly occur inan-
tiphase. Because of this, there arise bursts of selectivity.
Figures 6, 7 show the distributions of the same characteris-
tics, but for the cases E = 049 and E = 0475. We can observe
a quantum character of the change in selectivity with the
distance between the barriers, as well as a sharp increase
in the degree of separation of the mixture in narrow bands.

a,asy

Figure 6: Change in permeability and selectivity
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Figure 2: Change in p liry and. with
distance beteeen barviers
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aroas that per-permeahitity of the comy
iumunhnncnhmmtnhdim Moreower, the system
as a whole 1s characterized by hyper selectivzy. In addb
fhon, with a decrease in temperature, an exparsion of the

super prrmeahbility bands & observed.
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7 Conclusion
nn- n)uﬂm of the Schridinger integral equation in the dif
focm was obtained. The sons for

3 ' .

I | =T
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Figure 3: Sebectiviy t particle snergy £ =03

2ero reflection cosficient ot the Sound values of the dis-
tance between the barrers. Thus, one of the components
passes hrough (e system of barriers, while the other doss
not pass at all. Asaresult, we getan effective system for sift.
Imbotmmmmhmmhamdu
by changing the di the b Mor

the conchusions tumn out 10 be trae for ultrathin banrers
made of any materials.
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BECTHWK TOMCHOr0 roCYAAPCTBEHHOI G YHWBEPCHTETA
2020 MaTtemarima 1 MexaHIKa Ne 67

MATEMATHKA

YAK 5179 MSC 45H0S
DOI 10.17223/1998862 /671

M.A. bybenmuros, A M. Bybenuron, C. Kamdaa, A.B. Tya-Py, A.C. Heanorosa

AHATHTHYECKOE PEHIEHHE
HHTEIPAJIBHOT'O YPABHEHHS HIPE/IHHI EPA’

MocTpoeso ABATHTHYCCKOE PRINCHHE 3AJ34H O BOJHOSOM TPAHCIOPTS BEMICCTEA
Nepel COCTARHAEIC CBEPXTOHKHC Oapeepal [Moxanawo, 9T0 118 cocTaBHOM MemOpa-
HR, COCTOSINER M3 JBYX OXHAAKOBMIX CREPXTORKAX CHOER, RCETIA CYIIECTRYIOT
PACCTORTHA MEAKITY CAONMKE, MPH KOTOPRIX PEATHIYETCA PLIOHARCHOE NPOXOAIE-
HHC OHOM H3 XOMIOHCHT. PeI0HAHC MOIBORMCT paizensTts aedpoitesckre BoT-
HE! MACTHIL, OEHAKOBEIX 10 CBOACTBAM H PALTHMAKUDIXCE THmL Maccanms. Tlpn
Temueparype 25 K HARICHA DMPOXa® NOMOCA FHISPOSICKTHEHOID PAVICICHHR
TETHOH-TETHeROH CMeCH.

Ka10MeBEIe (J10BA: UNMEPATLHOE VPASHERNE. SRPONOERHOE ROPO, ONEPAMGP
CO8IA, IKCNOMERYUATLRLIE VRN LI, MOMOeCED DVPLe.

B KauecTBe IMEMEHTOB COCTABHON MeMOpaHn HaHmTydumM o0pazoM MOIAXOIHT 110-
pHcTHH rpadeH Wi nopucTel HETPI Gopa. Takue MaTepHATH MOTYT ORITH HOTYIe-
HEl MeTOAOM SmuTakcHH [1. 2] nan cnocofoM ocakieHns H3 naposoit dasul Ha moa-
I0AKY, cofepaxamyio GeyiedextHnfl rpaden wm nopueTsil uuTpHy Gopa [3. 4]
OIHAKO CYIISCTBYCT CIIC IIC7IAA IPYIIA CTAGIIBHMX JTHCTOB TONNIMHON B OJIHH aTOM,
KOTOPHE HA 3TAle CHHTE3A WIH MOCIC MEXAHHUCCKOro OTCTOCHHA MOTYT OMTH mpe-
BpAIICcHB! B MOpHCTHiE 2D-Matepnan. Tak, 8 paGore [5] coodmaercs o mictax GeH, Ko-
TOPble ABIAKOTCA TePMHYECKH CTa0HIBHBIMH A0 75 °C. H3BecTeH Takke CHIAHICH —
rpadeHOBRI IKBHBANEHT KPeMHHA[G), HMeromnll GoNbluNe NEePCIeKTHBE 118 HOBBIX
npiveHennil. B pabote [7] aBTopM VEASKBAKOT Ha YepHBI docdop Kak Ha CIOHCTLIA
MaTepHal H3 KOTOPOro MoxeT OBIThH nonyved Gochoper ~ ogHoaToMuENl cnoft, durn-
YecKHe CBOFCTBA KOTOPOrO IMAYMMTENLHO OTIHYAKICH 0T ero o0BheMHOTO AHATOIR.
B paGore [8] coofuaerca 0f yememmon HIrOTORICHHH JBYMEPHOIO CTAHEHA HA OCHO-
Be SC METOJI0M MOACKYASpHO-IYHesoit snntaxcun. B [9] omsesaercy, yro dyHkumHana-
AHIAUKA TEKCATOHANBHOIO HHTPHAA GOpa MONCKYIAMH AMHHA BRIIBATA PACCHOCHHE
CHOHCTOM CTPYKTYPHI, 9T0 NpHBEIO K 0OPazoBAHHI0 THCTOS HHTPHIA Gopa. B pabore
[10] roBopiTcs, ¥T0 «pazpaboTEa HOBRX CHOHCTHIX MATCPHATOB MPETEPIEna IBOTO-
THIO OT TPAICHA K MCTATUTHICCKHM OKCHIAM H MCTATINTCCKHM XAJBKOTCHITHBIM Ha-
HoHcTaM». B [11] Tamke YIOMHHRIOTCH MCTATUIAHMXAIBEOTeHHAB KAk Hobeiinme 2D-
MATEpPHATH W NPHBOINTCA NMPHMEP MATEpHANA, CO3JAHHOTO HA ocHOBe MoS, B [12]
H3YYAOTCA MeKTPOHHBIE CBOHCTBA CNCIVIOMIHX METATLIHXATBKOT CHHIOB, HMEHOIMHX
JABYMEPHYIO CTPYRTYPY: MoS;, WS;, WTe,, TiSe;, NbS,, VSe,, NbSe,, TaS;. Bce Ma-

! Heesesosmume ssmommeno np $anuaconodl noasepsse POOH it Mismerepersos KyIsTyps, ofpasosa.
mes, sty cnopra Mostromor n pavkax naywnoro npoexta Ne §9-51-44002
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6 MA. Bybewvnos, AM. Bybenawsos, C. Mambsa, A.8. Syn-By, A.C. Henvoxoss

TOPHAIE TIPH COOTBCTCTBYIONIEM ¢riocobe NX CHHTe32 R nocaexywomedl odpabotke,
npHBOAALEH K 00PAIOBAHIIO NOP. MOTYVT GBITH MPHCNOCOGIEHR AT Pa3IeNeHAA Tas308,
B [13] coobumaercx o croucTof ANyMEPHOR CeTHATON CIPYKTYPE, KOTOPAN COACPEHT
PABHOMCPHO PACIPCACTICHHREIC JAMPEH 1 HMCCT B ¢BocH ocHoBe crexnoMeTpino C)N.
TakuM o8pasoM, yaxe CHHTEIHPOBAHO JOCTATOYHO MHOTO IBYMEPHRIX MATEPHATOR,
KOTOPEIC MOTYT GHITH MPHMCHCHE! B PAGOTAX 110 KBAHTOBOMY MPOCCHBAHRHK HIOTOMOB.
[eas #acToAmiel padoTsl COCTONT B HAXOKICHHH YCToanH, ofecnedMBaloumx pe-
JOHANCHOE NPOXOAIEHHE KOMIONEHT Ma31080# CMECH 4epes cocTannble Gapbephl.

unddepenunninnoe ypasuenne Ipeuurepa
Judipeperamanuoe ypastenue BoIMOBOM JTOTAMIKH IMECT BILL

2 2

-"—A‘l’+U‘P+"—Q=0. (R}
2m [
3aeck ¥ — BoTROBAN QyHEIHA, f — noctogepax Tlmamka, I7— 3HepriA B3anMoaeiicTRiAA
YACTHIH € OKPYAEHHEM. M — MACCA JACTHIEL, A — onepatop Jamnaca, § — MHHMAR e1H-
HHIA

B =acTHOM CTyMAac, KOIAR NOTCHIHATRHAR IHCPIHS U7 ABHO HE JABHCHT OT BPCMCHH,
peurenne ypasaesns (1) mmercs s mune

;pzve-fﬂ"» \ (2)

r1e £ ~ JHeprin 9ac T,
Torym A HAXOACICHIE AMILTHTY IR 8oHR ‘¥ 6y1eM HMCTS CTAIHORAPHOS YpaBHCe-
uie Hlpemmrepa:

Aw%';-'(z-v)wo. @)

B 1agatax ko TeMiueparypiuoro MeMGOpatHoro paLienenis rajonnx cueceft on-
PCACARIONICE 3HAYCHHC MMCCT HANPARTCHHE NCPCHOCA, NCPICHAMKYISPHOS NOBCPXHO-
cTit MeMOpanst, BEHay MAanhx pasmepos Hazomop moboft Makpockommtiecknit ¢par-
MENT MeMOPANEL MOKNO CHHTATL GECKOMEINO MPOTHKENMEIM B MATIPABIEHIAX, Mapal-
nenpHEX MemOpane. OmpeeiEs [0 HCKOTOPOMY NpPEACTABHTCIREOMY dparMesTy no-
BCPXHOCTH MeMOPAHSI CPegHCe 3HAMCHAC JHCPIHHE BIARMOACHCTBHA H HCMOTBIYVR O1-
HOMEPHOE BOTHOBOE YPABHEHH e NEPeHOCA BRIIeCTBA, MBI MOAEM IOBOPHTSH 0 Bapbep-
HOM TCOPHH HPOMHIUACMOCTH MeMOpIMEL

Taxnm odpasoM, NPH TOTYYEHHH PE3YyIbTATA 110 NPOHHUAEMOCTH OTICTBHEX KOMIO-
HMEHT CMECH HIIH 110 CENCKTHRIOCTH €€ PALIC/HEN MOKHO HCXOANTS i3 Ypanseu (3).

Hizge OyyT NPe/ICTARTCHE HCKOTOPHC AHATHTHYCCKHC ITOCTPOCHHA, KOTOPHIC OKa-
JUTICH BEChMA SPERTHERRIMI TPH AHATIEE 33547 NPOXOAIICHIA H30TOMOB Hepes ¢o-
crasuste MexGpanst B ceasu ¢ s yaodueRt Gyaer umers Sespamveprylo dopmy
YPRBHCHHA NEPCHOCA BENIECTRA.

EcT# Maccy MACTHIIS OTHECTH K Mip — MACCe ATOMR BOJIOPOAR, 33 MacmTad 3HCPTHH
BIATH Uy — mIyGHHY NOTEHUMATBHOR MM B pacTIpeJeeHHH YHEPrHA NAPHHIX BIAHMO-
JeficTenil petecTnn MeMOpaNsl 1 HONBICKHMLIX HYACTHIL & B KadecTse Macurraln 1minnt

TPHHATH BETHIHHY
L=tfJmd, (4)

10 GeapaiMepoe ypasHeuie BOMHOBOH THHaMuxi He OyaeT CoAepRaTh nocToAHNOfR
Tnaska
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7 WNTRCPASNOTD P Uipeswwrapa 7

diy

—_—+ E~-U 0. 5
e 2m( Py = 5)
B (5) nce 6 T BETOYAR KOORUTIIATY X.
Tuxust oOpasos, Mht ymumunl KODHHCCTEO KOHCTART SIAYH Ha cAHHMLY. DTo
ANIRETCH CYRISCT M TP TRARHEANND AEATHTINCCKIX MIKTION,

Hurerpassnoe ypasuenne Hlpeanrepn u ero nupeobpasosannn

POATHIANA TICICHEBIN METOI0B PEINCHIE TP Pe PEHIMATEHOTO yvnnmmu ipe-
Jsumepa P na o obancTh e T
o TaKme m e oy LX L JHMMKIX © e
CRIMH wweaemum lmueuon nemmmu OOWMIRO MOX YCTOBHAMN «COnm-
K ™a it dymano: x ce nporssomodt. Oaax0
OTCYTCTBYIOT mw-:mﬁn OBOCHOBAHNA B OTHOMCHHA NCOONEIOBAREA 210 $OpMK Y-
2onf. Taxwe Tpedyer of 3t caM p P i ofnacTi MITerpy
M B CHESH C YO BIKMBOH AWINNTCA BOMBETKN 1pOBELeHY mvnmpcuwm no
sceit qefdcr it ocis. Tlo-ma . 310 CaeaaTs ™
TOOMMI. BRomHe MOXXOQAUIINM VIS WTOr0 SBASCTCN MHTSTPATBHOS YPaBHeHNE luoc»
Amerepa:

m e &
v -5 [ "9 U@ wes = o™ (©)
2ik 7,
3aech M — CSIPAIMEPBAT MACCH TACTHIN, & = amE -~ TAPAMETY BOINLL, £ — Geapai-
MEPHAN SHEPTHE TACTHIN,
B xomre @M. Mopea 1 1, Deinbaxa [14] 20K0IRAETCS WXBHRBAICHTHONTH T dde-
PEMUIMAINNOIO 11 MNTETPRAALINCO L] up ¥ poCTy
BOTH MATCPHH,

Vpasnenne (6) cCTh IMTErPAALIOe YPARNCINIE © DMposIemnaM iposm. Jdan npo-
BeACHIA S HCANIK €10 npeoGpasos it BOCIOIL Sy escH edube pesiaIbHLNM Ofte-
PRTOPOM CTRHTR:

-ad
e Bf(x)- flx-F). M
JIORASATECTHO NOCIHETO PABEHCTEN MOAHO HPOBCCTH ¢ HOMOUILIO Pas/Iom e
awcnowesTil 1 paa Tefaopa, o Taxae PEACTROM TP N yKe X one-
patopos x gy NIRRT aerin HoBolt cymmes ps. TTpiosensn pasencrno (7)
K T OROIHOE YPABHEHEE MOKOM DEPETIHCATS B KRN
= o
po o L 2ol o mo 1 2m

WEIERN .I."(‘)'(")' "‘45]“"1“-" ‘ "‘fi‘iw/'é" (%)

O6g Ma B cxob Do map pacc

BATH XAK AHGOCPHINATHHIA OOSPATOP WIH OHATNTIFCCKYIO (YHKIDDO MAPAMETPS
p - didx:

» 9 - .
J U@ v € dz= [ U@ v e de = Lp). p=t ©)
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C y4eTOM BOCICHHOTO 0003IHAMCHHR YPasHerie (9) MOANO [CPENHCATL B CACLYI0-
e BRI

w(x) <% L(p) e = o™ (10)

Bita jmdpepeHIMATLROTO ONepaTopa, RefiCTRYIONIETO Ha CTOMNIYI0 OT Hero CIpana
IXCHOHCHIHATEHYI0 QYHEIHIO, I0KA 9T0 HAM HeH3secTeds. OFHAKO €70 MOKHO HANTH.
Varomas (10) 1 DUxexp(-xp) it HHTSIPHPYXR 8 GECKOMCHHLIX NpEIemaX Hafiaem

l[um yix) e"'dr]-u(p){ | o) e”’dr]-( j P ole)) e""rh] (1)

Faech HOXWDOOTCA elme asn Anddepe HITTILIMLIX ONEPATOPL, U KOTOPHIX BBEEM
CReIYIONE 05O THANSHIIS!

B(p)= | e"UeTdx. 0(p) = [ MUie Tdx. (12)
C yuerom yimx ofosmastennfi oteparoproe pasencrso (11) npuser s
L(p)-[1-2.0(p)] = Bp). (13)
Orctoia noxyyaes
B(p)
L(p)=—m"r. 14
(p) 1-0() (14)

Huorga murerpanst (12) MOryT OHTE BEPIMCICHE! AHATHTHNCCKHM CIOCOGOM.

B obumesm cayane MyAKHO HPOBOIITS MHCICHHOE NuTerpuposamite. B mobom cirytae yri

HHTErPUIN SABACAT TOMLKO 0T (PopuMbl noTeHmaIsHoro Gaphepa. [Moaetannax (14) &
Brpazerne (10), nonywacM pemeHne HHTCTPATLHOTO VPARHCHNA B BHIC

ety 2B0) o o4 o RE, Ael 15

yix) = e o) | T (15)

Ecmt o0 anddepemmmmnt oneparop L{p) AeficInopat ma NOKAATEININO
HYHKIIO 0GBMHOTO BIIA, TO Pe3yIbTaT Soil 05 CIAYIOMIM

d :
Ll — |- =L(p)-&". 16
|5 e =z (16)
Oamaxo 8 hopyuyze (10) 30T onmepaTop AcHCTBYCT HA IKCMOHCHTY OT MOAYIE ap-
rymenra. Hosrosty Henocpescnenos npuseserne (16) Hepossomno. Ho sxcaonenty
OT MOJYIR APTYMCHTH MOAKHO NPHBECTH K OOLIMHOM ICIORCHTE, €CTH BOCIOILI0BATL-
X ToAAeCcTBOM Dyphe:
= — [ | e é e laade (i)
-a-q

[prysersa npasiaa (16) 1 (17) x dopseyne (15), momyams
wix) =™ 33 [ j’ L(—en)e e elg ™ G den (18)
L S
Bupaxenne (18) # apeacrapaset cofodl pemienne HHTEIPUILHOTO ypasaeuus [lpe-

JMATEpD, JANNCAHHOE B BILK ABOMNOTO MMTErpaia N0 ClexTpaIbtofl ocn. Kak sanm, s
ommise or (6), 8 ero Npasok HACTH HAXOIATCH BCe HIBCCTHRIC BETHYHHM, NOCKOILKY
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ARSTUTUYECKOS DELIEHNE INTErPAMHOTO ypaswenns [Lipeannreps 9

dyusmm Blm) 1 O(w), E1LBACMLE CHCKTPAMH Gapsepa, ONPEACIARKICH IHINEL €TI0
dopMoii. T.¢. ABAAIOTCA HIBCCTHRIMH (DYHKIHAMH NOCTAHOBKH 3agaui. Kpose dopuut
GAPECPA. 710 MOMYHCHHS PCIICHHA HAM H3BCCTCH XAPAKTCP ACHMITOTHYCCKOTO IIOBCIC-
HHS PCIICHHSR 110 OCH (FHIHYECKOH MePeMCHHOM X.

Ha 370M 3Talc HHTCTPHPOBAHEE MKl Y& 0CBOGOIHTHCH OT ARG CPCHIHATRHOTO
oneparopa L{p), saMenun ero ¢ yenoassopatem npanicsa (16) hynxunent Liw), Syuk-
1o L(-io) obosnauns gepes Glo). Toraa ¢ yaeronm (14) noaywum

. A [ U(x) Ve
Glo) = "fg(‘:’;) a—= . (19)
k= 1-% j U(x) e e ™y
B pesyasrate GyacM HMeTs
wi) =™ o | [ ™ Glore"*le™ dade. (20)
2n Tl

Ecan pyrkunx G(o) zBagercs cuexrpom Hexoropodt dynkumn K(x), to
Glo)= [ K(x)-¢"'de,  K(¥) % J Glo) e " "da. 21)
o= 2r 2.

Torm pentenite (20) MMMICTCR B MLIE TOCIIOBITENRIOCTH TPEX HUTEIPAION:

y(x)=e® +El; [erer [R@e [ el ®dadp da=

=™+ f K@) j el [ 5‘; } ¢ “‘"”“’dw]dadﬂ. (22)

HuTerpan, crosmuit 8 CKOOKAX MOCICAHCIO BHPAACHHA, OpeacTaBaaeT coboil
aensTa-hyEKIE JHpaxa. [oaToMy Aamee MOKCM 3NTICAT:

wi=¢ "+ [K@ dp [ e Foa—(x-pyda=e*" « [ K@) FRap. 23)

Taxum o0pason, Hanboace XOMIAKTHAA 3AIHCH PCINCHHA, B KOTOPOM HETerpan Ge-
PCTCH 10 HANPABICHHI0 HIMCHCHHR QHIHMCCKOH NCPEMCHHOMN, BHITTIRINT CIICTYHOMIHM
obpazo:

o0
v =e'*"+ [ K(G)-¢ P az. (24)
TIpst pemrensm ypannenua Hpegunreps METooM HHTSIPAIRHOIO YPABHCHHMA MHe
OPEIYCMOTPEHO BhIOIHCHHE yenosnft «cmmskny, [Hostomy HeoGXoaMMO NpoBEpHTS
BRIOMECHAC YCI0Bui npa x = 4o Jl1a 310r0 nepenmmes pemenie (24) 8 cueayomem
BHIC:

w(x):c’"[lo | k@ a"“d;]u"“UK(@)«"’::R;]. (25)
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Onmpascs M HOCIEHION (POPMY PEICHHA, MOAKHO CIACHATE 3aKTOYCHHE 00 ACHM-
IITOTHYECKOM NOBSACHEH BOTHOBOM GYHKINN CIeYI0MmM obpazon:

w(x)=e'*? [14» I K©et ‘:d{_]. Xm0,
- 26)
v =t et R €Fodg, x>

Kax s 03 3THX COOTHOMICHHIT, NOcAc Oapbepa Mb HMCCM MPOXOAANIYIO BOJHY,
a 10 Gapbepa HMCIOTCA H NANAIONMIAR, H OTPAKCHHAA BOMHBL TaxmM 00paioM, peiicHie
(24) BepHO OTPAKACT ACHMITTOTHICCKOC TIOBEACHHE HCKOMOH (PVHKLIHE.

O/ mmuounsbtit Gapsep B Bite umnyiasea Fayeca
Ilycts Gapuep onpeaenserca npocreiimedt hopamy nod:
U(x) =e, (27)
Broic M rpadHKH COeKTPATHHLX GYHKIHI:
Blo+k)= [ U Nax,

By(o—-k) = [ Ul ar, (28)
Qo) = By (o) = [ U(x) e dx.

Tpadmxe >THX TpeX QyHKIHI, PacCTHTAHHBIE YHCICHHMM METOIOM, TIOKA3AHBI HA
prc. 1.

¥ 2 T T T
s i i i Biwh)
& | : Byw-k)
= 1 1 1 | 1 1
n
-10 -8 -6 — -2 0 2 4 6 § o
l's b T T T T
- 1 %
Los o |
= 0 st oo -
] e P $ e R e T
5 i i i i s el
-10 -8 -6 -3 -2 0 2 4 6 8 ©

Puc. 1. Tpadmxu Bi(c+k), B(wo-&) n Byw)
Fig. 1. Graphs B, (04%), B2 (0-k) and 85 (0)

@varumit By(w+k) B Byw—k) ABIAHOTCA BENICCTBCHHRIMH (YHKIHAMH ACTOTH  H
COOTBRTCTBYIOT CABNTY CICKTpa Oaphepa HA BemutmHY =k UTo KacaeTes QyHKIHE

84



AHEnUTHYECKO® PeUIeHNe NHTErPamHora ypasnents LUpeandreps 1

By(w), TO OHa ABAAETCA KOMIUIEKCHOI. JIErKo 3aMeTHTh, HTO BENIECTBEHHAR HacTh
dyuxuun Bi(w) pasHa nmomycymme BemmuuH B u B, Ilpu 3ToM Bcid KOMIUIGKCHAR
byakinA By(w) asngerca HeTHol dyvHKIHeH OTHOCHTEIRHO YacToThl . KpoMe Toro,
BHJTHO, 4TO BCe TPH (DYHKITHH JIOCTATOYHO OHICTPO YORIBAIOT C YBETHUSHHEM MOIYIA ©.
TMocaeaee oGCTOATEILCTBO 1O3BOIACT HOCIC BBIMHCICHMA clekTpa G(m) nerxo sBoc-
craHoBHTb H QynkuHio K(x) no dopmyie (21). Ipaduxs dyaxunit G(o) u K(x) npuse-
JIeHHI Ha PHC. 2.

G{w) T T T P e =y T

-4 -3 -2 -1 0 1 2 X

Puc. 2. I'padHKH BEMECTESHEEIX H MEHMEIX wacTell dynxumi G(w) # K(x).
BRIMHCICHHRI VIS 3HAYCHHA: m = 3 n E = 0.5
Fig. 2. Graphs of the real and imaginary parts of the functions G (®) and X (x),
calculated forthe values: m =3 and £ = 0.5

Bumo, 9to 06e pysxuan G(o) 1 K(¥) OTTHIHN 0T HYIR TOABKO Ha OTPAHHIEHHBIX
V4ACTKAX, KaK 10 NePeMCHHOI (0, TAK H 110 PACCTOAHHIO X,

Kosdduuuenr orpakenus

O4eHb BAOKHBIM NPEHMYILECTBOM TOYHOIO PEIICHHA, [10 CPABHEHHIO C PEIICHHAMH,
TIOJTYHaeMBIMH € TOMOIIBIO THCIEHHBIX METOI0B «CIUHBKHY», ABAAETCA TO, UTO TOYHOE
PeILCHHE MO3BONACT BBIMHC/IATH NONHELT KO3(DHIUHCHT NPOXOAICHHA S W OTpake-
HHA R 1A noTeRunatbHoro 6apbepa U(x) 3agaHnoil dopmel. I3 pacnpeaenenna (25)
cpasy e HaXOHM KO3(DHIIHEHT OTpaKeHHA:

-

R= j’ K(©e'*5dy| | (29)
Kot puupent npoxoaesns 6yaer papex
S=[1+ j K©)e*%de| . (30)

DTH HHTETPankbl 3AIHCAHB ¢ OeCKOHCUHBIMH NpelelaMH H, 110 Kpaiineil Mepe. oHH
H3 HAX MOKHO BBIPA3HTH Yepes CNeKTpalbHyio GyvHKumio G(®). HeficteureasHo, dop-
Myast (21) 1 (19) nator
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2 r [ UGx) e dx
j K(x)¢"dx = G(k) = —= : (31)

©

P ¢ j U(x) e Me™ ax

Huterpan, sxoaanmii B popmymny (30), He BRIpakaeTca NMOJOOHBIM e NPOCTHIM 00-
pazom uepes cnexTp ({(m), oqnaxo B kaare G.M. Mopca u I'. ®embaxa [14] qokaissa-
eTCA, 410 Meaay KoadduunenTaMy S i R BbINOIHACTCA PABEHCTBO

S+R=1. (32)

INocxoneKy cnpase/THBO cooTHOMmeHHE (29), TO MMeeM ciegyionmHe (hOpPMYIEL A7IR
KOMPOHIHEHTOB IPOXOAIEHHA H OTPUKCHHA, BBIPAKCHHBIE B HBHOM BHIIC HEPe3 HHTE-
TPAnL OT NOTEHITHATEHOTO Daphepa:

3

7.] Ulx) e™®dx
R=|GK)* =|—=

1-A j’ U(x) e*Me® gy

(33)

@opmysl (33) yA00HEl V1A CIYHaCB, KOrja CHeKIpaIbHad QYHKIHA NOTCHUHANb-
HOTO Oaphepa HaXOIHTCA AHATHTHIECKHM MYTeM.

Haxoaienne HyJ1eBoi CNeKTPAIbHON PYHKIHH
Jlns Gapbepa B BHAC HMITYIbCa [aycca HYIEBas CHCKTPANbHAR (DYHKUMA HMEST BH

() =e™ . By(w)= [ Ux) e =J§ e ® (34)

T8 IPAMOYTOIbHOTO HMITY/IBCA ¢ IIMPHHOI /i, OCHOBHOI CHEKTP ONpeleiIieTch
CIeAVIONIHM 00pasoM:

2 " . oh
Ui=11 ~Loxe® B(w)—hj.e“‘“dx-h- g (35)
orE gt S —_h,, - oh | =
h = Ty
0 x> e

Jlna Gaprepa, 00paTHOTO KBAApaTy rHIepOOIHIECKOT0 KOCHHYCA, HMeeM

0)_1!
1 2
() =i e e - T 36
0(%) pr s By(w) == on (36)
o

Mo&HO HAllTH H APYI'HE NpHMEPHt Crekipa Bo(w) B cupaBounuke [paaurrefina H
Prranka [15]. Bee onl ABNAIOTCA YETHBIMH BelIECTBEHHBIME DYHKIHAMH © H ORICTPO
VOBIBAIOT, KOT/IA (0 CTPEMHTCH K OeCKOHCMHOCTH.
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CBoHCTBA COCTABHBIX NOTCHIHATBHBIX DAPLEPOB

B M3BECTHRIX IHTEPATYPHAIX HCTOMHHKAX HHKOIZA HE 3a0CTPATOCH BHHMAHHC Ha
oco0OM TOBEJIeHHH COCTABHKIX NMOTEHIHATHHEIX 0apbepoB. T.€. TAKHX, KOIJla jJBa HIIH
HECKOMBKO OaphepoB HAXOITCH Ha HEKOTOPOM PACCTOFHHH JIPYT OT APYTa H MEXIY
HHMH 00pa3yercs NOTEHUHAIbHAA AMa. MeAIY TeM, NPH YHCIEHHBIX PENICHHAX, HC-
NOJMB3YIOUIMX METO/ «CUIMBKHY, /UIA COCTABHAIX GAPHEPOB HACTO HAGMOAANIHCH 3HAYMH-
TenbHBle KoneGanna Koddduunenta oTpakenna R B xoaddHnIenTa npoxomIeH:s S ¢
H3IMEHEHHEM IHepriH JacTHIN £. MeTo «CIIHBKH» HOCHT cyTy00 THCIeHHBI Xapak-
TeP H NPH €ro NPHMEHSHHH TPYIHO MNOHATH MPHIHHY TOTo, MOYEMY HacTHIA Jerde
NMPOXOAKT Hepes ABOfiHOM Gapbep, YeM yepes Gapbep OIHHOMHLIN, I03TOMY Hale BCEro
OTHOCH/IH Tako#H 3dupeKT K ommudKaM cuerTa.

CHavana 3aMeTHM, 9T0 eC/IH OJHHOUHLIH Oapbep CABHHYTh Ha PACCTORHHE d OT Ha-
gata KOOPJHHAT, TO MOJYYHM, 9TO €r0 CHEKTP HYKHO MPOCTO YMHOKHTH Ha MHOKH-
Tems €%, e,

[ UGx—d) e dx = &> - By(). (37)
CriexTp ABOiHOTO Gaphepa Toraa OyaeT paBeH
[ U+ Ux-a)) dx=(1+€ ). By(o). (38)

QyakmHA G(o), onpenengemas dopaynoi (21), HIMEHHTCA TIPH ITOM CEAYVIONHM
obpasom:

A I U(x)e™®*Fay -(l + @b )
Glo)=—" . (39)

1-2 [ [Ux)+U(x—d)] e dx

EctectBenno, aro # Gyuximma K(x), Bxoaaman B pemenne (24), Takxe MOMEHASTCH ©
H3MeHenHeM QyHKuHE G(®).

TMoacrasnas B (39) o =k, nonygaeM Cleaylonmee BRpaKeHHe A Kod(dHimeHTa
OTPAKCHHA:

] Af U(x)e ™ dx-(1+e™) l

-

R=|G() =

x

1-a I [Ux)+U(x— d)]e'”"e'b‘d\'

@opyyna (40), npeacTapnaiomas KOXpOHITHEHT OTpaKeHHA COCTABHOH MeMOpaHL!,
onpeeIseT OCHOBHOM MATEMATHHECKUIE pe3y/IbTaT paboTsl, OCKOIBKY [03BO/IACT Bbl-
ABHTb PCIOHAHCHBIC PCKHMEI IPOXOAICHHA KOMIIOHCHTOB rasopofi cmecu. Hanmume
muoxuTens (1+e™™) cymecTsenno yenokuser crexTp ABoiiHOrO Gapsepa mo cpaBHe-
HHIO CO CTIEKTPOM OJTHHOYHOrO 0aphepa, H ITHM OOBACHACTCA YYBCTBHTEIBHOCTH KO-
s dHunenTa OTpAKEHHA K NapaMeTpaM GopMBEI NOTEHITHATEHOrO Gapbepa.

Mpucyrersie Muoxurens (1+€7™) B uncmrene dopmyitst (40) 03HA4aCT, MTO KO-
sypumenT orpakenna R gormxeH ofpalaThea 8 HONb NPH ONPe/ecHHBIX 3HAUCHHAX
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paccroaHns d Meay Gapbepasi. [IpHpaBHHBAR 3TOT MHOKHTEIb HYTTIO, HAXOAHM

| 1
kd I % (2n+1) “("+§] n("+5)
e =—l=e ’ d=T= ﬁ."=0.1.2.3.-~ v (‘")
=M

Orcroa BHAHO, 9T0 KOd(pHImIeRT oTpakeHna o0pamiaeTcs B HOJIb He NPH 0JIHOM, a
IIPH MHOTHX 3HAUCHHAX PACCTOAHHA d MCAKITY OJHHOMHBIMH GapbepamMu.

BriGHpas TakHM cnioco0oM paccToaane d B dopamyne (40), Mul gocTHraeM »(hdexra
H30HPATeIBHOCTH, T.€. TOTO, 4TO YACTHIA C Maccoi m u ¢ neprueii £ 6yaer ceoboaHO
NPOXOAHTh, §€3 BCAKOIO OTPAXCHHA, 4epe3 NOTCHUHAIbHRIE Oapbep, COCTORMIMI H3
JIBYX OJIHHAKOBEIX YacTei.

Ecan HMeeTCH BO3MOKHOCTD H3MCHATH PACCTOZHHE @ MCAIY ABYMA IIOTCHIH-
ATbHBIMH OapbepaMH, TO NPEACTABIACT HHTEPEC NPOCIEAHTH 3aBHCHMOCTh KO3(-
¢unnenTa npoxoaaeHus S(d), BHYHCIEHHOIO ¢ HCHOIb30BaHHeM (opayanl (40),
NPH HACTHRIX 3HAYCHHAX MACCH # 3Hepruu. Ha puc. 3 nokasaH pe3yiasraT Takoro
pacyeTa, BRINOIHEHHOrO 1A cny9ad, korfga: E=05mm; =3, m; =4.

W W T

S -~
a ‘

0 2 -4 6 8 d

Prc. 3. Tpadaxn koxpdumsesTa npoxoxtesns S(m.£E.d),
TPH 3HATSHHH Heprin £ « 0.5 114 A8YX IHa9eHHii Macc: m = 3 Hm = 4
Fig. 3. Graphs of the transmission coefficient S(m.E.d),
at an energy value of £ ~ 0.5 for two mass values: m ~ 3 and m ~ 4

M3 31oro pacuera BHAHO, 9TO CymecTByeT 3(peKT cemapammy 9acTHI, paszTHYaio-
LHXCA 10 Macce. Peryiaupys paccrosune d Meay GapbepaMH, MOKHO Z00HTHCA [PO-
XOAKJCHHA 0/IHOI H3 YACTHII H MPH 3TOM NPOXo&AeHHe Apyroii OyaeT nomrocTeio 6110-
KHPOBAHO.

BIOKHPOBAHHE I'eTHOHA ONPEASIACTCA YYACTKAMH CIUIOMIHOI KPHBOIL, JICKAILHMH
Ha TOPH3OHTATEHON ocH, TIpH 21oM ecH d €[5, 6], T0 BoMHE Ko HIHEHTa TPOXOK-

JeHHA BAYT B npoTHBOdase. IT0 03HAYAET, 9T0 Ha OoibInedl MACTH OTMEUEHHOTO HH-
TepBAZa Mbl HMEEM CBEDXBBICOKHE 3HAYCHHA KOAMDDHUHCHTA pasieIcHHA Iemii-
reTHoHOBOM cMecH, B Tom, uTo H3oTon ‘He MPOXOAHT Hepes cocTaBHbE Gaphephl Tyd-
me, McM ’H.t. HCT HHYCTO YIHBHTCIBHOIO. HOCKOIIbe JAKC 10 MCpKaM K/IAC CHYEeCKO#t
MEXAHHKH HacTHIA, HMeomas ToT & 3h(QekTHBHBI paiMep, HO GONBIIVIO Maccy,
JO0TAKHA MPOXOANTE Ty,
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Jara0enne

TonyueHo anaTHTHYECKOE peINenHe HHTerpaabHoro ypasmenua llpeammrepa, w3
KOTOPOro Cpasy ClIeAVIOT BHPaACHHA 118 K03(HIIHCHTOB OTPAKCHHA H NPOXOAIC-
HHA. BrarojapA HATHYHIO BTOporo dapbepa, Ko3pOHIMERT oTpaxeRHa ofpamaeTca B
HOJb B TIOCTEJOBATENRHOCTH IHAUSHHH 110 PACCTOAHHAM MEAy MOHOATOMHBIMH CIOA-
MH MeMOpaHbl. ITO OIHAYACT, YTO HA ITHX JHCTAHUHAX KOIGPHUHCHT NPOXOMKICHHA
reHA OYAeT paBeH eaHHHNe. B To &e BpeMA reHOH, HMEIOIHI APYyTvio Maccy, He Oy-
ACT HMETh PE30HAHCHOTO MNPOXOAJICHHA HA YKa3aHHBIX MHCTAHIHAX MEAIY CIOAMH
MeMOpAaHSL.

Taxkum oGpa3zoM, 0Ha H3 KOMIOHEHT GYeT NpoXOauTh Hepes cHcTeMy Oaphepos,
apyrai e He Oyaer npoxoauts BoBce. B pesyisrate Mbi nomyuaeM 3(@exTHBHYIO
CHCTEMY V14 MPOCEHBAHHA H3OTONOB. DTY CHCTEMY MOXKHO HACTPaHBAThH Ha pajiene-
HHE TA30B. MEHAA paccToAHHe Mexny Oapsepamu. [Ipm 3ToM BBIBOIE!I OKasKIBAIOTCA
CHPABEUIHBBIMH U1 CBEPXTOHKHX OAHHAKOBBIX GapbepoB pasHaHOoil GOopMbL.
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In this paper, the question about the use of wave dynamics for solving problems of membrane
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dimensionless form of the stationary Schrodinger differential equation is obtained. Following that,
the mtegral representation form of the wave function is written, This form, which is equivalent to
the classical equation. is similar to the integral equation with a degenerate core; however, it
contains a modulus of the argument with a shift along the real axis. Using the shift opemator, the
existing exponential function in the Schrodinger integral equation can be split into a differential
operator and an exponential function of the argument module which does not contain a shift. The
Fourier identity allows reducing the exponent of the modulus of the argument to a regular
exponent. Next, based on the general property of a differential operator acting on an exponent, it
is possible to calculate the spectral fimctions of the problem and write down the distribution for
the wave function. This distribution is ultimately expressed through the spectra of the potential
barrier. Thereafter, the structure and the spectrum of the composite barrier are considered. With
the expression determining the reflection coefficient, it is found that the double-barrier system can
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ALB. Tyn-Py, MLA. Bytenunxos, C. Kambaa, C.I' 11 Hbasinos

ONPEJAEJTEHHE YACTOT NONEPEYHBIX KOJIEBAHHIT
HNEPEXO/IHHKOB H TVIIHKOBBIX OTBETB/IEHHII I' A30IIPOBOJIOB

C nOMOmEK BOIHOBOIO YPABHCHHA UM yHPYTroft aedOpMAIHH OCCBOM THHHH
TpyORL, A TAXKC MCTOZA PRIJACICHHS NepeMcHHBIX B dynxunn Kperiosa, Hailneno
TOYHOE pelIenie IAIATH O PacTPOCTPAHeHHA MAThX Aedopmamidil no Tpyse,
HMEOmEeH PAVIHIMEIE CHIOCODH! JAKPEIeNHs Ha KOHLAX BRAENEHHOTO QparMen-

Ta TpySonposona. [IpeacTasneHE! TAKKS KOMIIAKTHEIC IIPOTPAMME! pacieTa Gopa
H 9ACTOT KoneSaHHI BO BCEX PACCMATPHEACMEIX CTYHARX IAKPEIUICHHS KOHIIOB

TpyGnt.

KaloueBnie cI0Ba: gipazvesm mpyoonposodd, VIPVeas S0THA, CIMORUAR S0IHA
OCEBOU ANHIN, CHEXIP HACMON, OCHOSHOI IMOH KOTeOaHul,

BubGpaims TpyOGONpoBOIOB ABMAIOTCA OCHOBHBIM (PAKTOPOM, KOTOpBIH BBIBOIHT
CHCTEMY rasonofav H3 cTpoA. [1o3ToMY BAKHBIMH ABNAKOTCA YTIyOneHHOe IMOHHMA-
HHE SBIeHHH, NPHBOAMIIHX K BHOPAINUIM, H MOCTpoeHHe MD(EeKTHBHMIX MaTeMaTHUe-
CKHX Monenefi koneGanuil crenok TpyGet. B padore [1] Ha ocHOBE HKCNEPHMEHTATLHBIX
HCCAS0BAHMI OIHCAHB! BOIMOKHBIC IPHYHHEL AKY CTHHECKH-HHYIHPOBaHHON BHOpa-
IHH H MPCUTOACHBI MCPHI 10 CHHAKCHHIO BHOpPAIMOHHON HATPY3KH Ta3zonpoBoja.
B [2] paccMoTpeHa MoZenbh BHOPALHOHHOTO aHAMH3a TPYOONpPOBOAa MOX AeiicTBHEM
MyIbcaHoOHHON MY(TH gaBIeHHA rasa. [IPHBOAHTCA VpaBHEHHE BRIHYKIeHHON BHO-
paunH TpyGONMpoOBOda, NO3BOIAIONIEE ONPEdeIHTh CKOPOCTH BHOPAIMOHHOIO CMelle-
HHA TPYGONPOBO/a B SABHCHMOCTH OT CKOpOCTH noaaun raza. B [3] onmcan meron
KOHEYHBIX 3IEMEHTOB. IIPHMeHAeMBIH A onpelaeneHna BHOPOAKYCTHISCKHX XapaKTe-
pHCTHK TpyGonposoanofi cHcremil. PaspaloTaHnbie METOIHKH OPHEHTHPOBAHLI Ha
AHaMeTp TPyOONpoBoja, 3HAMHTENEHO MEHBIUH, HeM JUIHHA aKYCTHHECKO BOMHLL B
AHAKOCTH, Pe3vabTaThl TCOPETHHCCKHX HCCICIOBAHHN NMOATBEPAIACHB! IKCHEPHMEH-
TanbHBIMH JAHHBIMH, TOTYHMCHHEMMH HA THAPABIHYCCKOM creHae. PaGota [4] mocsauie-
Ha OOCYAICHHIO MEXaHH3IMOB, NPHBOIANIMX K BHOpammwaM TpyOONpPOBOAOB, @ TaKAke
paspaboTKe Mep KOPPeKTHPYIOMEro odcnyaHBaHuA TpyOonposodos. B [5] npemtara-
eTCA MOBBIAl MeTO/l INOHCKa H YIUIOTHEHHA OTAHYHTE/IBHLIX IPHIHAKOB aKyCTHIECKHX
CHI'HAJZIOB, NOCTYNAIOMHX ¢ MHKPODOHHLIX JATYHKOB, YCTAHOB/ICHHAIX Ha CHCTEME 0X-
JIAAICHHA ATOMHOM NCKTPOCTAHIH Tabopatoproro macmrada. [peanaracMuiil MeTos
NO3BOIRET VIVHMIIHTG TOMHOCTh KJIACCH(HKAIHNH JAHHBIX, HECMOTPA HA TPOMKHC Ma-
INHHHEBIE NTYMBI TOOTH30CTH,

Taxum ofpasoM, H3IMeHAIOMeeC JaRIeHHe B CHCTeMaX MOJaYH cpefll, rasa HIH
AHIAKOCTH, ABIAETCH OPHYHHOA BOIHHKHOBeHHN BHOpaunil 8 TpySonposoje, KoTophie
HPH ONPSICTSHHBIX YCIOBHAX MOIYT NPHBOAHTE K PEIOHAHCHRIM ABICHHAM H pa3py-
INCHHIO Y3/1a TEXHHYCCKOT CHCTEMBI.

XABCPAIT 4
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JdaddepennEaIbaoe VPABHCHHE CTATHYECKOI0 NPOrHda Tpyo sl
1O ACHCTBHEM HONCPeIHOR HArPY IKH

Ha puc. 1 nokasad npHMep TPYOB! [JUTHHBI L. 3aKpeIUIeHHO ¢ OJHOrO HIH ABYX
KOHIIOB, Ha KOTOPYIO JeficTBYeT nonepeyHas Harpyska ¢(x). TpeGyerca naittan mudde-
PEHLHANLHOE YPABMEHHE, ONHChIBaOMee Npornd w(x) ocH y1of nonoft KOHCTPYKIHH.

gt 4

' A
e S 2b |2a

et et e e e e e e e bttt ettt s

Y

L

- -

Prc. 1. 3cxr3 6ankH, BRNOTHEHHON KOHCTPYKTHEHO B BHAe
ITUTHHAPHYCKOH TPYOL!, 3aKpernieHHOH ¢ 0AHOTO HIH ABYX KOHIOB
Fig. 1. Beam design represented constructively
as a cylindncal pipe fixed at one or two ends

TIpuGmKeHHAA HH/KCHEPHAA TCOPHA, MPHIOIHAA JUTA MA/TKIX JedopMalHii, OCHOBA~
HA Ha OPEIIONOMKEHHH O TOM. WTO NOTeHUHANbHAA 3HEPrHaf YNPYIHX Aedopmamuii
NPONOPIHOHATEHA KBAAPATY KPHEHIAL! 0CeBOH MHHIH H BRIPAKAETCH HHTEIPATIOM

(I:—j‘&](—;]-dt. (1)

B HeM v « w(Y) — HCKOMOE YpaBHEHHE 0CeBOi MHHHH, A BhlpaxeHHe EJ Ha3pBaeTCA KO-
> PHIIHEHTOM KeCTKOCTH Ha H3IrHO H COCTOHT H3 NpOoH3BedeHHA Moayna IOura E H
IreOMETPHYECKOr0 MOMEHTA HHepUHH J NONepedHoro cedenHs GalkH OTHOCHTENLHO
OCH, HPOXOJANIEH Heped LEHTP TAKECTH CEHeHHA, H NEPHEHIHKYINPHOR K IUIOCKOCTH
Hiruba.

Tax, HANMPAMCP, B COPABOTHHKAX MOKHO HAHTH, 9TO A CTAIH Moxynb HOura pa-
Ben £ = 20.6 10'° HAC. [Ina xpyrio#i muiHHApHIecKkoif TpYGhI, NOKa3aHHOHN Ha prC. 1,
TUIOIIA b ITOMEPEeYHOTO CeIeHHA S H MOMEHT MHepIHH J

2n o« 334 2,32
S= x(az —bz). J= J.dcp'[siu"q»r’drzxa d =s-Z L :
> 3 4 4

C npyroii CTOpOHR, MOTCHIHANBHAA 3HCPrHA YIPYrHx aedopmammii (1) obfpazosa-
7ach 3a cueT paboThl A CHII nonepewHoii HarpyskH g(x) Ha nepeMemeH s wix)

L
A= [gqwdx. (3)
4]
Taxsum oGpazom, npupasHHBag sapaxesnd (1) # (3), noayuaesm paBeHCTBO
12 (d*w ) -
EI“l_df-‘ ] dx = [ qua. @)
0 (1]
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113 HUTErpansHOro BRIpakKeHHs (4) HyKHO onpefenuTh (PYHKIHIO W(Y), TaKylo, Ko-
TOpaA NpHJaeT MHHHMAaIbHOE 3HaMeHHe (yHKIHOHANY (4). DTO JOCTHraeTcA MpHMeHe-
HHEM CPEJICTE BAPHAIHOHHOIO HCHHCIEHHA. BhMuCIas BapHanio o1 06enx vacreit pa-
BEeHCTBa (4), HAXOAHM!:

L L
j EJ w's(w") dx = j q(x) 8(w) dx. (5)
0 0

ITox Bapuammeit 6(w) oOBIMHO MOAPA3YMEBACTCA MPOM3BOINBHAA (DYHKIUHA OT Tepe-
MEHHOI ¥, KOTOpasd OIpaHHueHa TeM YCIOBHEM, YTO JouKHa ofpanarses B HOIbL Ha
KOHIIAX HHTepBala HHTeIrpHpoBaHHsi. KpoMe TOTo, onepalusi BapHalHi IepecTaHoBOY
Ha ¢ onepaupeii QGEPEHIIHPOBAHMA, T.¢. BHITOTHACTCA PABEHCTBO

S(w) = (%8(\1'). (6)

Vuursias 370 06CTOATENBCTBO, MOKHO HHTEIpaJl B JICBOH uacTH (5) NpOHHTEIPH-
poBaTh JBa pasa 1o yacTaM. HHTErpHpy A nepsoiii pas, noiyaum

L L L
IEJu"B(u")dv = _[ EM" —(!-6(\1")(1\' = E.Iu”&(u’)l;‘ - I-(!—(E.Iu")t}(u’)d\‘. (7
s s dx 5 dx

TouHO TaK JKe, 110C/Ie BTOPOro HHTErPHPOBAHHA 10 YaCTAM, IOJIYYAeTCs BhIpakeHHe

L L 42
[ Ems(w dx = EIw"5(w)g —i[EJw"]S(wng +] 4 (EMYS(Wdx.  (8)
) dx ° dx”

Taxum obpazom, popmyna (5) nocie noacTanorkH (8) npuobpeTaer BH
d £y f[ P 2
ES(wW|E —-[Em*18(w)|; + [| = | £7 —q(x) | 8(w)dx = 0. 9
W)y === [EM180w)g {[dxz( d\']q()]() ©)
BHe-HHTerpanbHble WIeHBI B ypaBHeHHH (9) oOpamaioTca B HONb, TaK KAK CYHTAeTCA,
1o BapHampy 6(w) 1 6(W') paBHBI HY/IIO Ha KOHIAX paccMaTpuBaeMoit oGnacti (rpu
X=0nnpHxy=L).

DTO NPHBOAHT K PABECHCTBY HYJ/IIO HHTCIPAIbHOIO wicHa B (opmyne (9), 4to, B
CBOKO Ovepe/ib, TpeGyeT paBeHcTsa HYIO BBIPDAKEHMA B KBaJpaTHRIX ckoOkax. B pe-
3yJabTaTe MPHXOAHM K AH(p¢epeHIHAIBHOMY YPABHEHHIO, OINpeaeNsomeMy (yHKITHIO
rporuda w(x):

W
2

2 2
"—,[ EJ”—‘%) = q(x). (10)
dx” dx”

Taxkum oOpa3oM, ecIH HaM H3BeCTHA IONepevHas Harpyska Ha TpyOy ¢(x), To ams
nosyueHuA nporuda w(x) HyKHO 1POCTO pewats AddepeHuHansioe ypasHenue (10)
AHAIHTHYECKHM HIH YHCIEHHBIM CIIOCOOOM ¢ COOTBETCTBYIOMMMH IPAHHYHBIMH YCII0-
BHAMH Ha KOHIAX. IToCKOIBKY 3TO ypaBHeHHe YeTBepTOro MopaaKa, TO HyKHO 3a1aBaTh
YETHIPE TPAHHMHBIX YCIOBHA, B KAMECTBE KOTOPBIX MOKHO 3aJABATH 3HAYCHHA (DYHKIIHH
W(X) H ee NPONIBOAHLIX, WIN HX JIHHeHble KOMOHHAIHH, TIPH ¥ = 0 1 X = L. VpanHe-
HHe (10) ABIACTCA OCHOBHBIM YPAaBHCHHEM, OIHCHIBAIOIIMM IOICPEUHBIC KOIeOaHMA
(pparmenTta TpyGonpososa. OHO 0GBIYHO NPHBOAHTCA B YYeGHHKAX 110 CONPOTHRBIEHHIO
MarepHanos 6e3 nogApobHOro BEIBOJA, TaK Kak ypasHerHe (10) MOKHO IOTYYIHTH MHO-
THMH Pa3THIHBIMH CIIOCOoOaMH.
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OTMeTHM cIeayIoNIHe BaAHbIe A pacyeTa GopMysl. Harabaronmit MomeHT M(X)
H ronepeuHai ciaa F{x). KOTOphie PHIOKCHH K TPyOe B CEUCHHH X = Const, ompene-
JIAKOTCA BRIPAKEHHAMH:

d*w d d*w
EJ =M(x), —|EJ =F(x). 11
M dx[ dx:] &) (1)

@opuymst (11) MOXKHO HCMONBIOBATH /UIN pacteTa ITHX BeINYHH, eCTH HIBeCTHa
(bynxima nporuda wix).

Taxas jneMeHTapHaf T€OPHA MPOrHda MHPOKO MPHMEHAETCH B CTPOHTEILHON Me-
XaHHKe NPH H3YHeHHH Nporuta MOCTOB HIH APYTHX Gal0uHRIX KOHCTpYKumiT moa gei-
CTBHEM HETOMBHAKHBIX HIH TOIBIKHBIX PY3OB NPH Pa3THYHBIX YCIOBHAX 3aKpelUic-
HHA KOHIOB KOHCTPYKIHEH.

I'panHTHEE YCTOBHA TNPH pemieHiH auddepeHnHEatsHoro ypasHenns (10) nomknn
BBIGHPATECA B 3ABHCHMOCTH OT Crocoba 3aKpeIricHHA KOHUoB TpyOet. Tax, Hanmpumep,
ecH 00a KOHIIA JKeCTKO 3a/KaThl, TO JAOKHB! BHITIONHATECA CIEAVIONIHE YEThIpe Tpa-
HIYHBIX VCIIOBHA:

w(0)=0, w'(0)=0, w(L)=0. w(L)=0. (12)

Ecm Bropoii RoHel cBoGOACH. TO HAa HeM JIOJKHE OBIThH PaBHEI HYIO CHIA H MO-
MEHT, NPHIOKEHHBIC B ceyeHHH ¥ = L. Torga u3 (11) caeayer, uro s 1pyGel nocro-
AHHOTO CeHMeHHA rPaHHYTHEIe YCIOBHA OVIYT HMETh BHI

w0)=0, w(0)=0, wi(L)=0, w"(L)=0. (13)

To ecTh Ha cBOGOIHOM KOHIIE BTOPAA H TPEThA NPOH3BOAHAR OT QYHKIHH npornda wix)
JIOTKHB! 00e 00pamaTsca B HOh.

Koneuno, Bca Teopia nporuba 3HAMHTE/IbHO YCIOKHACTCA, CCIIH IIONCPETHOE Cete-
HHe TPYOBI He CHMMETPHIHO. B 2TOM ¢/Ty4ae He CYIIECTRYIOT YHCTO H3THOHBIE Aedop-
MAaIIHH, TOCKOMILKY NOABIAIOTCA elne KpyTHibHBe Aedopmainn. [lonepeunsle ceueHHs
TpyGbl HPH 3TOM MOTYHAtOTCA He MWIOCKuMH Gurypamu. B rakux cny4asx rpydsl co-
BEPIIAIOT COBMECTHEIE YIIPYTO-KPYTH/IBHBE AepOpPMAIiHH.

lonepeunnie HIrHOHBIC KOTCOAHHS YOPYT0il TPYOBI

JuddepesutanbHOC YPaBHCHHE [OMEPEHBIX KodeGanuit vipyrofl 1pyGal MOAHO
MOTYYIHTE H3 OCHOBHOTO CTATHYECKOTO ypaHeHHA (10), 3aMeHAR B HeM Harpysky q(x)
CHIIOM HHEPIHH e HHHYMHOTO (parMenTa TPy ORI

&w
q(x)=-pS—. (14)
ot~

3ech S ~ NIomaIh cedeHnd, a p — IMOTHOCTh MaTepHata TpyOsl. IR cTalIH »7a MmIoT-
HOCTH NPHOMH3IHTEIBHO PaBHA p = 810 xrivt’.
TaxuM o8pazoM, ypaBHEeHHE HIIHOHBIX KoneOasuil TpyOrl HMEeT BHI
E-(EJ&‘,"]WSC",":O. (15)
v a1

&‘,2
Ecm TpyGa HMeeT MOCTOAHHOE NoNepevHoe ceueHHe, T0 KodGpHIHeHT AeCTKOCTH
EJ MOAHO BRIHECTH 3a CKOOKY H ypasHenue (15) yupouaerca:

B i) (16)
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Pemenne ypasaerna (16) MOXKHO HCKaTh B BHJE NPOH3IBEACHHA JBYX MHOXKHTEIeH,
OHH H3 KOTOPBIX SBIACTCA MEPHOANYCCKOl (yHKIHEH BpeMeHE H KonebaeTcd ¢ yIio-
Boft yacToTof M:

w(x,7) = cos{@r + &) W(x). (17)
Toraa anz dyuaxuun Wx) noryuaerca obnKkHOBeHHOE b depeHIHATEHOC YPaBHEHHE,
ONpe IeTIAIOLIEE CTOAUYIO BOIHY OCEBOI THHHM:
da‘w 1 ( pSa’Lt )
- W =0. (18)
&t '\ E

Bripaxenue B KpyrasIx ckobkax B hopmyne (18) npesgcraBuser coboii GespasMepHyio
penHyHEY. TTo3TOMY HMEET CMBICI BBECTH JUI HET'O CHCHHANBHOS 0003HAYCHHE:

pSo’L'
EJ
Ecan 3HaYeHHe MapaMeTpa A HaM H3BECTHO, To H3 (19) MOKHO HallTH 4acToTy Koneba-

HHH TPYOH! ©:
4 2
o?=E 7; 1 =2 \[z‘ﬁ (20)
pSL LVSYp

Pazuxaist B Gopmyne (20) HMEOT cleaylomuil GpH3HIecknil cMbpICT: o/J/S — paan-

2t (19)

YC HHEPUHH TMONEPEYHOIro CEeYeHHA TpyOH, se.mmla\/—E/_p HMEET paIMEPHOCTh
CKOPOCTH H ONpee/set MOPANOK BEAHYHHB CKOPOCTH IEPEMCIICHHA TOUCK oepey-
HOTO CeYeHHA TPYOH OpH H3rHOHEIX Jedopmamuax. [lna  cramsHoOil  TpyOM
JE/; = 13622 m/c. H3 doparyas: (2) Takae HMeeM, YTO A1 MIUTHHIPHIECKOH TPYOH
C BHENIHHM PaJHyCOM a H BHYTPEHHIM b PaIHyC HHEPIHH NONePeTHOro cedeHna KOH-

cTpyKum 6y7er paser \J/S =Va© +b°/2 = a2, Taxum o6pasos, yriosas sactora
NOTEPEYHbIX KonedaHHi TPYOHI 3JaBHCHT OT €€ PA3MEPOB H OT 0e3paMEPHOro MapaMeT-
Pa A, KOTOPHIi MOKHO HAfITH H3 YCTIOBHI 3aKpeIUTeHHA ee KOHLOB.
CTalHOHAPHOE YPABHCHHE A CPEAHHX MOM0KEHHA KOMCOHOMMXCA TOMEK 0CeBOR
AHHHH ¢ y4eToM 0603HaueHHA (19) 3aHCHIBACTCA B BHIC
a‘w a?
-—W =0. (21)
&' r
Ero obuiee pelicHre ¢ NPOH3BOIbHBIME KOHCTaHTaMH A, B, C, D Bplpaxactca Hepes
THNepOOIHYECKHe H TPHIOHOMETpHYECKHE (DYHKINH H 3alHCHIBACTCA B BHIE

W(x)=AchA> + Beosi~+CshA+DsinA . (22)
L L L L

PemteHus 118 MACTHBIX CIVIAEB 3AKPEILIeHHS KOHIOB TPYObI

PacemotpuM pemenns ypaBHeHna (21) a1 TpeX CIydacs 3aKpeIUICHHA KPaes Tpy-
Obl: 0Da KOHIIA AKECTKO 3aKaThl; 0Da KOHIAa ABIIIOTCA CBOGOAHBIMH, OJHH KOHEII KecT-
KO 3a%aT, a BIOPOii ABIACTCA CBOOOIHEIM.

B nepeoM ¢/1y4ae 20/DKHBL BRINOTHATHCA I'PAHHYHBIC YCIOBHA:

W(0)y=0, W'0)=0: W(L)=0, W'(L)=0. (23)
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OHH 03HAYAIOT, YTO OCeBad MHHHA V = W (X) CONPHKACACTCA C MPAMOIHHEHHRIM OTpe3-

KOM JUTHHE L Ha ero koHIax. B 3ToM ciydae pemenne BHAa (22) MOKHO COCTABHTE B
BHIIC CCAYIOICH THHETHOT KOMOHHALMH H3 ABYX (VHKIHIL:

W(x)= A[ch).ﬁ-cosa.f-]+B[sh;.l-sin;.i]. (24)
L L L L

31eck, 09eBHAHO, o0e (VHKIMH B KBANPATHBIX CKOOKaX, Ha3bBaeMble OOBMHO (HYVHK-
mismMe Kpeuiosa, yosrersopmoT ypasHeHHIO (21) H oOpamalorcs B HONbL BMeECTE C
nepsoft npomssoxHoft npH x = 0. Ipanuunebie yenosux (23) s seipamenns (24) Ha
BTOPOM KOHUE TpYOn! (HpH X = L) 3aiHuIeM B BHAC ABYX PABCHCTB:

W(L)= A[chA —cosi]+B[shi—sin ]=0,

e Kigis o % 8 (25)
W'(L)= Az[sh/.+smk]+ Bz[chl.—cos).]= 0.

Takum ofpazoM, NOIYHaeM OJHOPOJHYIO CHCTEMY ABYX @IreéSpaHvecKHX YpaBHEHHH
OTHOCHTENRHO KO HIIHEHTOB A 0 B:
A[cha —cosh]+ B[shi -sinn]=0,
A[shi+sini]+B[chi—cosi]=0.
Jl1a Toro uToGEl 3Ta CHCTEMA HMENa HCHYICBOC PELICHHE, HC0GX0 MO, 1ToGH c¢ on-
peaenHTenh ObU1 paBeH HYITIO, H. KPOME TOTO, MOAHO BBIPA3HTh KO3 QHIMEHT B yepes
xo3dupiHeHT A no dopmyte

(26)

chi—cosi
B=—A——— 27

Tozctasmaa (27) B (24), nonydaeM CIEIYIONEE BHIPAKEHHE U4 NONEPEYHOrO nporuba
TPYOBI, KECTKO JAKPEIUIeHHOM Ha ee KOHUAX, ¢ TOYHOCTHIO 0 NOCTOAHHOIO MHOKHTEA A:

W(x)= [ch).i —cos 11]-—°h;‘ =l [sh S —sin ;.i]. (28)
L L] shi-sini L L
[NapameTp 4 HaiieM H3 YCIOBHA PaBeHCTBA HYJIO ONpeeNHTeNIs CHCTeMB (26):
chA—cosh shi—-smi
shi+sind chi-cosi
[Mocsie BBIYHCIICHHA H YIPOIIEHHA YTOr0 ONpeIeTHTEN A, NOTyIaeM
(cha—cosh) —(sha+sinA)(shA —sink)=
ch® A —2chAcosh+cos’ A—sh’ A+sin’ A =2-2chicosk =0.
XapakTepHCTHYECKOE YPaBHEHHE U1 ONpeieneHNA MapaMeTpa A HMEeT BH
chi.cosh=1. (29)
Vpaprenne (29) nMeer OeckoHeqHOE MHOKECTBO KopHei. KopHio A = 0 cooTBeTCT-
Byer pemenne W(x) « 0. OcTanbHelc NONOKHTEIbHBE KOPHH ypaBHeHHA (29) MomHO

BBIMHCIHTE KAKHM-THO0 YHCICHHBIM criocofoM. OHH HMET CHeIYIOWHE NPHOTIKEH-
HBI€ THCIIOBRIC 3HACHHA!

Ay =4.730, kh,=7853, &, =10996, i, =14.137, A, =17279..  (30)

Iprgem ana SonbluuX 3Ha4eHH n > 3 ¢ Xopomeil TOYHOCTBIO BHINOIHACTCA Clie-
AyiOoNee COOTHOMEHHE!

Mpey Th, 7,
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Tak Kaxk 14 KaKIOro 3HAYeHHA KOPHA A, CYNIECTBYET CBOA HacTOTa KoJeGaHHii,
BBMHCIAeMax 1o Gopayne (20), u cBoz dopma xonebanuit (cM. (28)), To

x x| chi, —cosi X x
W, =|chA, ——cosA, — |-—2—-—T |ghA ——sinA,—|. 31
") [c F ] shi, ~sink, [s VEC "L] %

L
TMosoGHbie GOpMY IRl MOKHO HOMYHHTL H /U4 APYTHX CHOCOG0B 3aKPEIUICHHA KOH-
110B TPYOHI.
Bo Bropom ciyuae 3akpervieHis, Korja oba KOHIA JBIAOTCA CBOOOIHBIME, IPAHHY-
HBI¢ VCIIOBHA CBOAATCA K PABEHCTBY HYJIHO CHUIBI H MOMeHTa (11), T.¢. Ha 00OHX KOHUAX

JIOAHBI PABHATECK HY/TIO BTOPAR H TPEThA NPOH3IBOIHAA N0 ¥ 0T QyHKImH H(x):
W (0)=0, W"(0)=0; W' (L)y=0, W*(L)=0. (32)
JI:1a 371010 CIyUAA PELICHHE YPaBHCHHA KoaeGanuil (21) ciejyer HeKaTh B B
x x b IR |
Wix)=. A= A— A— A=
(x) d[ch/ L+cos L]+B[sh L+sm L] (33)

JleficTBHTEIBHO, 37ech 00¢ (DYHKIHH B KBAIPATHEIX CKOOKAX VIOBIETBOPAIOT YCIOBHIO
PaBeHCTBa HYTO BTOPOit H TpeTheil NMpoH3BOAHOMH NpH X « 0. YToOH! 3TH YCIO0BHA BHI-
NOMHATHCH TAKAKE H OPH ¥ = L, HMEEM CIeAYIOMYIO OQHOPOIHYIO CHCTEMY NHHEHHBIX
YpaBHeHHH OTHOCHTETBHO KoMpumienTos A i B:

A[chx-cosi]+ B[shi ~sin 2]=0,

A[sh2+sin 4|+ B[chA ~cosi]=0.

Ona oKa3anach B TOYHOCTH COBNAJAOIIEH ¢ aHANOTHYHON cHcTeMol (26) ana TpyOnl
C ABYMA 3aAKATRIMH KOHUAMH. Io3TOMy KOPHH XapaKTepPHCTHYECKOTO YPaBHEHHA Ay
OynayT coBnagats ¢ aHcIamH (30). 3T0 rOBOPHT O TOM, YTO HaCTOTH! KoNeOaHHH AR
TpyObl ¢cO cBOGOAHBIME KOHUAMH GyAyT TAKHMH K¢, Kak H 214 TpyObl ¢ 3amaTbiMH
KoHIaMH. Omiako GopMel HX KoJedaHHit B 9TOM cydae OyayT ApyramMu. OHH, B OTTH-
ue 01 GopMyist (31), HMEIOT CeyIon i BHA:

W, (x) = [ch:., X fcosh, i]-w [sm.,,i»,sinxn 1]. (34)
L L] shi,—sini, L L
H13 2TOro pemennsa BHIHO, 910 GYHKUHA W,(X) H ee MPOH3IBOAHAA 1O ¥ He PABHEl HYTIO

mpHY = 0nnpux =~ L
Tperuit cayqaii: TpyGa 3amemieHa B Touke x =0, a apyroft ee koHen ¢BoGOICH.
Torna rpaHHYHEe YCIOBHA /1A YpaBHeHHA (21) HMeioT BHA

W(0)=0, W'(0)=0: W"(L)y=0, W"(L)=0. (35)
B 3T0M cayuae pemenue cleyeT HCRaTh B hopme (28), Te.
W(x)=A[chxl-cosxi]+3[shzi—sin Aﬁ]. (36)
L L L L

IlpHpaBHEBaA K HYMO B TOYKE X = L BTOPYIO H TPETHIO MPOHIBOJHEIE OT ()VHKINH
(36) no mepeMeHHO Y, IOTYTHM CHCTEMY JABYX MHHCHHBIX YPaBHCHHI OTHOCHTCIBHO

ko3 dHIHEHTOB A H B, KOTOpas HMEET CleIyIOnIHit BH:
AlchA+cosr]+B[shi+sinr] =0,

7
A[shi-smi]+B[chi+cosr]=0. (37)
I3 ee mepBoro ypaBHeHH® HAXOAHM KodthduimenT B:
YL (38)
sha +sini
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PacKpHiBas H YIPOIIAA OMpEIeTHTe b CHCTeMBI (37), mMeeM
(chi+cosh) —(sh2 A—sin’ }.) =2+2chi-cosh =0.

OTCHO4a CISIYET, HTO BEIHYHHBL A, ABIAIOTCH KOPHAMH XapaKTEPHCTHHECKOIO YPABHCHHA
chi-cosh =~1. (39)

OHH He coBnanaloT ¢ KopHAMH (30). BRMHCICHHbBIE YHCICHHBIM METOAOM, OHH HMEIOT
CIIeVIONIHNE NPHOIHAEHHbIE IHAYEHHA!

M =1875, hy =4.694, Ay =7.855 &,=10.996, ;s =14.137, g =17.279...(40)

CpaBHeHHe YTHX IHAUeHHH ¢ JAHHBIMH NpeJRAYImX 33437 (30) noxassBaeT, 410
OT/HYMHA KACAKOTCH TONLKO HEPBRIX TPEX KOPHEH, a OCTANBHBIC KOPHH HPAKTHHMCCKH
coBIanaloT. TakaM oOpasoM, 18 TpyOsl, ¥ KOTOpoii OJTHH KOHEI 3aKpevieH, a Apyrof
cB0OO/IeH, NepBhie TPH TOHA KoneGaHHil MMeloT Oolee HH3KYIO MacTOTY, a OCTATBHEIE
TOHB HMEIOT Te JK€ YACTOTHI, ITO H TPy0a ¢ ABYMA 3aKATHIME HIH C JBYMA CBOOOIHEI-
MH KOHIIAMH.

®opmul kKonebannit TpyOR, Yy KOTOPOH OTHH KOHEIl 3a/kaT, a APYToil KoHel cBobo-
JICH, ONPEACIRIOTCH CICIYIONIHM BhIPAKCHHEM:

\'] chh, +cosh,

X :
W (x)=|chi, ——cosk,_ —
w0 [ T " shi, +sink,

[shx,,i—sinx,, 1]. (41)
L L L

IIpumep pacuera
IlpeamonaraeTcs, 9T0 HAM H3BECTHRI MHCNIA A KaK KOPHH COOTBETCTBYIOMIHX XAPaK-
TEPHCTHYECKHX ypaBHeHHit (cm. (30) u (40)):
chi-cosh=1 u chi-cosA=-1.
Jlng pacgera coOCTBEHHBIX HacToT f = @/27 no dopaynam (20) # COOTBETCTBYIONIHX

dopy KosreGannii o suipakennan (31), (34) 1 (41) cocrasnena mporpamma.
PesynsTaThl padoThl mporpaMMBeI (1) mpeacTasieHsl Ha pHC. 2 H 3.

— . 1, : : .
B P ; = N rrasm 7
B0 [ SR ] S e R
0 i i A L -1 L { i
0 2 4 6 8 X 0 2 4 6 8 x
. \ : 1 { ; i
1 f=169.19 Tu \/ , \//fc 159.x9m\
-1 L ' O i i rh - i i - A
0 2 4 6 S X 0 2 4 6 8 x
! : ’ : ! ! ' 1 .
= 0 ot Zol : :
3 [=331.72 m\/ =  T-3mn
-1 1 1 1 -1 1 1 i 1
0 2 4 6 8 X 0 2 4 6 8 x

Puc. 2, ©opME H FacTOTH K01eGaHHi TpyOM © IBYMA 3AKATEIMH KOHUAMH (C/1eB84)
H ¢ ABYMS CBOGOAHEIMH KOHIIAMH (CIpaBa)
Fig. 2. Shapes and frequencies of vibrations for a pipe with two fixed (at the left)
and unfixed (at the right) ends
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f=169.23 Tu
i i i i i
0 2 - 6 8 X
Puc. 3. ©opubl B 9aCTOTE! KoNeGasnil 1pyGnt, 34410/ Ha OIHOM KPaK H cB0601HOM HA ApYToM
Fig. 3. Shapes and frequencies of vibrations for a pipe with one fixed and another unfixed ends

HauGonee Hu3kuit Tod /= 9.64 I'u coorsercrsyer Kophio A = 1.875 (eu. puc. 3)

Jarawyenue

B paMkax npeanonoAeHHA 0 MATOCTH H3THOHBIX AedopMaliit TpyGLI, IPH KOTOPBIX
dopMa ceueHHIT, HAXOMAUMHXCA B IUIOCKOCTAX, NEPICHIMKYIAPHBIX OCCBOH JIHHHMH J¢-
(opMupoBarHOro (parMenTa TPYOONPOBOIA, OCTASTCA TOCTOAHHOIN, TOTYYeHO ypaBHe-
HHe i H3rutHex gedopmanmii. Takoe vpaBHeHHE H paHee MOMYUATOCH PATHUHBIMH
cnocoGamy. B 1aHHOH paboTe 0HO BBHIBENCHO ¢ NPHMEHEHHEM CPEICTB BAPHALHOHHOIO
HCHHCTEHHA. [HIEPOOIHYECKOe VPABHEHHE T4 CMENICHHA TOYEK 0CeBOit THHHH TpYOn
HHTETPHpPYeTCA AHATHTHYECKH C NpHMeHeHHEM MeToJa pajiefieHHA NepeMeHHBIX H
(yuxunii Kpbriosa, ABIAKMEXCA (QYHIAMCHTANBHBIME PCLICHHAME COOTBETCTBYIOILCIO
CTAIHORAPHOTO YPABHEHHSA VIR 0CeBONH MHHHH. ECTECTBEHHO, YTO NOIYYAIONHEC JaCTO-
THI H (hOpMEI KOTeGaHHIT 3ABHCAT OT KOHKPETHRIX CTyUaeB 3AKPRIUICHHA KOHIOB TPYOBL

HcenenoBansl BCe BOIMOKHBIC BAPHAHTHL 3aKPEIVICHHA KOHLOB, CIEIO0BATENBHO, H
PACTPOCTPAHEHHA YIPYTHX BOMH MO OTJAEIBHOMY NPAMOYTOIBHOMY (parMenTy Tpy6o-
nposoja. CHeTHBIC MHOXCCTBA KOPHCH XapaKTCPHCTHYCCKHX YPABHCHHIT 14 CTOAYHX
BOJTH, OTBEYAIOWIHX KOHKPETHBIM COCODAM 3aKPEVIEHHA KOHLOB, ONPEEIAIOT CleK-
TpH vacToT Konebanmi. [lo Halinennofi B paboTe CBA3H YaCTOTH C KOPHAMH XapakTe-
PHCTHYECKOID YPABHCHHA JICI'KO ONPEACAAIOTCE OCHOBHON TOH YHPYIHX KoneSaHMH H
BCe Ipyrie Moam konebannit ¢parMenTa TpydonpoBoa.
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The paper presents a stationary equation for bending defonmations of a hollow rod derived by
means of vanational calculus, Further, the authors introduce into consideration an inertial term as
consistent with a standard procedwre and obtain the wave equation for pipe bending vibrations.
Applying the method of separation of variables, the resulting hyperbolic equation of vibrations is
reduced to an ordinary fowrth-order differential equation for a standing wave on the axial line of
the pipe. Fundamental solutions to the latter equation are referred to as the Krylov functions,
while the standing wave is represented as a linear combination of two independent Krylov
functions. The solution to the obtained homogeneous equation is only found at certain values of
characteristic parameters which are amounted to a countable set for each case of fixed ends of the
pipeline segment. Thus, the whole frequency spectrum of the pipe bending vibrations is
determined, and the main vibration mode is revealed for each case of fixed pipeline ends.
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L. Introduction

It becomes necessary to solve the Schrodinger equation, which is one of the most
important equations of mathematical physics in modeling the processes of low-tempera-
ture separation of gas compaonents. A fairly large number of modem works are devoted
to solving the nonlinear Schrodinger equation (NLSE). In particular, a method for con-
structing a class of exact analytical solutions of the NLSE model with varying dispersion,
nonlinearity, as well as gain or absorption, is developed in [1] Using the Lie syounetry
method, new solutions for nonlinear Schrodinger systems are constructed in [2]. Two
cases of exact solutions of the NLSE and an analytical solution of the three-dimensional
time-independent equation for a charged particle in the Geld of an exact electric dipole
are found in [3,4]. A functional ntegral, representing the solution of the wave equation,
Is obtained in [5]. Various properties of solutions of the extended nonlinear Schrodinger
equation, the tractional nonlinear diftusion equation, and the fractional nonlinear Schro-
dinger equation are studied in [6,7]. A number of works are devoted to the study of soli-
tons [8] and their stability [9], as well as to the question of soliton perturbations {10]. In
[11) the authors suggest an exact analy tical resolution method tor stationary Schrddinger
equations with polynomial potentials.

On the basis of various types of potential used in the equation, 1t is possible to single
out warks on solving the NLSE for an inseparable complex potential [12], the potential
function of the Morse osallator for a periodic external field [13], an arbitrary potential that
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wwwe et plcom/journalamat he matios

XABCPANT 5

103



Mathematics 2021 9, 2353

2ot1l

determines bound states [14], a non-central generalized inverse quadratic potential of Yu-
kawa within the Nikiforov-Uvarov framework [15]. Analytical solutions of the Schré-
dinger equation for some diatomic molecular potentials with any angular momentum are
obtained in [16]. Using the Nikiforov-Uvarov method, an exact solution of the N-dimen-
sional radial Schridinger equation with a generalized Comell potential is obtained in {17],
and one- and two-dimensional NLSE solutions with a double-well potential and a Stark-
type perturbing term are presented in [18]. The work presented in [19] proposes a solution
to the one-dimensional Schrodinger equation for a potential of a special form. The solution
is presented in terms of non-integer order Hermite functions. Finally, in [20] the authors
find and analyze the analytical Schrodinger equations with a singular potential of frac-
tional degree called the potential of the second Exton,

The Linear Schrodinger Equation (LSE) is considered learned. However, the problem
of wave transport through composite barriers is of great interest for membrane technolo-
gies of low-temperature gas separation.

2. Materials and Methods
2.1. The Schrixiinger Differential Equation
The differential equation of wave dynamics is:

2
LS L (1
2m i o

where W is the wave function; i is the Planck’s constant; LI is the energy of interaction
between the particle and the environment; ¢ is the mass of the particle, A is the Laplace
operator; i is the imaginary unit.

In the special case in which the potential energy U is clearly independent of time, the
solution to Equation (1) is found in the form:

Y=y, @)

where E is the particle energy and 1 is the wave function of coordinates,
Then, the following stationary Schridinger equation can be used to find the ampli-
tude of the wave {»

Aw%",—‘(z-bww. @

Below, we will present some analytical constructions which prove to be very eftective
inanalysing problems of isotope transmission through composite membranes. With prob-
lems concemning the low-temperature membrane separation of gas mixtures, the direction
of transter, perpendicular to the membrane surface, is of decisive importance. Therefore,
only a one-dimensional Schrodinger equation is enough to consider.

It is also convenient to have a dimensionless form of the equation of wave transfer ot
matter.

If the particle mass is referred to as mm, which is the mass of a hydrogen atom, the
energy scale is Lo, which is the depth of the potential well in the distribution of the energy
of a pair of interactions between the membrane substance and mobile particles, and the
length of the scale is taken as:

L=n/JmU, 4)

then the dimensionless equation of wave dynamics does not contain the Planck’s constant
h:

Z;‘f e 20 E~U(x)y = 0. 5

In record (3), all quantities are dimensionless, including the coordinate x.
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Thus, we reduced the number of problem constants by one. This is essential for fur-
ther analytical calculations.

2.2, The Integral Sclhadinger Equation and Its Transformations

The implementation of numerical methods for solving the Schrodinger differential
equation is focused on the finite region of variations of the independent variable, as well
as on matching the obtained numerical data with asymptotic distributions of the calcu-
lated value. Normally, the conditions of matching are understood as the equality of the
wave function itself and its derivative. However, there is no justification for using this
form of conditions. The size of the finite region of integration also requires substantiation.
In this connection, aiming to carry out integration along the entire real axis is important.
This can be done analytical methods. The Schradinger integral equation is quite suitable
for analytical analysis:

1 R P
w«x)-z'—tle‘“bmwmdc=e". (6)

where k=+/2mE _ In their book, Morse and Feshbach note the equivalence of the differ-
ential and integral description of propagation of matter waves [21].

Equation (6) is similar in form to an integral equation with a degenerate kemel. How-
ever, in fact, it is not the same. In order to separate the variables in the integral term of
Equation (6), it is necessary to use the operational calculus. A function of one variable and
a difterential operator d/dx can be distinguished in the kernel of the equation. To do this,
one is only required to use the definition of the shift operator:

ad
€ f(x)= fx-h). @

It is easy to verify that (7) is true if the operator exponent on the left 1s expanded in a
Taylor series in a neighborhood of zero, and the function f{x - i} is expanded in a neigh-
borhood of the point x. Applying equality (7) to (6), we can rewrite the original equation
in the following form:

w(x)-k[ ] mcwu:)e"‘d:]e’“=e*. A== =, (8)

Let us pay attention to the expression in parentheses, This expression is a difterential
operator and, at the same time, is an analytical function of some parameter p:

- ol - ¥
jwc_) v(lle PdL= jvm W) eVds=Lp) p= % . 9)
Taking into account the introduced notation, we can write Equation (8) in the follow-
ing form:
wix)-2L(pye =e* (10)
The form of a differential operator acting on the exponential function on the right of
it is still unknown. However, it can be found. Multiplying (10) by U(x)ex¥-ap) and per-
forming integration in infinite limits, we obtain:

[ | U(x)v(.r)e"'dr] -u.(p)[ J €MU(xedx - 1)

-[ j"e*‘v(m"'d:

Two ditferential operators appear here, tor which we introduce the following nota-
tion:
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Bip)= [ "Utxe "dx. O(p)= [ e™U(x)ear. (12)
Taking into account these notations, operator equality (11) takes the form:
Lp)1-rQ(p)|=B(p). (13)
Hence, we pet:
Bip)
Lip)=
r 1-2.0(7) (14)

Sometimes integrals (12) can be calculated analytically. In a general sense, the result
of numerical integration obtained on the basis of the simplest quadrature formulas of the
trapezoid method is suitable. In any case, these integrals depend only on the shape of the
potential barrier.

Using (14), Equation (10) can be rewritten as:

ABLp) £
1-20(p)

The operators B(p) and Qip), which are inchuded in the last equation, as can be seen
from (12), can be determined based on the given shape of the barrier Li(x). In principle,
relation (15) already determines the desired distribution of U{x}. However, it still has an
operator form, so let us retum to relation (10).

If the ditferential operator L(p) acted on an exponential function of the usual form,
the result would be as follows:

wivy=e" +

(15)

d
— e = ]
{5 e = Liue (16)

However, in formula (10) this operator acts on the exponent of the modulus of the
argument. Therefore, direct application of (16) is impossible. Nevertheless, the exponent
from the modulus of the argument can be reduced to the usual exponent it we use the
Founer identity:

M=

Sy A

?l,; I e e e"Mdade . (17)

Applying rules (16) and (17) to formula (10) we obtain:
l - = ) . -
wix)=¢" +E£1L(—mk eHe™dade . (18)

Expression (18) is exactly the solution of the Schrodinger integral equation written as
a double integral along the spectral axis. As can be seen, in contrast to (6), its right-hand
side contains all known quantities since the functions 8(-iw) and ({-iw) which make up
L{-w) and are called the spectra of the barrier are determined only by its shape, i.e, are
known functions of the problem statement. In addition to the shape of the barrier, we
know the character of the asymptotic behavior of the solution with respect to the physical
variable x

By this stage of integration, we have already got rid of the differential operator L{p)
having replaced it by the function L{-iw) using rule (16). Let us denote the function Li-iw)
by G(w). Then, taking into account (14), we get:
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A i Ux)e ey
1B(-1w) .‘[ i
R ey ) {19
‘ 1-3 | UtxeMe™dv
As aresult, we have:
VI U e
wix)=¢" + 21:1_[8 Glew ™™ dadeo - (20)

Let us also suppose that function G{w) is the spectrum of some function K(x). This
means that the following conditions are observed:

G(co):jl&'(x)e"dr. K(x)= IG(w)e“dm. (21)

—
Ix
Introduding (21) in (20), we find:
17 --r. T el _mea
V(I)=f°¢-£‘-£€ -[K(ﬁ)e"‘j;e e™*dadpdo =
(22)

=e* +j‘mﬁ)ie"‘{.iie"‘""""dm]duda.

The integral in parentheses of the last expression is the Dirac delta function. There-
fore, we can further write:

yix)=e” + I K(ﬂ)dﬁj‘ M3 (a—(x-P))da=e" = Ix(p)e“*'ﬂdp. (23)

Thus, the most compact form ot the solution, in which the integral is taken in the
direction of variation of the physical variable, is as tollows:

wix)=¢* = [ Kig) e Hde. (29)

When solving the Schrodinger equation by the method of the integral equation, the
fulfilment of the matching conditions is not provided. In this case, it is only necessary to
check how the solution behaves at 1 = <=, For this purpose, we will rewrite solution (24)
in terms of integrals with a vanable upper or lower limit:

wix)=e® [l + j’ K(;)t"‘d;] o™ [i K(Qk"‘d«;]. (25)

Based on this form of wniting the distribution ({x), we can draw a conclusion about
the asymptotic behavior of the wave function:

wix) =¢"[l+jl€(‘:)e"‘d.:]. X @
e (26)
Wix) =" 1o " j K(&ye*ds, x—»—=,

As can be seen from these relations, after the barrier, there is a passing wave, and
before the barrier there are both the incident and the reflected waves. Thus, solution (24)
correctly reflects the asymptotic behavior ot the desired function.
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2.3. The Reflection Coefficient
It was found in [22] that the Fourier spectrum for the wave tunction ¢! has the form:

. Blo.k)

G(ﬁk’=-[W(\”(-dt='l—_m (27)

Here, parameters L and A are determined by the particle mass i and the energy E:
k=VInE, A= (28)

As for expression B(aw.A), this depends on the shape of the potential barrier U(x) and
is represented by the following integral:

Blank)= [Ulx)e=“dx, (29

The retlection coetficient R of the particle thux has the following formula:

2B k) ’
Rk )= y
X ll-umnl e 0

In particular cases of forms of the potential barrier U{x) integral, (29) can be calcu-
lated explicitly; then, the corresponding, final formulas can be obtained for the reflection
coefficient R.

3. Results
3.1. Determuming the Blw.k) Integral

It is convenient to distinguish between even and odd forms of the potential barrier
Li(x), since formulas (29) are then written in the form of one-sided integrals. For example,
in the case of an even function U(x) integral, (29) is written in the forny

Blo.k) = 2[U(x)cosie+ kpuix . (31)
v

Formula (31) means that it is enough to know only one function, Bo(w). which is the
cosine Fourier transtorm for the potential barrier. Using it, we can calculate function
Bw,k):

By(w) = [Utx)cosmvdy, Biak)=28,(0+k). (32)
L

In this case, the reflection coefficient (30) is equal to:

18,26 [ o
Rk, = |8 . By(e)=2[U d . 33
(k0 ‘I-AB.(ZH (@) _! (¥)cosa (33)

If we carry out similar transformations of integral (29) for an odd function U(x), we
get the following result:

MB, (2k)

1 2B, (2k) ‘ ‘ é9

By(o) = [Utx)sinoxdr. Blo.k)=iB,(0+k), Rik1)=
L

Thus, the difterence between an odd barrier and an even one is that the cosine Fourier
transtorm of the barrier is replaced by its sinus transformation and the imaginary factor 1
appears at parameter \.

There is a significant difference in writing analytical tormulas between the cosine and
sine Fourier transtorm of the same function. For example:
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Ie"" coscmtr—_-lJE e,
2\p

» yirl
o iinide =25l _[
¢ gineavdy mg(zs—l)!!l 4"] .
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3.2. The Double Potential Barrier

By a double potential barrier, we mean such a function U(x) which for an even barrier
has the form:

Ulx) =U,(x+d)+U,(x~d). (35)

That is, the double potential barrier consists of the sum of two separate symumetric
barriers Li(x) which are shifted relative to each other by a distance of =, as shown in
Figure 1.

T
L] EE——
¥ § s i ﬂ\

2d {

Uix)

" 4

i

Figure 1. Shape of double potential barrier.
It is clear that, in this case, the value B(w.k.d) depends, apart from the parameters w
and &, on the distance d between the barriers.

In order to find the dependence of the integral B(w A.d) on the distance d. we use the
formula for the shift of the argument which has the form:

[Uplx+d) @y = [ Uy () Dy = = [ U (x) ™ *"dx. (36)
This means that the spectra of the shifted and the non-shifted barrier momentum
differ only by the factor exp[~i(a + AMd].
For a barrier of form (35), therefore, we obtain:

Bk o.d) = [[Uglx+d)s Uptx —d)| &' =

. = . (37)
= I U,(.\')d"'"’dr[e"‘""‘ 'Y bl ] = Zoos(c»k)dj U, x)e™ .

- -3

Let us introduce the so-called basic spectral function Bia.d) for the barner U(x) as
follows:

B,(er.d) =2cosod [ U, (x) ™ dx. (3%)

Then, the spectrum of the double barrier and the reflection coetficent are equal to:
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2B, 2k.d) |
Blw+k.d)=B,(0+k.d), R=|—0" | 3
ettt b U ‘l-k&,tzk.d) 9

As can be seen, for a double barrier, the basic function Boew.d) is a periodic function
of the distance d between local barriers. Therefore, the reflection coefficient is repeated by
increasing the distance 4 with a period equal to /.

Noticing that A = ~inv/k we can write the reflection coetficient R in the following form:

m X %
|-';8.42t-d)| (k) Bl(2k.d)

R= = ) 30T -
l+i%8,(2k.d)| L+(mfk)" By (2K, d)

(40)

From formula (40) it can be seen that the reflection coefficient R 15 always included
inthe interval 0< R< 1.

3.3. An Example of Calenlations
For model calculations, it is convenient to use a potential barrier:

Uy(x)=e". (41)
The basic functions Be(w,d) tor this is equal to:

By(w.d)= 2005de§¢":/" . (42)

Using formula (40), it is possible to construct graphs of the reflection coefficient R{d)
or the transmission coefticient of particles C =1 - R, depending on the distance d between
local barriers.

Figure 2 shows an example of calculating the transmission coetficients of a double
barrier for particles with masses ym = 2 and mz = 5. Such masses correspond to Hz and DT
molecules. The particle energy E and the barrier width parameter g in the calculations
were taken to be equal to the following: E~08,8-4.

i

f
harre i

it

Figure 2. Two graphs of dependence of particle transmission coefficent on distance  between bar-
riers.

The solid line corresponds to the graph tor a particle with a mass i = 2; the dotted
line—tom =5, E=08 p=~4.

Since the osdllation periods of these graphs (depending on the distance d) do not
coincide, there is a possibility of such a choice of the distance d between the barriers that
gives an advantage tor one of the substances under consideration to pass through the
double barrier.
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It is possible that other graphic information is more suitable for a comparative anal-
ysis of the permeability of two substances with different masses equal to n and nr, for
example, when graphs of relative values are displayed on the screen:

C{d)-C,(d) C.(d)-C,(d)
d) =~} and S,(d)=—=—-1—Z
S} Ctd) 344 C,(d) 43)

Under the condition, Si(d) = 0, the graph of the function Si(d) shows how better the
first substance passes through the double barrier than the second at the same distance d
between the barriers,

The same can be said for the graph of the function Sx(d).

Figure 3 shows graphs of relative deviations for the same calculations, as shown in

Figure 2.
b T T T T
—i f =2 |
3:_ m‘ H m=sz
” nys \ \ - i N ¢
N SN
o o= 1 () 4 FE 3 3¢ 4 “ ]
na ‘ ‘ 4 é >
B /\ m~5
” 7B
n‘ ne \ 11} : [} b ] 3

Figure 3. Graphs of relative deviations of transmission coefficients for particles with masses m =2
and w5,

It is clearly seen in Figure 3 that it is possible to adjust the distance d between the
barriers in such a way that only particles with the required mass will pass through the
barrier well.

Theretore, it can be stated that there is an effect of separation for particles that differ
only in mass, By adjusting the distance d between the barriers, it is possible to provide
passage of one of the particles, while passage of the other will be completely blocked.

4. Discussion

In its form, the Schrodinger integral equation is analogous to an integral equation
with a degenerate kernel. In the kernel of this equation the variables are not separated due
to the presence of the modulus of the ditference between the two available vanables.
Along with this, in relation to the required function, it is a recarsion. Thus, in the course
of constructing a solution, it is necessary to solve two subproblems: to remove the modu-
lus of the variable difference and to eliminate recursion. The key to implementing these
steps is the use of the shift operator. With the use of this operator, the exponential function
of the modulus of the variable difference, which is available in the record of the Schro-
dinger integral equation, is divided into two parts. In case of such a separation one of the
variables falls into the operator part, with the other falling into the usual functional de-
pendence. At the operator level it is possible to get rid of recursion with respect to ¥ in
the original equation.

For this purpose, the original wave equation in integral form is multiplied by
Uix)exp{-xp) and integrated in infinite limits. As a result, an operator relation is obtained
which allows finding L(p) as an operator function determined only by the value of the
barrier energy. Using the Fourier identity and the properties of a differential operator act-
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ing on the exponential function the transition from operator relations to ordinary func-
tional dependences is cammied out and the integral representation for the wave tunction is
written in terms of the shape of the barmer. As a result, an integral relation tor ordinary
functions, in the integral term of which there is no recursion in U, is obtained. The last
relation determines the solution of the Schrodinger integral equation. The solution is valid
on the entire real axis and does not require boundary conditions. Therefore, it only re-
mains necessary to check its asymptotic behaviour, The check allows for finding a com-
pact formula for the total reflection coefficient R. A very important advantage of the exact
solution, in comparison with solutions obtained using numerical matching methods, is
that this solution allows for calculating the total reflection coefficient R for the potential
barrier LI{x) of a given shape.

In the case of composite barriers consisting of monolayers of the same shape, accord-
ing to the formula obtained for R, the zeros of the reflection coefficent are found. It ap-
pears that the reflection coefficient vanishes not for one, but for many values of the dis-
tance d between single barriers,

The result is an efticient isotope screening system. This system can be configured to
separate components by varying the distance between the barriers.
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Introduction

Despite the widespread occurrence of helinm in the universe, its terrestrial sources are
limited. Currently, helinm is extracted from natural gas nsing eryogenic distillation,
pressure swing adsorption as well as the membrane method. The latter appears to be
preferred due to its lower cost and simplicity.

In turn, isotope separation is also an urgent problem. The *He isotope makes up
the main part of helium, while *He is a very rare and valuable element. At present,
helinm-3 is obtained in the process of tritium decay (1), which is far from satisfying
the demand for it. Outer space provides great prospects for production of *He since
this isotope s contained in the Sun and the atmospheres of giant planets in mmch
larger quantities than on Earth, *He finds applications in crvogenic industry, medicine
(magnetic resonance maging ), neutron detection. The use of heliwm-3 m reaction with
deuterinm as a thermonuclear fuel looks promising, yet underdeveloped. The advantages
of this type of fuel include low radioactivity, which does not require special precautions
and does not entail catastrophic consequences in an accident, low degradation of reactor
materials, and the possibility of further use of protons as the by-product of the reaction.

Isotopes of one element have identical chemical properties so their separation is
only possible with the use of mass-dependent. processes, for example, using quantum
effects. I contrast to the classical method for determining membrane permeability,
when it is unambignonsly known whether a molecule with given kinetic energy will
overcome the potential barrier or not. in the quantum-mechanical ease, there is nlways
a probability of a molecule passing through the membrane. Separation is achieved due to
small differences in the probabilities of two isotopes passing through a narrow potential
barrier of a suitable shape, which directly depends on the choice of the material and the
design of the nanomembrane,

The probability of an atom passing through the barrier is determined from the
solution of the stationary Schrodinger equation.  The equation is usually solved
numerically using the finite difference method (2). However, this paper proposes a
different way to obtain a solution for the Schridinger equation which provides a more
accurate solution compared to other methods because it is mostly analytical.

Isotope separation is more demanding in terms of the choice of membrane material
and design, in contrast to gas mixtures separation due to their similar dimensions and
properties. The aim is to find the potential barrier which will enhance the differences
in the tunneling permeabilities of isotopes and, at the same time, will correspond to
the real synthesized material. To adjust the potentinl energy in this way, pores of a
material are often functionalized, that is, functional groups which provide the necessary
properties are added. An example is the passivation of pore edges by attaching hydrogen
atoms or replacing structure atoms with nitrogen atoms. Stretching of a membrane can
also be used. Such methods can reduce the height of the encrgy barrier by allowing for
a more intense flow through the pores (3 9),

Recent studies show thahsprens pzaphepend) ggaphong-dike membranes, as well
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as zeolite membranes and polvmeric materials, can successfully separate isotopes ( 10,
11). Various designs of carbon allotropes (nanotubes, nanowires, and nanchoms) also
show good performance (12).

Graphene membranes with pores obtained by removing one or more atoms of the
structure allow mobile particles to overcome the energy barrier and pass through the
pores (19-15). At the same time, the ereation of nanoscale pores by removing only one
carbon ring of a graphene sheet is not enough to ensure the separation of helium isotopes
(7). Best results are obtained by removing two rings at the same time s passivating
the pore edges and replacing several carbon atoms with nitrogen atoms. In recent vears,
new carbon allotropes, which are favourable in terms of membrane gas separation, have
ulso been synthesized, for example, graphdiyne (GDY) (16),

Graphene-like materials suitable for the separation of isotopes and gases include
membranes made of carbon nitride {9 — CyNy) (17, 18), (3N — h2D) (19) and
boron nitride (20). Two-dimensional carbon-nitride (2DCN) allotropes show a chemical
formula €', N,,,, where # and m represent the number of €' and N atoms in the primitive
lattice, respectively. Lavered nanomaterials composed of € and N atoms form strong
covalent networks, For different configurations of the atoms, these nanomaterials can
exhibit diverse and promising electronic, optical, and mechanical properties (21 -2%).
Carbon nitride material is used for visible-light-driven and photochemical C'O, reduction
in recent studies (24 -26). Separation of hydrogen isotopes in single-walled carbon and
boron-nitride nanotubes was investigated in (27), Carbon nitride membranes are highly
tunable for gas and isotope separation and hyvdrogen purification (28-31).

The two-dimensional polymer, polvphenvlene, which is a porous analogue of
graphenes, is also proposed as a membrane (32). It has a graphene structure with the
addition of a hydrogen atom to cach carbon atom. The resulting material is expressed
by the formula C,H,. It is thermally stable and can be synthesized and used for gas
separation (3%).  Also, membranes made of porous zeolite have good selective and
sorption properties.

However, monolayered membranes do not provide a sufficient degree of isotope
separation at the flow density required for industrial needs. In addition, there can be
diffienlties in obtaining pores of the same size graphene sheets. Double-layer and multi-
laver membranes can solve this problem. Mandra et al. (2{) investigate enrichment of
helium by resonant tunneling through bi-lavers. Multilaver membranes are used for gas
separation (35), for instance COy/Ny (96), membranes of defective and functionalized
graphene desalinate water (97, 98).

The simulation results show that at low kinetic energy the probability of *He passing
through the barrier is higher; however, at energy exceeding the barrier peak the situation
changes and the *He tunneling prevails. However, o low temperature also provides a low
flow through the membrane, which negates the possibility of using the technology on an
industrial scale, which requires a separation degree equal to at least 6 and membrane
permeability of 6.7¥10°% mol/s/cm? ‘bar. Maintaining a balance between the degree of
isotope separation and the Hegw.donsitonisasenidadday addpuiensedn the potential barrier,
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which, i1 turn, has its limitations, or the use of double membranes. The resonant effect
arising using bi-lavered membranes changes the smooth dependence of the membrane
permeability on temperature and increases selectivity.

A. Hauser et al. (%), () found that hydrogen-passivated single-sided nitrogen-
doped pores provide permeability of the order of 107" and n separation degree of 19 at
the temperature of 10K. Y. Qu et al. (28) worked with a graphene-like carbon nitride
membrane (CoN — h2D) which had larger pores (0.551 nm) than porous graphene
adjusting its potential energy by stretching. The required selectivity equal to 7 and
permeability of 4*1077 mol/s/em?/bar were achieved at T = 15 K and the degree of
membrane stretching equal to 3%, J. Schrier et al. (5) considered the separation of
helium isotopes using a two-dimensional polvphenylene (2D-PP) membrane, The paper
concindes that the structure can be used to separate light isotopes, such as isotopes
of helinm and hydrogen. A, Kumar et al. (29, 40) showed the ability of Rho zeolite
to separate hvdrogen isotopes. At T' = 30 K the degree of separation reaches 5.81. S.
Challa et al. (41) clearly showed a strong dependence of the separation degree of isatopes
HD-H;. T3-Hy, *He-*He, and CD,-CH; using a nanotube membrane on temperature, as
well as the need to seleet the diameters of nanotubes depending on the selected mixture
of sotopes. A, Gijon et nl. (42) proposed caleulations of quantum permeability of
graphdivoe and porous graphene membranes in three-dimensional space. Taking into
account the zero point energy effect (the ZPE effect) led to new results differing from
the previous, namely, the predominance of the THe isotope flow even at T = 20 K and
the degree of sepuration of helinm isotopes equal to about 2.5, but not in favour of *He,

Orthogonal polynomials or special functions are used in numerous physical and
engineering problems which contain differential and integral equations. Many methods
for solving them are based on Hermite polynomials, i.e. aclassical sequence of ort hogonal
polvnomials (43). The fact that Hermite polynomials form a basis makes it possible to
arrange various functions in a series, which facilitates solutions of many problems (44,
43). Hermite polynomials plaved a decisive role in the theory of light fuctuations
and quantim states and, in partienlar, in problems of coastal hydrodynamics and
meteorology (46). They are used in biological and epidemiological sciences. For
instance, the epidemiological SIR model estimates the number of people who can become
infected (47). The use of Hermite polynomials has also found a place in ecconomie
problems. ). Perote et al.  ({&-50) use Hermite polynominl methods to describe
the behaviour of financial variables, Also, these polynomials can model non-Gaussian
excitations which reflect models of munerous phenomena surrounding us. The wind
pressure inareas of fow separation on the surfaces of buildings usually has non-Gaussian
charncteristics, as well as modelling wind speed in complex areas (51). Additionally,
polynomials can be applied in the field of engineering marine structures when assessing
the reliability of a hull beam for floating, production, storage, and nnloading blocks (52).
Such problems are solved using the Hermite impulse model of nonlinear non-Gaussian
random oscillations (59).

Expansion in Hermite ppbasmindsareatlyfasiisidaszolutians of integro-differential
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(34 ) and integral equations. Such problems result from analyzing processes of reflection
and passage of waves through given potential barriers, that is Schrédinger wave dynamics
problems. Solving these problems allows for finding the probability of passage of atoms
and molecules i the form of De Broglie waves through various membranes. The work
given in {55) presents a numerical solution of the Schrodinger equation for a tunable
potential barrier.

Theoretical model

The Schrodinger differential and integral equations

The differential equation for the Schradinger wave function () in the one-dimensional
case is given as:
d*y
dr?
It describes the passage of a particle with a mass of m and energy of E through a
potential barrier noted as U{x). The boundary condition at a great distance consists of
two parts;

3 [k’ = 2,,,(_!(1.]] =0 k=vV2mE. (1)

—ikz

g~ e™ 4 A (2 5 =), = Be™(r — o). (2)

This means that for large negative values of @ the function {x) represents the sum
of the incident and the reflected waves; for large positive values of x it approaches
the plane passing wave. Thus, to solve the problem it is necessary to find two linearly
independent solutions of the homogencons differential equation given in (1) (numerically
or analytically) and then match these solutions so that the boundary conditions given in
(2) (56, 57) are satisfied. This is a common way of dealing with the problem of material
particles passing through a potential barrier. In this case, the function v:(x) appears
to be complex; however, it is not this function that has the physical meaning, but the
square of its module p = |¢(z)* which is equal to the density of probability that the
particle is found in the section x = const. If only the graph of the function p(x) is under
consideration, it appears to be strongly oscillating in the region where the incident and
the reflected waves exist simultaneously. Such a graph complicates the nterpretation
of calenlations sinee it is practically impossible to correctly separate the amplitudes of
the incident and the reflected waves.

However, the differential equation is given in (1) is closely related to the Schrédinger
integral equation introduced in the work (58). It has the following form:

o0
wle) =3 [ M@)oty = e (3)

-0
Equations (3) and (1) are equivalent in the sense that if equation (3) is twice
differentiated with respect to the wariable x, equation (1) is obtained. However, the

inhomogencous integral cquabiongivghaiis{dialsgpontning houndary conditions (2).
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This can be seen if equation (3) is written in a more detailed form:

= <
v(z) = et |+ﬂ AU (g o (zg)day | + e [%/ R () wg)darg | - (4)

In square brackets are the amplitudes of the incident and the reflected waves.
Equation (4) contains boundary conditions in (2) since for large positive values of i
the reflected wave disappears, and for lnrge negative values of » the sum of the incident
and the reflected waves is obtained.

Naturally, to use formula (4) it is necessary to obtain the corresponding solution of
1'(x), either with the integral equation given in (3) or with the boundary value problem
formulated in (1), (2)

Solving the Schradinger integral equation

Using the expansion in Hermite polynomials formulas given in Supporting Information
we will find a solution to integral cquation (3] in the form of a segment of a series with
unknown coefficients €y, in Hermite functions:

N
v(x) =Y CuDy(2); (3)
n={)

N >
eikir—xol _ ED"(I] / Cuk‘{u—mlD"(“)d}ll
n=0

'™ ZD,.(J‘]/ WD ol ge) g

n=i)

Introducing () into integral equation (3) and equating the terms for identical
functions D, (x) we obtain:

~
. "‘/fl,(Jo)n'(ru)f‘”"_x"le'(“)d’""m = /,-'kuD,.(ﬂ)d;l. (6)
=00 —30 =<0

Further, with an account of the equality ¢(2g) = Zf':“ C,. D, (xg), expression (6) takes
the form:

ZC‘ / / U (o) ehin- '"lDu(l‘)Dr(-Fn)dP"ro] / D (updps. (7)

0 =

Here the double integral (in square brackets) can be considered as a square matrix G

of an order N; and the righéshandoside ascapraliman varsonEq That is, the following

120

Page6of 19



Page 7 of 19

- - - -
BoalaharamoaeeNanhwN~

~
-

SBUHRYURLRUC2EBERRSROR2BEEYUBREURYEEBNRRRUER

Advances in Natural Sciences: Nanoscience and Nanotechnology

Helium isotope separation by h-layer membranes of g — C3 N, 7

notations should be introduced:

-~ o~
Glknr)= [ [ UG ID (D wohdudry:  Fikn)= [ D, )
—2c =3¢ —20

(8)

In this ase, equality (7) is a system of linear algebraic equations for determining the
column vector which is composed of the desired coefficients €, in the expansion of the
function v+, In the matrix notation this system of equations has the form:

[E,\- - gc] C=F. (9)

The question of solving integral equation (3) is, thus, reduced to the most accurate
caleulation of the integrals in formula (8)

Many integrals containing Hermite functions are caleulated explicitly. A list of
such integrals is contained in the reference book by Gradstein and Ryzhik (59, p. 851).
Among them is the above-mentioned vector F, i.e.:

Fkon) = [ %D, (ildu = Vimi"Dy(24). (10)

-0

Formula (10) is casily verified in various ways and ean be derived independently,
The following integral can be explicitly presented in the same way:

/ el (dp = VATi" Dy (2k)e ™ 4 28, (). (11)
-

Ty
where Sy(z0) = [ sink(axp — p) Dp(p)dp. The integral given in (11) is not completely
~a0

expressed explicitly; the convolution S,,(rq) is also added and it is usnally easily and
fairly accurately caleulated numerically,

Thus, the elements of the matrix G and the veetor F of the right-hand side in
formula (9) are now represented in the following form:

Glk,n,r) = / Uarn) Dr(iro) [VATT" Do(2k)e ™ + 28, (o) dovi  (12)

Fik.n) = ViAxi"D,(2k).

It is necessary to caleulate only the one-dimensional integral that takes into account
the shape of the potential barrier which must be solved numerically. However, it can
also be caleulated with high accuracy since the integration region is limited by the width
of the barrier. https://mcO4 manuscriptcentral com/vastansn

121



WO NO WV B WN -

SBUHRYURLRUC2EBERRSROR2BEEYUBREURYEEBNRRRUER

Advances in Natural Sciences: Nanoscience and Nanotechnology

Helvum isotope separation by h-layer membranes of g — C3 N, 8

Figure 1 shows one of the results of solving the Schrodinger integral equation using
Hermite funetions. The algorithm for finding the probabilities of helinm isotopes passage
through the membrane is as follows. First, the matrix G and the nght-hand side of F are
calculated by formulas (12). Then the expansion coctficients €, are found as a solution
of the system of linear algebraic equations (9). After this, the density distribution of the
incident pp.eq and the reflected pr, precieq De Broglie waves are obtained as the squared
modulus of amplitudes of the passed and reflected waves. Finally, the desired function
V(x) can be found based on ().

X 1
é 0.8
< 08
=
= 0.4
1.
x 0
-
_0‘2 A "
6 -4 -2 0 2 4
x

Figure 1. Graphs of potential barrier U] and amplitudes of transmitted ppo (=)
and reflected pr freced(=) waves. Initinl date: m =3, £ =025 k= V2mE = 1.2247

The graph of the potential barrier shape is indicated in Figure 1 by a thickened line,
and the density distribution of the reflected wave prejiecied 15 Tepresented as a dashed
line. Caleulations in Figure | show how the dimples at the ends of the potential barrier
affect the passage and reflection of particles. In addition, the well-known fact that the
sum of the transmission and reflection coefficients is equal to unity is confirmed. The
miss is expressed inunits related to the mass of the hydrogen atom, Therefore, e = 3
corresponds to the helium-3 isotope. The dimensionless energy of the passing particle
E — 0.25 corresponds to a temperature of 12.5 K.

Sinee a large number of particles in various states participate in the movement
through the membrane, then the behavior of the system as a whole is an average
reflection of the movement of individual particles. Thus, it is necessary to take into
account the Boltzmann distribution for each of the components of the mixture. The
particle distribution function concerning the Boltzmann factor has the following form
(28):

1
E.T) = ———=e"5/"T, 13
4 ) 4:rk1'li'c (13)

Then the permeability coefficient, taking into account all possible states of particles,
can be determined by the fpgmnkaicos manuscripteentral com/vastansn
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5= / prassit E){(E. T)dE. (14)

Potential energy

A mixture of helium isotopes moves through a two-layer membrane in a direction
perpendicular to its plane 2.

Figure 2. The movement of helinm isotopes through the bi-lwer membrane

To separate a mixture of helinm isotopes, a double membrane of graphitic carbon
nitride g — C3 Ny was used. The structure and the energy barrier of the membrane are
shown in Fig. 3 (a) and (b), respectively.

0 1 2 3
X (nm)

Figure 3. The structure of the membrane of graphitic carbon nitride g — €3Ny (a)

aned the potentipl snorgy: o ol sk ek il o
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When obtaining a model of the energy barrier of a membrane in the spatial case,
it is acceptable to use the Lennard-Jones potential, which is often used to describe
moving helium atoms. However, to obtain a one-dimensional energy distribution. this
pair potential must be finite. In fact, this is exactly what happens. a helium atom,
falling mto the pore of a graphene-like sheet, bas o final cumulative impact from the
atoms of the structure. Therefore, the potential of pair interactions must be integrable.
The following modification of the Lennard-Jones potential has this property (60):

Pi(p) = 4= tanh [(f)" = (5)5}. (15)
p o P

where p is the distance between the foree center of the membrane and the moving
gas particle, £ is the relative depth of the potential well, @ i the influence radius of the
interaction potential. Parametors © and @ are taken from the reference (61).

In a real three-dimensional system, waves can propagate in three spatial directions.
Let o be the main direction of mass transfer perpendicular to the membrane. Then the
coordinates y and = will be directed along with the membrane surface 2. Due to the
global homogeneity of the membrane, wave mass transfer along with the coordinates
and 2 does not occur. Therefore, the modeling task is to ensure that the mass transfer
by x -waves in the one-dimensional problem corresponds to the total flux determined by
local transfers in the spatial system. This can be achieved by solving a spatial problem.
The barrier distribution of the interaction energy in a one-dimensional problem can act
as a means of reconciliation with a complete statement or experimental data. Not heing
able to realize the complete set, we propose an approximate method for finding the
barrier energy.

The one-dimensional potential barrier of the membrane U(z) was obtained using
the following procedure. The atom-atomic interactions of a moving helium atom with
the carbon and nitrogen atoms that make up the membrane of a representative size were
summed up, Then, the obtained three-dimensional potential was averaged over surfaces
parallel to the membrane plane. As a result, the distribution along the (x axis remains.

Each of the monoatomic lavers of the composite membrane must be partially
permeable for the components of the gas mixture, Two reasons could lead to a distortion
of the average interaction energy in comparison with the Jocal energy of the real state of
the system, The first is edge effects. However, they are negiigible since any macroscopic
fragment of a composite membrane can be considered to be infinitely extended in
its plane without loss of generality. The second is the specific shape of the wave
propagation cell. The average velocity of wave mass transfer s determined in the
direction perpendicular to the membrane surface. Therefore, the shape, as well as the
size of the cell, are important only to the extent that they provide the passage or non-
passage of waves. When caleulating the mass flux of a substance through a membrane,
the more important is the number of hollow cells per unit area of a monoatomic film.
Thus, the actual shape of the passage cell does not affect the mass flow of gas through
the wave membrane.  The gesorauon alisetspliondn anfrdepsd on the shape of this
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cell since monoatomic films are infinitely extended and the natural frequencies of the
potential well of a composite membrane are determined only by the distance between
Javers.

Results

Before using the proposed model for determining permeability of an ultrat hin membrane,
the results of the permeability values D were compared with the analytical solution in
the case of simple barriers of the square form Fig 4 and the form of {7(z) = ;,;,(l“—ﬁ Fig.
5. The shape of the barrier considered and the probability of helivin isotopes passing
through the membrane were shown The results obtained with the model (indicated by
markers) are very close to the analytical solution (indicated by lines).

95
250 v
g o 0.9 ———§ e HE)
< 150 —_— . (PHe)
3 0.85 analytc
08 T St}
50 ) -5 (He)
anayse
0 075
-0.04 0 0.04 10 20 30 40 50 80 70
a) X, (nm) b) T.{K}
Figure 4. Shape of square potential energy barrier (n) and membrane permeability
for helium isotopes (b). The results of the ealeulnted solution are indicated by markers:
the results of the analytical solution are indicated by lines.
200 095}
1 9r 5
g S0 0.9 FHe)
§ 100 “ 085t _s“mfm)‘
- 0.8 —— S He}
, 0.75 = = = Sunayne (')
-0.1 0 0.1 10 20 30 4 50 60 70
a b
) x, (nm) ) T.(K)

Figure 5. Shape of potentinl enorgy barrer of the form of U7(z) = -mf—- (n) and

membrane permeability for helium isotopes (b). The results of the mlclxlnl?!i solution
are indicated by markers; the results of the analytical solution are indicated by lines,

The membrane permeability with respect to the ratio of helium isotopes was

caleulated for various valugspef thos dishuggbetmaordysedavars of thin sheets b at
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crvogenic temperatures in the range of 7' = 10 — 60 K. The temperature dependence is
taken into account when caleulating the kinetic energy of a moving atom | molecule E.
The energy E is included in the variable & when solving the Schrédinger equation. For
cach value of & in the range from 0.1 to 6 nm the maximum separation degree R for the
mixtures "He/*He and *He/*He was obtained as the ratio of corresponding values of
D(*He) and D(*He).

The parameters which determine the maximum selectivity of helium mixtures are
given in table 1. According to the results obtained, the selectivity value 7 = 1046
is achicved when helium-3 is released. The necessary conditions are the temperature
of T=12 K, the distance between membrane sheets of b=4.6 nm.  The membrane
permeability, in this case, is shown in Fig. 6 (b). Fig. 6 (a) shows the permeability of
a single-layer membrane under the same conditions. The degree of isotope separation
here is 1.34.

Extracted  com- Barrier retained component

ponent

SHe R=10458 | R=959.323 | R = 734.349
T-12 K T-10K T-13K
b—1.6 nm b—3.6 nm h=5.7 nm

He R =604.165 | R = 518721 | R = 506.001
T=20 K T=10 K T=22K
h=3.1 nm f=4.4 nm h=3.8 nm

Page 120119

Table 1, The parameters which determine the muximum selectivity of helium mixtures

08
06

woat
02

-3 -2 -1 U | 2 3 -5 o 5
a) X (nm} b) X fomj

Figure 6. The membrane permeability in the case of a single-laver membrane (a) and
bi-layer membrane of graphitic carbon nitride (b), T~ 12K, b — 4.6 nm

The dependence of the separation degree of the gas mixture R on the distance
between the membrane layers b is shown in Fig. 7. It can be noted that the nature of

this depeudence is periodigyihe /ot sedautivite spaake dnachisved when the membrane
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lavers are located at a distance that is a multiple of the de Broglie wavelength of the
component which we want to isolate from the mixture.

| p— *He)
800 H-—-~Re*Hes *He)
o 60 :
m | A ;I
200 r .'.A B
0 L) = T )
I 2 3 4 5 6

b, (nm)

Figure 7. The dependence of the separation degree of the gas mixture R on the

distance between the membrane lavess b

To sum up, the successful izotope separation is feasible due to resonance effects in a
two-barrier system. However, it is realized when the natural frequency of the interlaver
space coincides with the frequency of the wave entering this space. Resonances in the
x or v direction may or mayv not exist, but this does not affect the mass transfer in the
z-direction.

If z-waves enter into resonance, then the intensity of mass transfer through the
composite membrane increases by an order of magnitude. In this work. high-precision
caleulations have shown that the resonant passage of matter occurs not ot one specific
distance between single barriers, but a sequence of distances between monoatomic layers.

Certain conditions for the nccurrence of resonance correspond to a specific energy
value. The data on the membrane permeability presented in the work were obtained
by studving the entire energy range to select the maximum value of the degree of the
isotope mixture separation.

Discussion

The paper shows the effect of the resonant passage of particles through two-laver
barriers, It provides high degrees of separation of isotope mixtures. This process will
help to create an efficient membrane isotope separation procedure for industrial use,

A method is proposed for obtaining the probability of particles passing through
the barrier from the solution of the Schridinger integral equation. The use of Hermite
polynomials allows getting an almost exact solution which is highly important when we
deal with the quantum tunneling in monolayered monoatomic membranes.

The conditions are found that correspond to the highest degree of separation of
helium isotopes using a two-laver carbon nitride membrane g — C3Ng. The difference
in the passage of helinm isotopes across the membrane turned out to be much greater

thau in works using porowspne Jwiesadsgraphanedikanpalyphenyvlene. carbon nitride
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membranes CoN — h2D and g — C3N, (3-5. 28, 42, 62), where it reaches the value
of 20. This is explained by taking into account the resonance effect. Morcover, it was
confirmed that the mterlayer spacing of 4.6 nm provides the highest selectivity with
respect to *He hoth for the graphitic carbon nitride and nanoporous graphene (34 ).

Conclusion

In processes of wave separation of particles that are close in physical properties and differ
only in mass, selectivity of mixture separation can be increased only due to resonant
passage of individual components. This means that the mixture of isotopes must pass
through two (or more) monoatomic layers.

An analysis of the available solutions of problems related to the passage of De
Broglie waves through given potential barriers shows that all the suggested solutions
are connected with the use of numerical procedures implemented on a finite interval of
variation of the independent variable. However, taking into account resonance effects
requires a more accurate description of the solution behaviour. Tt is achieved by the
presented model since almost all tmproper integrals in the proposed procedure for
constructing the solution are caleulated analytically.

The conditions which determine the maximum separation degree of the components
were found for the considered problem of separating helinm isotopes using a carbon
nitride membrane.

Thus, the use of Hermite polvnomials greatly simplifies the problem of solving the
Schrodinger integral equation and allows for finding a solution that is more accurate
compared to other known methods,
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Brief information from the theory of polynomials and Hermite functions

Hermite polynomials He, (x) were introduced us carly as 1864, Al present, information concerning them is published in
classical monographs and mathematical reference books' ™. The polynomial He,(x) is a polynomial of the degree n in x
with integer coefficients which contains only terms of the same parity as «". The explicit expressions for the first Hermite
polynomials are:

Hey =1 Hey(x) = x5, Healx) = & — 1; Hes(x) = —3x; Heslx) =5* — 637 + 3 Heelx) = x — 10" +15x; ()

For the generating function we get:

3 d° 29
Heo(x) = (—1)"¢" 'd"“c o L 2)

Hermite polynomials can also be written in the form of the determinant®:

x n-1 0 0 a0
1 X n—2 0 w0
0 1 v n=3 .. 0
()= 3
Hel=1y o | . 0 )
0 0 0 0 X

Moreover, formula (3) is most suitable for practical caleulations of coeflicients of high order Hermite polynomials. In probkms
of mathematical physics. they apply Hermite functions 0, (x) which are connected with Hermite polynomials und are given by
the expression:

313
Dy (%) = =——sucszmm~ 4
Vly2x

These functions are easily caleulated and form a complete orthogonal and normalized system on the entire real axis™:

{(). nidm
. (5
I. n=m

[ Dy (x) D)l
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This distinctive feature of Hermite functions allows for determining the expansion coefficients ol arbitrary functions in i
series with respect to Hermite functions reducing them to calculations of the integrals:

1161 = L ODuRCo= [ FiDuldde ®

Figure | shows Hermite functions of u higher order.
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Figure 1. Graphs of functions Dso(x), Dao(x) and Dy x)

Considering such graphs of the functions £, (x) it is rather difficult to Imagine that these functions form an orthonormal
syssem on the entire material axis, Nevertheless, a numerical verification shows the correctness of the above statement.

Note. The formulas given above are taken from the book by Kampe de Feriet* and they comespond 1o the so-called
mathematical or probability Hermite polynomials. However, it should be taken into account that in many works given in*?
other polynomials H, (x) used as Hermite polynomials, Both of these Hermite polynomial systems are related by the relation:
H,y(x) = V2 He (xv2).
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10:00-10:10 ‘:""‘m 10:20-10:40  sode-Gpeii 10:00-12:00
B roct & Xacxmn
10:10-11:00 C.K. Heuaes 10:40-11:30 HA. [[unankos C.IL Hzpes obex
11:05-11:55 A0, Maapsnor  11:40-12:30 AB. Manotun AA. Taa3yeos 12.00-14:30
12:00-12:50  AIL Yynaxen IKCKYPCHE IKCKYPCHE
12:50-13:20  3sckypeas 12:40-13:20  [aseommonormuecsui  Soonormsecki 15:00-16:00
yseii Peeoi xemrn My sy Borarmvecxuii cag
(HB TIY, 3a6.8) (KTY,n24)  @KMYan1s) T
13:20-14:30  ofen 13:20-14:30 obea
14:30-15:20  BM. Caposesmit  14:30-15:20 B.I'. Bapaxos C.B. Tuxomupos
15:30-16:20  A.A. Ilapanos 15:30-16:20 EA. Qoyunbix H.B. Muponmuyenxo
16:20-16:40  xode-bpeiix 16:20-16:40 kode-Gpeiix
16:40-17:30  1.C. Kamapyimn  16:40-17:30 J1.B. MELIHOHOIHKOB 16:40-17:10 C.B. Aranos
17:10-17:40 H.E. Pyccxux
18:00 Gasxer

© Tomckuil rocyjapcTBEHHBIN yHUBEpcuTeT, 2019
©ABTOpSHI cTarei, 2019
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MapuwpyTHan KBMTaHLMWA anexTposHore Guneta

HasHmigmearop kerTadys  [31386692
lreHT (CaitT e-traffic.ru, OO0
F HOBOCHEMPCHMA [ Apmaapk (MHH: 2221122730)
T I T ARTOBOKIAN INara nowynio 26.11.2019 10:34
Howmep Guneta HC013587553012
[Tun Buneta [Maccasmpomai
Bug TpaHCcmopTHOM CpegcTeEa |a.n'mﬁ:,r|: Manoni, mect: 11

Hudopmaywa o naccasmpe n Tapuie

Naccanmp Nacnopr (CH) Tapudy Crp.chop | Komuooms WTOMS
pye. 3 pyb. py6.
JAMBAR SONINBAYAR 5 fE1831755 T70.00 0.00 46.20 B16.20

HMuthopmaumn o peiice

Pe#c Homep| Mnardopaa Mecto Mepesozume
Tonmadesn AN — 1 Aevmenwe 2000 000 To
Torack , MexoGnacTHoe
MMyHKT OTNpRENEHHA JaTa oTNpaBENEHHA CTRHUMA HE3HAYEHMA Jara npuBem1A
[oTnpasnexne] [npuBbimue]
Tonuaueso AN 11.12.2019 22:50 Tomcx 12122019 04:05
(TepramHan A)

Hudopmauma o nnaremes

Cnnaqexo 816.20
DOpME ONNETE SNENTROHHEI NNATEH
Miroro cysma nnatesa (pyh) 816.20

EpEus GTTIDAREHHA M REHCETYS YEanmss MeCTuoe. JNA Npcenn Sarmms meofnaiH0 MEMoOpECTa SOnGHHTENE LN SarmmusiH Sanet.
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MMETh pach H OperHHEn HAOC o ¥ s

Yonome gorceops:

Mepepcexs 1 A NRCACCTAANAENGE: EDEEOTENON YCRH n oM v 3 "

2 e Taputha, A BT SRCTED 3TOMD SEFONORE. YLICEMA SAUETD A0MOOORE MEREDINA BKEISEHE B
WALTOSUNA BRNET, NOCHERTTANM COEMEA M3 TAKDBEE. £ Apmeapa mpaga)
W LCR & DefiHEE TISCTIANE MM WAL CAITE ARTTSCKIANS RSk avinvokznl .

Aorcean CURTAETCR " = CATy © MONEHTR NEKy TN Bann GuneTa. MowyTeoR SANeTa AANRSTCR O Bav SuneTa
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MOTOKH TSAXKEJONH HECXKUMAEMOM XKUJIKOCTH
KAMBAA COHUHBASP

B kadecTBe NPaKkTUYECKOTO MPUIIOKCHUS MOXKHO  pacCMaTpUBAaTh  TEYEHHS BOJIBI,
HampUMep, B PeKe TEKYILNEH 10 KaMHAM M repekaraM. Mbl, KOHEYHO, HE UMEEM BO3MOKHOCTH
PEIINTh TaKyl 3ajJady TOYHO, TaK Kak 9TO TPyIHas MaTeMaThdecKas mpobjema O CTpyHHOM
TCUCHUH TI0]] BIIMSHHEM CHJIBI TSOHKECTH. V3JI0KEHHE MHOTHX HMHTEPECHBIX CIIOCOOOB PEIICHUS
MOJKHO Haitu B kuurax [1], [2].

YroObl HalTH NPUOIMIKEHHOE pelIeHUEe Mbl, Kak OOBIYHO, MPHUMEHSEM IOCTYJIAThl
JMHEWHOW TeOpHH BOJH [1], COrIacHO KOTOPHIM I'PaHUYHOE YCIOBHE HA BEpXHEW (CBOOOIHON)
IpaHuIle UMEET BUJL:

o'D )
ox? +%_ =0. )
o,
1. PaccmoTpuM cHavasia mpoCTEUIINK CiIydai, KOIr1a IIOTOK JBUXKETCS 110 POBHOMY IHY, U

MOCTaBUM BOIPOC O TOM, KaKOTO BUJAA PEICHHS BO3MOXKHBI MPU TpaHUYHOM ycioBuu (1) Ha
CBOOOHOM TOBEPXHOCTH.
Torna kpaeBas 3agaua Ui ONpeIeTICHUS MTOTEHIMANa CKOPOCTH UMEET CIICAYIOIINIT BU:
O’d  O'D oD 0*D oD
b Fo o b gl g @
ox" oy oy ox~ C° oy

Pemenue 3anaun (2) MOKHO 3amucaTh B CUMBOJIMYECKOM BUJIE:

0 0 : 0
S (RS
DY) =—— 22109, S =— 2L 1(x) %:—gX-ff<x>. @)
cos(hj cos(h ) cos(h)
OX OX OX

JlelicTBUTENbHO, U3 GopmMyi (3) BUIIHO, 4TO MoTeHIuan d(X,Y) yA0BIETBOPSET YPaBHEHUIO
Jlamaca 1 yCIIOBHIO HE MPOTEKaHMs Ha JHE MmoToka. [lpudem, 3To cripaBeyinBo  1i1sl QyHKITHA
f(x) moboro Buma. HemssectHyto ¢ynkumst f(X), Bxoasiyro B pemieHue (3), MOXKHO HaiTH,
nojacTtaBuB pemenue (3) B rpannyHoe ycnoBue (1). Torma momyyum ciemayromiee oneparopHoe
ypaBHEHUE, ONpPEeNsIoniee 3Ty (PyHKIUIO:

d—z—ii-tg(hij F(X)=0 | 4)

:O,

y=0

y=h

dx> C? dx dx

VYpaBHenue (4) MOXKHO paccMaTpHUBaTh Kak 0OBIKHOBEHHOE U pepeHIanbHoe ypaBHEHNE
0ECKOHEYHOI0 MOpsAJKA C MOCTOSHHBIMU K03 dunmenramu. OHO MMeeT CUETHOE MHOXKECTBO
COOCTBEHHEIX pElleHHil B BUE MOKa3aTelbHBIX (yHkumii f(X)=e* rme A — oxuH u3 KopHeii
TPAHCIICH/IEHTHOTO YPaBHEHUS:

42—%4 tg(1h) =0 . )
VYpaBuenue (5) umeetr 6€CKOHEYHOE MHOYKECTBO BEIIIECTBEHHBIX KOPHEH, B TOM YHCIIC U JBOMHOM
HyJeBOM KopeHb A>=0, KOTOpOMy COOTBETCTBYeT JuHelHoe pemenue f(X)=a+bx. Takue permenus,
UMEIOIIME BUJ JMHEWHBIX WIM MOKa3aTeNbHbIX (PyHKIUM, HE MOAXOIAT, ¢ (PU3MUECKON TOUKH
3pEHHsI, TOCKOJIbKY OHH JJAIOT HEYCTOWYHBYIO CBOOOTHYIO T'PAHHMILY, CHJIBHO OTKJIOHSIOIIYIOCS OT
MIOJIOKEHHsI PAaBHOBECHs, U JIMHEAPU30BAHHAs TEOPHsl BOJH 3/IeCb HE JAeT IPaBHIBHOIO
pe3yJbTara.

Ho uacrotHOe ypaBHeHMEe (5) MMeCT €mie W Iapy YMCTO MHUMBIX KOpHeH A=+ iK; um

cooTBeTcTBYET nuddepentmansHoe ypaaerne f”+k*f =0, naromee orpaHnYeHHOE pelIeHHE
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s Gyakiun f(X). Takum oOpasom, aas TOro, 4To0ObI MOAYYaTh TOJABKO YCTONUYMBBIE PEIICHHS
rpaHu4HON 3a1auu (3), Hy’)KHO B ypaBHEHMH (5) MCKIIOYATh BCE BEIIECTBEHHBIE KOPHU. ITO
SKBHBAJIEHTHO TOMY, 4YTO TpaHU4HOE ycioBue (1) Ha cBOOOIHOW MOBEPXHOCTU 3aMEHSETCS
CIIEAYIOUINM, O0JIee IPOCTHIM, YCIOBUEM:

2
P ol -0 (6)
82

X -

[Moacrasiss B (5) 3HaueHue A= iK, MOJIy4nM CBS3b MKy BEIMYMHOM apameTpa K u
CKOpPOCTHIO TIoTOKa C:

th(kh)
C2=gh— _gh . 7
gh— <9 (7

IIpakTryecku, B AUCIEPCUOHHOM ypaBHEeHUH (7) ynoOHee 3a/1aBaTh UMEHHO BEJIMYUHY
napametpa K, a ckopocts Teuenusi C HaxoauTh U3 paBeHcTna (7).

[Tockonbky «/ gh — s10 cropocTh pactpocTpanenus Geryiieil BOIHBI B CTOsUEi BOJIE B

KaHaJIC FHY6I/IHBI h, TO 9TO COOTBETCTBYCT ‘,Z[OBBYKOBOMY, CJIy4ar0, KOTOPBIM MBI BBIHYKICHBI
OrpaHUYUTLCA, IPUMCHAA HI/IHGI;'IHYIO TCOPHIO BOJIH.

B ‘cBepx3BykoBom’ ciyuae, korma C2>./0h BommooGpasubiii mpoduib CcBOGOAHOM

IpaHMIIBl HEBO3MOXEH. TaM MOXeT CyIIeCTBOBATh JUOO TIVIQAKHI TOPU30HTAIbHBIM IOTOK,
KOTOPBIH, OYEBHUIHO, HEYCTOMUYMB, JIMOO NPOMCXOIUT pE3KOE pa3pylieHHe CBOOOIHOM
IIOBEPXHOCTH, COIPOBOXKIaeMOe 00pa30BaHUEM OpBI3T, THAPABIMUYECKUX NPBIKKOB U MEPEX0I0M
B TypOyJeHTHOE TeueHHe. Bce STH SBJICHUS HE MOAMAIOTCS W3YyYSHHIO B paMKax JHMHEHHOM
TEOPHUH.

SAcHo, uto rpaHmyHOE ycnoBue (6) Ha CBOOOIHONW MOBEPXHOCTH JIOJDKHO MPUMEHSTHCS
TaK)K€ U IS IOTOKA TEKYIIETO 110 HEPOBHOMY JHY.

2. Jlnst moToKa, TEKyIIero Mo HEPOBHOMY AHY, KpOoMe€ TpaHH4YHbIX ycnoBui (1) wiu (6),
CIIEQyeT €Il€ BBHINOJIHUTH YCIOBUE HE NMpoTeKaHus Ha qHe Pn=0 u ycioBHE paBHOMEPHOCTHU
MOTOKA Ha JAJIEKOM PACCTOSHHH, IPU X —> —o0 . UTOOBI BHIMOJIHUTE YCIOBUE HE MPOTEKAHHUS Ha
JIHE, HYXHO MPOM3BECTU KOHPOPMHOE OTOOpaKeHUE BBHIPSIMIISIONIEE 3TO 1HO. Takum oOpa3om,
3aauy HY)KHO OJHOBPEMEHHO peliaTh B ABYX OOnacTsax: B usmueckoi mojoce Z=X+iy, u B
napamerpudeckoii momoce Q=E+17, ummeromed nocrosmEyo mmpuny h. Ilpum STom
IpearoaraeTcs, 4YTo Bce TOYKU CBOOOJHOW TI'paHUIIBI MEPEXOIAT B TOPU3OHTAIBHYIO JMHUIO
1 =h, a Bce Toukm, nexamue Ha KPUBOIMHEHHOM JHE 0671ACTH Z, IEPEXOIAT B TOPH30HTATBHYIO

muanio 77 =0. OueBumHO, YTO HpU OTCYTCTBHH BBICTYNOB Ha JHe, obe obmactu Z u Q

COBITA/IAfOT.
[IpakTuyecku, HykHOE KOH(pOpMHOe oToOpakeHHe obimactu Z Ha obiacTh £ Bcerna
MOYXHO BBITIOJTHUTH ¢ oMotIbio hopmynel [1IBapra-Kpucroddens

%:H(Q_an)“n. ®)

n
B Hem mnpooOpasbl BepIIMH MHOTOYT'OJBHUKA 8n MOXKHO 3(P(PEKTHBHO HAXOIUTH C MOMOIIBIO
metona Kydapesa. Ilycts, Hanpumep, TOTOK JBUKETCS HAJl IPSIMOYTOJIbHBIM BBHICTYIIOM Ha JIHE.
Torna oTo6paxeHne Ha BEpXHIOIO MOJIYIUIOCKOCTh OCYIIECTBISETCSA (hOPMYJIION:

dZ_dx+.d_y

4o dz  de

PesynbraT Takoro pacuera Ha ypoBHe N=h=1, oka3aHn Ha pucyHKe 1.

b=6, a=6.683. 9)
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Pucynok. 1. [Ipumep pacuera KOHGOPMHOTO OTOOpaXKEHHS THA C MPSMOYTOJIBHBIM BBICTYIIOM Ha BEPXHIOKO
MOJYTUIOCKOCTH 110 popmyre (9).

B BepxHell nmosnoBuHe pucyHKa (9) MoKazaHbl JMHUM TOKA IPU OOTEKAHUHU MPSIMOYTOJIBHOIO
BBICTYIIA, @ B HW)KHEH MOJIOBMHE MoKa3aHbl rpaduku Benmmuuu: dx/dE , dy/dE u q(&)=d&/dx,
KOTOPBIC PACCMATPUBAIOTCS KaK (QYHKIIMH riepeMeHHoi & Ha ypoBHe n=h.

Bo Bpemsi pelieHusl rpaHMYHON 3aqaudl Ui TOTEHIMaga CKopocTH D, HYKHO TaKxKe
NPUHAMATH BO BHUMAHUE CIICIYIOIINE COOTHOIICHUSL:

@:qﬁg u @:q@, 20e qza—g, npu n=h . (10)
OX o0& oy on OX
OHM [O3BOJISIOT BBIPAKATH MPOU3BOIHBIE TI0 IEPEMEHHBIM X U Y OT HEKOTOPOH (PyHKIMHU Yepes3
HPOU3BOIHEIE OT HEE MO MEPEMEHHEIM & 1 1.
Mmuoxutens ((E) =0E/0X, nonyuaronmiics B Tpoliecce KOH(GOPMHOTO OTOOpPaKEHHUS,

MO>KHO paccMaTpuBaTh JIM00 Kak (QyHKIHIO TepeMEeHHOM X, IN00 KaK (GYHKIHIO IEpEMEHHOI &, B
3aBHCUMOCTH OT TOT0, KaKasi U3 OTUX BEJIMYUH HCIOIB3yETCs B KauecTBe apryMeHTa. 13 pucynka
(1) BugHo, kak BHIISIAUT rpaduk ¢yskuuu ((§) ans ciayyas 1Ha, uUMeromero  Gopmy
MPSIMOYTOJIBHOTO BBICTYTIA.

3. Jlns HaxoXIeHWs MOTEHIANA ckopoctu @D(&,77) B monmoce Q mpencTaBuM ero B BUIE
CYMMBI JIBYX MOTEHIUAJIOB:

(5, 17) =Dy (&,m) + (S 77) (11)

IepBblif U3 HUX SABISETCS U3BECTHON (DYHKIIMEH, yIOBIETBOPSIONIEH YCIOBUIO HE IPOTEKAHUS Ha

mHe (M=0) u Ha cBoGOAHOI rpanuue (N=h), a BTopoit ¢(&£,77) — HensBecTeH, U OH OMMCHIBAET

OTKJIOHEHHE CBOOO/IHOM I'paHUIIBl OT HEBO3MYILIEHHOTO ypoBHS. [lepBblii moTeH1IMAa, O4YEBUIHO,

paBer @ (&,77)=C-&. OH onmchIBaeT OTHOPOIHOE TEUCHHUE MOTOKA co ckopocThio C. Bropoit

noterrman @(&,77) 3amuceiBaeM, o aHATOTHY ¢ GOpMyTaMu (3), B CHMBOIHYECKOM BHJIE:

cos ni
o¢

cosS hi

o¢

[Motenuman ckopoctu (11) st MOTOKA HaJ HEPOBHBIM JHOM B Tosioce {2 =E+in umeer,
TakUM 00pazoM, CIeAyIOIUi BUI:

p(&n) = -F(8). (12)
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cos(ndj
O(e) =Cer—— 95 g ey | (13)

cos[hdl
dg

Pemenue (13) ynosnerBopsier ypaBHeHuto Jlannaca u ycioBUIo He IpoTeKaHus Ha aHe. Jlis
OKOHYATEJIbHOIO PEIICHHUS 33/1a4d Telepb ocTaeTcs JUmb Hailtu Bua ¢ynkuuu f(E), koTopslit
AOJDKCH OIPCACIIATHCA U3 T'PAHUYHOT'O YCJIOBUA HA CBO6OI[HOI>'I IOBCPXHOCTH.

Ucnonw3ys mis cnaraemoro CE rpanndnoe ycioBue B ¢opme (1), a st BTOpOro 4ieHa
dopmyasl (13) rpanuunoe ycioBue B (dopme (6), momyuum, uyro (yskmus () momkna
yIOBJIETBOPATH HEOTHOPOHOMY AU PEpEeHIINATHPHOMY YPABHCHHIO:

d df dg
qg(qgj+kf_ qué (14)

[Mpomre, ognako, uckare GyHkimoo f(&) B TepMUHAX MEPEMEHHON X, MOJIB3YACH TEM, YTO
muddepentmanbhsie oneparopsl d/dx u d/dE cs3ansl cootnomenuem: d/dx=q d/d&. Torma, ms
¢byukuuu f(X), tuddepenimansHoe ypaBHeHI/Ie (14) mpeobpasyercs k 60JIe€ MPOCTOMY BUILY:

d- Fkef-_cdd (15)
dx
Pemenne HeonHopoaHoro ypaBHeHus (15) 3anuceiBaeTcs B BUIE HHTErpaa:
X &
f(x)= —% [ sink(z—x) q'(z) dz = —% [sink(z-&) /() dr . (16)

CnenoBarenbHo, GyHKIHs T MOKeT OBITh OTy4eHa Kak (QYHKIUS OT apryMEHTa X, WK OT
apryMmeHTa &, ¢ IOMOIIbI0 OJJHOM U TO ke hopMyIsl (16).

Tax xax ¢ynkuus f(§) cumraercs usBectHoit u3 dopmysisl (16), To pemenue (13) mmus
noteHuuana O(&, n) sABisieTcs KOHEYHBIM Pe3yJIbTaToOM, 3alIMCAaHHBIM B CUMBOJIMYECKOU (hopMme.

CumBonmueckas 3anuch pemienus (13) sBusiercs yJ00HOM ISl IPOBEIEHUS aHATUTHYECKUX
BBIKJIAJIOK, HO ISl BBIYMCIICHUH MBI JIOJDKHBI HAWTH WHTErPAIbHBIA aHAJIOT COOTBETCTBYIOIIETO
middepeHIMaIbHOr0 onepaTopa.  OTO MOXHO ClleNaTh, €CIM HCHOJIb30BaThb  M3BECTHBIE
cBoiicTBa nenbTa GyHKuuu Jupaka

5(%) :% T e, f(x):T £(4) S(x=2)dA .

Torma MOoJIy4acTcCd CJICAYIOIICC €TO UHTCTIPAJILHOC IPCACTABIICHUC!

g w(E-2)) [

cos[nJ » ch( j cos( )

P(&.m) = aj )= f()| (;_h 5 2h
cos(hagj - c ( oh )+cos(2hj

OOBIYHO BMECTE C MOTEHIIMATIOM CKOPOCTH ((E,1) UILYT TaK)Ke U CBA3aHHYIO C HUM
¢ynkuuio Toka Y(&,n). Ona nomyuaercs u3 cootHomenus Komm-Pumana:

di, n<h. (17)

. . sm[ ddéj sin(nifj
wv__%__ \ ") Te. y=—7i—%-1() . (18)
o on cos(h jdg cos[hdj

dé dé

Takum 06pa3om, MOJTHBIE BRIpAXKESHUS 111 PYHKIIMU TOKa U TOTeHIHaa ckopocta (13) B monoce
Q) mpuoOpeTaroT CIeIyIONIHA YAOOHBIN ISl BEIYUCICHUS WHTETPATBHBIN BUI:

140



- sh(ﬂ(g_ﬂ)j-sin(mj ]

(&) =Cn+ £ £(2) %Ch(ﬂ({;@)%o{% j . (19)
. : ch[”((’g_l)j-cos(m :

@(5,77)=C§+_Lf(/1) %Ch(ﬁ(g:l)}rcos(%) dA. (20)

4. Yucnennsie pe3ybTaThl pacueTa JMHUHN TOKa, MOJTydYeHHbIE ¢ TpuMeHeHneM (Gopmyiisl (19)
[IOKa3aHbl Ha IPUBEACHHBIX HUXKE PUCYHKaX.

XapaKTep JIMHUM TOKa IIpu 00TeKaHuU AHa C JJUIMIITUYCCKHUM BBICTYIIOM, IIOKA3daH Ha

pucynkax 2 u 3. B sTOoM ciydyae KOH(POpPMHOE OTOOpaKEHHE MO>KHO OCYIIECTBIISITH Oe3
npumeHenus Gopmyisl Kpucrtoddens-Lpapua (8).

T NN
— AR e

PucyHok.2. O6TexaHue IIHIITHYECKOro BeICTyNA co ckopocthio C=0.564 «/ gh .

Pucynok.3. O0TeKaHue 3/UTMITHYSCKOTO BRICTYIA co ckopocThio C=0.879 «/ gh .

N3 stux wn3zo0paxeHWil BHIHO, YTO oOOIIee CBOMCTBO TEYEHHsS] TaKOBO, YTO IMEpen
MNPEMSATCTBUEM JIMHUM TOKA IPAaKTUYECKM HE BO3MYILAIOTCA HEPOBHOCTSAMHU [JHA, a 3a
MPEMSITCTBUEM OHU UMEIOT BOJTHOOOPA3HBIN BHI.

BonHooOpa3zoBaHue BHU3 IO TEYECHUIO B OOJIBIION CTENIEHU 3aBUCUT OT CKOPOCTH TEUCHHS.
JlliHa BOJIHBI 3a MPEMSTCTBUEM U €€ aMIUIMTY/a BO3pacTaloT C yBedudeHueM ckopoctu. C
NPUOIMKEHUEM CKOPOCTH K CBOEMY ‘/103BYKOBOMY  MpeEey, pUCYHOK 3, MbI IOJTy4aeM KapTUHY
MOXO0KYI0 Ha THJIPABIUYECKUN TMPBIKOK, WIH, MO KpallHEdW Mepe, Ha TO, KaK €ro pa3BUTHE
OINMCHIBACT TNPUONMMKEHHast NUHeHHas Teopus. M3BecTHO, YTO B THApaBIUKE, B TEOPUHU
BOJIOCJIMBOB, PacCMaTpPUBAIOTCA THUAPABIMYECKHE NPBDKKH, KOTOpble 00pa3yloTcs, €ClH B3SATh

C>,/gh, mono6Ho TOMy, Kak B Tra3oBOH JMHAMHKE OOPA3yIOTCS YHAPHBIC BOIHBI MPH
CBEPX3BYKOBOM T€UeHUHU. TakuM 00pazom, JTMHEHHAasi TEOPHS MMOATBEPKIAET ITOT (PaKT.
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Ha pucynke 4 nokazan pe3yibTaT pacyeTa TEUEHHUs HaJ MOJIOTOW IUIOTUHOM, TNIe TaKXe
HabrogaeTcss Hayano o0pa30BaHuUs THAPABIMYECKOTO PHIKKA.

Pucynok.4. [lotok Hax nmonoroii motuaoit C=0.96 4[ gh .

Ha pucynkax 5 m 6 mokazaHo oOpa3oBaHHME BOJH 3a MPEMATCTBHEM B BHUAC MOJIMTOHAIBHBIX
BBICTYIIOB, ISl YMEPEHHON CKOPOCTHU TEYEHHUA. 3]IeCh YXKE HEeNb3si 000HTHUCH 0e3 (opmyIbl
Kpucroddens-Ilsapra u 6e3 npumenennst metona Kydapesa mis omnpepeneHus nmpooopazon
BEPIIHH.

W
B e ——

Pucynoxk.5. [Totok Han yeTpipexyroiapHeM qHOM C=0.696 »\, gh .

W
- N

Pucynok.6. [Totok Hax aByrop6oii memsio  C=0.55 »\, gh .

B 3akmiodeHue emie pa3 XoyeTcs OTMETHTh MOJE3HOCTh MPUMEHEHHs YMCICHHOTO MEeToza
KOH(OPMHBIX OTOOpaKeHUH, TakK Kak 0e3 Hero mpou3BecTd pacueTsl o ¢opmynam (19) u (20)
Il TIPOU3BOJIBHOM (POpMBI THA OBLIO OBl HEBO3MOXKHO.
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Cobpanue couunenuii Tom |, Fuopoounamuxa. M.: HAYKA, ®M, — 1949, — 760 c.
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5. S Zimima. Dyramucs of systests with o finvee vpordolic chain recurremt set oo o-~dintenssonmal st finkds

OBTEKAHME MPENATCTBUI HOTOKOM TAXKEJION HECKUMAEMOW
KUJIKOCTH

KAMBAA COHUHBASP

Department of Applied Mathematics, School of Engineering and Applied Sciences, National University of
Mongolia, MONGOLIA
E-mail address: jsoninbayar@yahoo.com, soninbayar@seas.num.edu.mn

YucnenHoe KoHPOPMHOE 0TOOpakeHue, ¢ npuMeHennem Meroaa Kydapesa, no3posser
MOJIYYUTh JJMHUH TOKA TIPU OOTEKAHWHU PA3IMYHOTO pojia MpensTcTBuii [3]. DToT ke crocod
MO’KHO TIPUMEHUTH U K HE MEHEe HHTEPECHOMY CITydaro, KOra MOTOK BOJIbI TITyOUHEI h
JBYDKETCSI IO HEPOBHOMY JTHY co ckopocThio C. CB0OOIHASI TOBEPXHOCTH KUAKOCTH B CITy4ae
TAKOro MOTOKA MPEJCTABISAET COO0M HEM3BECTHYIO KPUBYIO JIMHUIO, BUJ] KOTOPOH HYKHO HAWTH
IIPH YCJIOBUH, YTO JIaBJICHHE Ha HEll MOCTOAHHO. B kauecTBe MPpakTHUECKOTr0 MPUIIOKEHUS
MO>KHO paccMaTpuBaTh TEUEHUS BOJIbI, HAIIPUMED, B PEKE TEKYLIEH 110 KAMHAM U IIepeKaTaMm.
Mpbl, KOHEYHO, HE KMEEM BO3MOKHOCTH PEIIUTh TaKyl0 3aJjauy TOYHO, TaK KaK 3TO TpyJHAas
MaTeMaTHdeckas mpolseMa 0 CTpyHHOM T€UEeHUH I0/1 BIUSIHUEM CUJIBI TsbkecTH. OHa 710 CHX
TOp ellle He pelleHa, XOTs ObLJI0O MHOTO MOMBITOK €€ PEIIUTh, B TOM YHCIIE U BEJIUKUMHU
MareMaTukamu, Takumu Hanpumep kak Crokc, Peneit, Jlesu-Uusura, Ctpyuk, Hekpacos,
Kyxosckuit [2], u ap. M3noxkeHne MHOTMX MHTEPECHBIX CIIOCOOOB PEICHHSI MOKHO HAlTH B
kaure JI.H. Cperenckoro [2].

MaTtemaruueckas IOCTaHOBKA 3a/1a4ll COCTOUT B OTNpeeNIEHUH MOTEHIMalIa CKOPOCTH
@(X,Yy), KOTOpbIii yoBieTBopsieT ypaBHeHHIO Jlammaca @Oxxt+ @yy=0 B ropu3oHTaIBHON TOJOCE,
OTPaHWYEHHON HWKHHUM U BEpXHUM KpassMH. HrokHUI Kpall COOTBETCTBYET HEPOBHOMY JTHY
IIOTOKA, ¥ HA HEM JIOJKHO BBINIOJIHATHCSA ycioBue He porekanusd: ®n=0. Ha BepxHem kpae
MI0JIOCHI TEUYEHUS IOJIKHO BBIIOJIHATHCS YCIOBHE IIOCTOSHCTBA JaBJIEHUs, KOTOPOE UMeeT Ooiiee
CJIOKHBINA BUA. YTOOB! HAWTH NMPUOIIKEHHOE pelIeHNe Mbl, KaKk 00BIYHO IPUMEHSIEM MOCTYJIaThI
JMHEWHON TeopuH BOJH [1], COTIaCHO KOTOPHIM I'PAaHUYHOE yCIIOBUE HA BepXHEH (CBOOOIHOM)
IpaHuULE TI0JI0CH UMEET BU!

o) oD
~Frora =0, @
X |,

144


mailto:jsoninbayar@yahoo.com

Jlureparypa

Cpemenckuii JLE. Teopusi 601H08vix Osudiceruii scuoxocmu. M.: Hayxa, @M, —1977, 816 c.

4.  Kyxoeckuii H.E. Onpedenenue 0uicenus #CUOKOCTU NPU KAKOM-HUGYOb YCI06Ul, OAHHOM HA JUHUU MOKA. // CMAmMbsl 8 KHuze
Cobpanue couunenuii Tom |, Tuopoounamuxa. M.: HAYKA, ®M, — 1949, — 760 c.

5. Kambaa Conuntasp, Kacamxuna T.B., By6enuuxos A.M. 06 onpedenenuu koncmanm 6 unmezpane Kpucmogpena-LUlsapya
no memooy I1.I1. Kypapesa, Becmuux TI'Y, Mamemamuxa u Mexanuxa, YK 512.541, Ne5(43), - C.21-27, 2. Tomck, P®, -
2016e.

http://www.math.nsc.ru/conference/ds/2020/

XABCPANT 9

145


http://www.math.nsc.ru/conference/ds/2020/

m

8§ t m Global

N
e

The Book of Abstracts

3rd SmartNanomaterials: Advances, Innovations and
Applications Online Conference
8-11 December 2020

This book includes only the abstracts presented
at the Online SNAIA2020 Conference

B8 SNAIA

XABCPAINT 9

146



Hydrogen isotope separation via carbon nitride bi-layer membrane

Valentina A, Poteryaeva’, Alexey M, Bubenchikov',
Michael A. Bubenchikov' and Soninbayar Jambaa®
'National Research Tomsk State University, Russia
“National University of Mongolia. Mongolia
Email - bubenchikov_am(amailru

The technology of the hydrogen ssotope extraction out of the Hy, Dy, T; HD mixture was
considered, The extraction of rare components from & mixture of isotopes is an extremely
difficult process due to the similar properties of the considered components and the same values
of the interaction parameters [ 1], However, quantum tunneling (2,3}, as a process that depends
on the mass of particles, shows differences in their passage through monoatomic membrines.
These differences multiply if we consider membranes consisting of two layers. In this case,
resonance modes of motion of isotopes [4,5] take place. The resulting degree of separation of the
components makes it possible to use the compound membranes on an industrial scale.

Membranes suitable for light clements isotope separation are compound membranes of porous
graphene, graphynes (GYs), carbon nitride [6,7), boron nitride, et¢, The bi-layer membrave of
carbon nitride g~C,Ny was investigated in this work. The potential energy of interaction of a
membrane with @ moving particle is built on the basis of the modified Lennard-Jones pair
potential.

The permeability of the membrane and the isotope separation degree were determined using the
method of "matching” the solutions of the Schroedinger equation at the ends of the considered
segment with asymptotic conditions. Calculations of the bi-layer g-C,N. membrane permeability
for hydrogen isotopes He, Dy, T: and HD for the temperature 7 in the range from 30 to 50 K were
performed, The simulation showed that the best results are observed in the extraction of protium.
The degree of separation of protium from hydrogen deuteride and from tritinm reaches the order
of 10", The degree of separation of the HyD; mixture is slightly inferior to the previously
described components. After the separation of protium, the separation of deuterium is expedient.
This process 18 very convenient since the degree of separation for all components reaches its
maximum under the same conditions, Then tntium is extracted. The separation of hydrogen
deuteride of a mixture of isotopes is ineffective in comparison with other components,

References
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CATIONS OF THE KUFAREV METHOD TO A CONFORMAL MAPPING
USING THE CHRISTOFFEL-SCHWARTZ INTEGRAL

SONINBAYAR JAMBAA

DEPARTMENT OF AFPLIED MATHEMATICS, SCHOOL OF ENGINEERING AND APPLIED SCIENCES,
NATIONAL UNIVERSITY OF MONGOLIA, MONGOLIA
E-mail address; spninbayanaseas num.edi mg

ABSTRACT. In this work, we consider o néw technique of converting the system of Kufar
ev’s ordinary differentiol equations describing the motion of the pre-images of the vertic
s, 10 8 more convenient form for numerical analysis. The method determines the revers
¢ images of the vertices of rectilinear polygons and we discuss some of its applications (o the
practical conformal mapping. Numeneal experiments have been conducted and the results
show the effectivencss of the algorithm us it maintains tho distances between the vertice
s in the process of making the cut which-is one of the main properties of the Kutirey'
s method

1. INTRODUCTION

s well known fact that using the Christoffel-Schwarz integral

Z(W) = [}" (w — )™ (w — a2)™ (w = D) (w = ag)™(w —as)™dw,  (L.1)
= % — 1 and @ 1s an interior angle of the polygon, one can mup points of the

ser half-plane W to the region Z, which is the same half-plane, but wath two cuts
Juded as shown in Figure |

/‘\3
1 12 2w

FIGURE |, Mapping of the upper half plane on the polygon exterior

o
o

mtegrand in such integrals consists of the product of fuctors with known exponents
But the values of the prototypes of the vertices @ are not known in advance, and
must be selected so that they correspond to the lengths of the edges of the polygon in
region Z [1]. The main problem using the integral form (1.1) in practical applications
cessfully solving it using the Kufarev method [1], which focuses on finding these
asges of vertices. As for the calculation of the Chnistoffel-Schwarz integral, we must
the exponents in the integral form (1), as well as the pre-images of the vertices of

olygon.
v wn _van formal mappng of | polygons, direct images and counter mages of vertiees,

171
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APPLICATIONS OF THI KUFAKEY METHUD TO A CONFORMAL MAFFING USING THE CHESTUFFEL.
SCHWARTT INTRURAL

[ATTIOMIAIN T |
DISTIBINEOT T AN edels |
BESIHRINI AR

| AOwONONON ) RIS |
S00NN0ON0000 0811002006000
AnEMITIIY )M T
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Figure 4. The carrent line ufter the release of the founh cut.

4. CONCLUSION

KMmbdlﬂmhMuunndaummumofﬂwm\mmofﬂw

stices of the displayed polygons having the form of cuts, and therefore, it significontly

the field of appheation of the Christoffcl-Schwurtz integral. With the help of fhe

sonl implementution of the Kufurev method, its effectiveness was studied wsing a

of examples of mapping of the given polypons to the outer and inner parts. Tosting

the required sofiware blocks was performed by comparing with koown amalytical
15.6).

A feature of the Kufarey method s particularly useful « 10 maintain the distance
the vertices. Tt mukes it possible 10 introduce sdditional fictitious pre-images for
out future cuts through them. Applications of the Kufarev method allows to solve
scientific problems of practical importance, such as the flow of groundwater (6],

he problem of forced convection.
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PRUGHAM AND ABSTRACTS

The purpose of cconomic growth is to increase living standards and decrease
poverty and in the bigger picturo the quality of life will improve If
macrocconomic indicators are rising, then the income distribution of the

population i unprepared, the unemployment and poverty are increasingly
degraded, the development agenda does not justify the goal but the negative
results.

ASSESSING STUDENTS' KNOWLEDGE AND ABILITY
Buyantogtokh. D and Tungalag. B

Mangolian University of Science and Technology, Mongolia
o-mail address; buyodi@must edu mn, nngalag. St edw.mn

Abstract. In this articke we have presented the issue of how 1o 2ssess and evalunte
learmers objectively, The reason is that a problem about student’s assessment and
evaluation has been the most conflictive so far. As well us there are not fow
incidents, when teachen overestimate o underestimate students too much or they
misjudge their students. We think, this is due to the fact that the assessment is
caused by the personality of individuals, In some ways it shows that the
subjectivism affects to the sssessivent or evaluation of stisdents.

Traditionally, the standard and nonstandard assessment pringaples were followed
and we consider that they arc unilateral and insufficient techniques 1o property
assexs and evaluate students. At present the students’ knowledge and ability are
evaluated by the principle of knowledge- scquired habit (cum-savvy) - attitude
andd formation. Our research goal is 10 establish advuntages of this principle of
nssessing individual's valoe

Key words: assessment, knowledge, scquired habit, sttitude and formation.

KUFAREV'S METHOD FOR CONFORMAL MAPPING WITH THE
SCHWARZ-CHRISTOFFEL INTEGRAL IN SOME PRACTICAL
PROBLEMS

Soninbayar Jambag
National University of Mongolia, Mongolic
04
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PROGRAM AND ABSTRACTS

emall address: soninbavar@seas. nunt.edu.mn

Abstract: The Schwarz - Christoffel integral has successfully been used in various
problems related to hydrodynamics, electrodynamics, and clasticity theory. The
main difficulty of its practical spplication is to find the parameters included in the
integral. In this work, we study the Kufarev's method established in 1947 to avoid
such difficulties. We reduced the problem of parameter determining to an easier
problem which is the numerical integration of a system of ordinary differential
equations, The equations here represent the motion of the desired parameters. To
show the practical effectiveness of the method, we conducted some numerical
experiments,

Keywords: Schwarz - Christoffel integral, conformal mapping of rectilinear
polvgons, images of sides and vertices, streamlines,

CLIQUE SEARCH BASED APPROACH FOR IDENTIFICATION OF
CANCER-ACTIVATED MODULES

A.Bayarbaatar and E.Binderiva
National University of Mongolia
e-mall: bayarbaatar@seas.num.edu.mn

Abstract: Cancer related activation of biomolecular networks are often
represented as & graph structure. Densely connected parts of the responsive
network represents the condition-specific activation of biological processes in
cancer. The identification of such activation is a challenging problem in
computational biology since it is difficult to distinguish condition specific
changes from random events under cancer,

The problem of finding the highest-scoring modules (subnetwork) in a responsive
network is in generally formulated as & combinatorial optimization problem,

However, molecular networks are normally large in scale. It is impossible to solve
such a large scale optimization problem within a reasonable time.

In this study. we propose & Clique search based approach method to reveal
condition-specific changes which are so-called cancer activated modules in the
responsive network. First, we applied a partial covanance selection model to
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SONINBAYAR JAMBAA

Department of Applied Mathematics, School of Engineering and Applied Sciences,
National University of Mongolia, MONGOLIA

E-mail address: soninbayar@seas.num.edu.mn

1. ABSTRACT. In this work, we consider a method that determines the inverse images of the
vertices of rectilinear polygons, the method of transforming the system of Kufarev ordinary
differential equations describing the movement of the inverse images of the vertices, to a form
more convenient for numerical analysis.

Numerical experiments have been carried out, and the results show the effectiveness of the
algorithm, since it preserves the distances between the vertices during the cut, which is one of the
main properties of the Kufarev method.

2. Introduction
Numerical conformal mapping, using the Kufarev method is a dynamical system.

It is well known fact that using the Christoffel-Schwarz integral
ZW) = [§ (W — @)@ (w — ap)%(w = (W — a)®(w — as)® dw,  (L1)

where a = % — 1 and ¢ is an interior angle of the polygon, one can map points of the upper half-

plane W to the region Z, which is the same half-plane, but with two cuts excluded as shown in
Figure 1.

Z
4 _H-'“""'-H-\j
1

Figure 1. Mapping of the upper half plane on the polygon exterior

oy

2 3w 4

pen

The integrand in such integrals consists of the product of factors with known exponents «;,. But
the values of the prototypes of the vertices a; are not known in advance, and they must be
selected so that they correspond to the lengths of the edges of the polygon in the region Z [1].
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Relationship between ergodicity and mixing in the
ergodic theory of dynamical systems

Kambaa Conunbasp

MYHUC, XITVUC, Xspermonnil MateMaTHKilE TIHXHM

Some sequential theorems and properties of a measure-preserving transformation
of dynamical systems are considered, some generalization of such important
properties of dynamical systems as ergodicity, mixing and their interrelation

is made in the work

Tyaxyyp yre: successive theorems and properties of a measure-preserving
transformation of dynamical systems.
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Or13p18 0 coBMecTHOI paboTe no Monroao-Poccuniickomy npoexty 2019-2021 rr.
PODH Ne 19-51-44002

aas Qonjga HAYKH H TeXHoJoruu MoHroauu

Ha3spanue npoekTa (Ha PycCKOM A3bIKE):

MareMaTH4YecKoe MOJCTHPOBAHHE KBAHTOBOTO NPOCEHBAHHA H3OTONMOB MOCPEACTBOM
TYHHCIBHOIO HPOXOXKUCHUA HEPE3 PE3OHAHCHYID CHCTEMY 3HepreTHyeckux OGaphepor mpu
CBEPXHHIKHX TemIiepaTypax
Ha3ssanue npoexkTa (Ha aHTIHICKOM S3BIKe):

Mathematical modeling of quantum sieving due to tunneling through the resonant system of
energy barriers at ultra-low temperatures
Ha3sanue npoexTa (Ha MOHI0ILCKOM SI3bIKe):

Xor Gara TeMIeparypr SHEPruiiH CaajblH PE3OHAHCHIH CHCTEMHMHT TYHHENIMIH Masruiin

3aMaap J1aMIKHH OHTOPOX H30TOMYY/IbIH KBAHTBIH LIHFIIHITHITH MATEMATHK 3arsapuian

Pasjienenue H30TONOB, T.e. YACTHIL C O4eHb O/H3KHMH CBOCTBAMH, OKa3ai0Ch BOIMOKHLIM
JHUIB ¢ IPHMCHEHHEM pesoHatcHoro sdidexra. Iloaromy ata cnokuas 3anaya Geina pasnenesa
PYKOBOAHTEIEM COBMECTHOIO MEHULYHAPOJHONO NPOCKTa HA JBE YacTH, DTH HACTH BHINOIHATHCH
Poccwuiickoit rpynnoii noj pykosoacTeoM g.-m.1. M.A. Bybenunkos # MoHronsckoii rpymnmnoi noj
pykosozacTBoM K.p.-M.H. JKambaa ConunbGaspa. OGbeauHeHHBIMM ycniauamu ObuiM nonyueHs!
BaKHBIE PE3y/IbTAThl 10 KBAHTOBOMY NPOCEMBAHHIO H30TOMOB requs. Cyuraio, uto MoHronsckas

CTOPOHA YCIEITHO BLINOMHKIA CBOIO paboTy B CPOK H B NIOTHOM 00BEME.

Pykosomurens Poccuiickoli rpynnel npoekra M. A. byGerunKon
I.G.-M.H., I0UEHT Kaephl TEOPETHYECKOH MEXaHHKH,
B.H.C. PErHOHATLHOTO HAY4HO-00pa30BaTeILHOrO
MaTeMaTHYecKoro HeHTpa

HaumonansHoro Hec/ie10BaTebeKoro

TOMCKOro rocyAapeTBEHHOTO YHHBEPCHTCTA

vnoannca YAOCTOBEPAND
BEAYUMA AOKYMEATOBER
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