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Fig. 2. Graphs of the real and imaginary parts of the
functions G ( ¥ ) Ka(x) dalculated for the values: m =3

and E=0.5
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ANALYTICAL SOLUTION OF THE SCHRODINGER INTEGRAL EQUATION. Vestnik
Tomskogo gosudarstvennogo universiteta. Matematika i mekhanika [Tomsk State
University Journal of Mathematics and Mechanics].

The present paper considers the use of wave dynamics in solving problems of
membrane separation of helium isotopes in a gas state at cryogenic temperatures. The
dimensionless form of the stationary Schrddinger differential equation is obtained.
Following that, the integral representation form of the wave function which is equivalent
to the classical equation is written. This form is similar to the integral equation with a
degenerate core; however, it contains a modulus of the argument with a shift along the
real axis. Using the shift operator, the existing exponential function in the Schrédinger
integral equation can be split into a differential operator and an exponential function of
the argument module which does not contain a shift. The Fourier identity allows reducing
the exponent of the modulus of the argument to a regular exponent. Next, basing on the
general ability of the differential operator acting on the exponent, it is possible to calculate
the spectral functions of the problem and write down the distribution for the wave function.
This distribution is ultimately expressed through the spectra of the potential barrier.
Thereatfter, the structure and the spectrum of the composite barrier are considered. With
the expression determining the reflection coefficient it is found that the double-barrier
system can have a resonant passage of one of the components in the sequence of
distances between the layers of the membrane.
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Abstract. muolwwh‘lmn:“mwﬂdﬂdwmh
the sep of gas n of tsctopes of an elermont, The presonce
dq-mneﬁuun-hunﬁpmum-lbk,umf ™ wysem of wo g 1]
maﬁmu&dﬂmhumdwm’mmdm
providng bgth sepurstion efficiency. The prbsdility of wome poosing feough oomposite
berriers i dorived frem e sadving of sationary Scheadinger aquation.

1. Intreduction
The g of the sep of heliwm isotopes ssing » systan of double enoryy barriers ix
presomsed. The prososce of the scoond potential barmser that is located @1 » vertan distance from the
first barrier can have o ontical tmpset on the pormabibity of the system, even in the case of stosns
whkbdﬂwo«ly-m(mmof-oknm;{lJ] hwnummmmwmm Such
wn effect o possible i the di the p § barrier is chosen in such o way that o s u
nmlwkdﬁwdc&whcwntlwd&:mmn;m-d&:bmrmhTh-ulupoﬂ:kw
choosz the dmtancy between the harriers so that some isstopes pass tirough the syweem while others do
nol

2. Mathematical model
The moton of waves in the space of the pooantial bamies’s (42) Influence v described by the

t e Uy

3
v'.;—‘;cz-mzw-o. "

whero ' is the wave functson: ¥'* is the second donvative of = m is the mass of the particle; A is the
reduced Plunk constant: £ is the energy of the system. Equation (1) s reduced 1o the folbowing form
m 2 diszance from the bamer:

P AP -0, n-%?c 2
The form of the function 9421 depending ce D infeeval s 2 followy
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Wizp=e* s, 22,
W(z)= AW (2) = B¥,(2), Dez<d, 0
W= s
We canm obtain the tansmission cocfficiemt 107 by sobving the system of equations hased oo
conditons of equalaty of the values of the Tunction $(z) and 15 dertvarive #7(z) at the posnts of the
solutions’ crosslinking [5).
) ¥a0) 0 -1} A 1
oy Wiy 0 M l 4 )
W) YL -1 o ¢ |of
PHL PUL -k 0 D) Lo

(4

A Roesults

The exact sobutions for the cases of rectangular potential barrier (=) und 2 smooth bammier of the form
Uiz =17 e’ (ur) Bave already beew received [6). First of all we compared our resubts calculated via
(4) with the snalyticul solution (fgure 1), Here, the curves comespond o the malytical solution, the
arkens carrespond 10 the salution of the problem described above The results are indistinguishable.
A singhe potemial barrier doss not provide the ry degree of lsowop Sepanition i in
the case of recuangular barnier, so in the case of a smooth barner,

» - - - - " Rl

e
Flgwre 1. The wansmisszon coeffcscmt £ of belum 1sosopes passsng through
the rectangalar (beft) and smooth (right) bariers

However, o system of two shamtical potential Sarmens locatod al 8 cormam distance from ench other
stiamlates & moee intense passage of one of the wotope, whiks the peemeabilaty of the system foe the
other isotope &s significuntly reduced (figure 2). In both cases the heliven-4 prevails over belium-3, but
the degree of separation vanes from 07192 (0.7357) in the case of a single barrier to 3967333
(22 8519) m the case of double rectangudar (smooth) haerier, The rio of the given values |s S50 (31)
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Figure 2. Helium isstopes passang throwgh the smgle posertad barrier (lefty and the doshle
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wed does not coineade with e same peormoner of the ofher motope. The choosing of the value of & thae
poreds 0 ko posk of hility of ome isctope il coincides with the smallest valee of the
i siun Sr mofier sowpe will peovide the best degree of spanton.

Figure 3, The degree of tsotiges soparation thevegh the systeom of sngle
and dosble ssaoth barviers
As s be oo in fgure 3, while (e wse of 3 sngle barriers Soes sl peovide o degree of sepanation

greaer thas |, fe sysiess of (wo beerides ehances Se difforerne in B¢ pasiage of helivn-3 snd
Delivm—t 10 30,
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4. Conclusion

The systems of the doable barner that correspond to the usage of bilayer membranes provide very
cfficient separation of isotope mixtures. Thorough adjusement of the parameters will provide a degree
of separation suitable for industrial necds, which will increase the productivity of membrane gis
separation.
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Abstract: The research is devoted to the problem of design
ing materials with an adpustable property of pemeabuuy.
The abtained tool for property regulation allows achieving
hyper-selectivity In relation to separation of helium iso-
tope mixtures, as well as some other gas mixtures. The

h is th ical in nature; however, it suggests a
clear direction of activity for experimenters, The result ob-
tained is valid for ultrathdn bamiers of any form. As a e
sult, & new exact solution of the Schrodinger equation of
wave dynamics, which is valid for the case of two-barrier
systems, s found. This solution allows for comprehensive
consideration of the process of wave passage through a
barrier and identification of the causes leading to super-
permeabllity of Individual components,

Keywords: membrane permeability, Schrodinger equa-
tions, sefectivity of gas mixtures

1 Introduction

Porous graphenes and porous boron nitride are best suited
as elements of a composite membrane, Stch materials can
be obtained by epitaxy {1, 2] or by vupour depesition onto
@ substrate containing o defect free graphene or porous
boron nitrsde [3, 4], However, there is another entire group
of stable sheets with a thickness of ane atom which can
be copverted into a posous 21 matesial at the stage of
synthesis or after mechanical peeling. Thus, GeH sheets

*Cocresponding Authar: Anna Serge Chelno Tomsh
State University, 634050, 36 Lenin av. Tomsk, Russin

Emgnl: smolma nyutagimad

Alexey Mikhaflovich Bubenchikow Tomsk State U ¥

which are thermally stable at the temperature of up 1o 75°C
are i igated in [5]. Anather known material is silicon
which is an equivalent to graphenes {6, 7|; it has great
prospects for new applications. In (8] the authors con-
sider black phosphors a @ laymd material from wmch
it Is possible to obtain a phosy -a

layer whose physical pmpetdts ditfer stignificantly from its
bulk counterpart, The work [9] reports on successful man-
ufacturing of a two-dimensional stanene based on Sc by
the method of molecular beam epitaxy, In [10] it & sug-
gested that functionalization of hexagonal boron nitride
by amine molecules canses exfollation of the layeyed struc
ture which leads to the formation of boron nitride sheets.
The authors of [11] state that the development af new lay-
ered jals has evalved from grap to Hic ax-
Ides and metallic chalcogenide nanoshests. Additonally,
in 12 the authoes mention metal dichalcogenides as the
latest 2D materials and give an example of a material based
on MoS3, In [13] the edactranic properties of the following
metal dichalcogenides with a two-dimensional structure
arcobserved: MoS;, WS;, WTey, TiSe;, NbS,, VSey, NbSe;,
TaS ;. All the materials can be adapeed for separation of
gases with an application of an appropriate method for
their synthests or subsequent processing leading to the for-
mation of pores, In |14 & layered two-dimensional network
structure, which contains unifermly distributed holes and
is based on G N stoichiometry is reparted.

Thus, a significant ber of two-dimensional ma
teriahs have already been synthesized, and they can be
used in works on g silting of isotopes. The r-CyN,

membrane is of great (nterest in terms of quantum screen-
ing of *He/*He mixtures, Using this membrane makes it
possible to achieve a degree of separation equal to 18
units [15] In [16] It 5 suggested that tunnelling problems
improve understanding of chemical phenomena. In {17]
the amhors consider a mmmlcll solution fo the problem
olg mechanical h h barriers, The

050, 16 Lomis v, Tomsk, Russia

Mikhat! Aleh ch Bubenchikoy, Aleksandr Vik b Lum
Fu: Gazpreom Traonsgas Toosk L., 64009, 9 Frusze wv,, Tomsk,
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proposed method was tested on some dtsronnnuous po-
tential distributions. Theceetical studies were carried out
and demonstrated that eficient separation of *He/"He can
be achieved using a porous graphene like material from
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fect 18], Mixtures of H; /T, *He/“He, CH, /CD,, H,/HD are
studied in [19]. The work presents a simple theory for cales-
lating solectivity at zero pressure due to quantum sieving
in nanopores. In [20] the authors use molecular dynamics
modelling, as well as the Monte Carlo method and exper-
imental neutron scattering data, to study adsorption and
diffission of hydrogen and deuterium in zeolite in the tem
perature range of 30-150 K. In [21] molecular sieving of hy-
drogen and deuterium through a zeolite membrane at low
temperatures is observed, There occurs an Inverse kinetic
scattering effect which consists in the fact that the heav-
ier isotope, dewterium, diffuses faster than hydrogen. At
65 K scattering selectivity reaches 46 units, A number of

works suggest that o p graphene of s certal {1
can be used for g € ing of a helt helion
[22]. N iy, p boron nitride, as well as

any nanoporous membeane with o thickness of one atom
of a given sub e, Is also sultable for these purposes.
Several pore structures for separation of hydrogen from
methane or helium [rom other noble gases are presented
in [23-26). The authors in {27-32] mainly analyse single:
layer marerials, There are works on controlled separation

1331, These studi that temp plays the role
of the l p [n addition, the case of a tunable
P ol barrier is lysed in [34]. In [35, 36] diffusion
by awe dered. In {37, 38] authors Investigate
k for ind: 1 apphications, Bimaterial is con

sidered in [39]. Helium enrichment by resonant tunnelling
through bilayers Is presented in [40), Works [41-52] con-
sider application of classical mechanics In molecular siev
ing problems. However, at temperatures of the order of 50-
60 K, the Schrodinger wave dy ey should be used for
the probl under consid

"

2 The Schrédinger differential
equation
Passage of matter waves and their reflection from a

potential barrier U(x) are described by the stationary
Schrédinger differential equation:

‘;’5‘ N [k’ - zmum] V=0 1)

1tis assumed that the barrier U{x) and the desired func
tion Plx) are defined on the entire real axis x, and the wave
which is incident on the left side of the barrier has the form;

Yo = & @
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i the values m and E rey the dimensiond
mass and the energy of the material particle, the wive pa-
rametar & Is equal to:

k « V2mE, [&]]

Numerous ltersture sources devoted fo solving the
Schridinger equation (1) [53, 54] describe virtous methods
of sol Exact solutions are k for a p tal bar
rler Ulx) of a rectangular shape, as well as for a bamier hav
ing the form:

1
Ulx) = ‘—:ET(;;—- &)

For barriers of other shay P al
methods of calculation are usually used. They are based
on the ussumption that, firstly, it is necessary to caloulate
two linearly independent solutions € (x) and @ (x) of dif
ferential equation (1) within a certain interval 0 < x < L
adjacent to the Ulx) barrier region. Such solutions can be
found by various numwerical methods, using, for example,
the Runge - Kutta method, or other modifications of linite-
difference schemes. Figure 1 shows one of the resalts of
such calculations for a bamrier of a numerically specified
shape.

Vigwre 1 Fund | aoh of ¥ Schrbdinger og
for barriers of given shape

It should be noted that the process of finding the func.
tions @, (x) and @, (x) from equation (1) written in the dif:
ference form can be significantly facilitated by using the
null(M) subroatine which i available in the MatLab sys-
tem. Foctually, the difference form of equation (1) Is as fol
lows:

Mowp=0, M=D2sdiag [k« 2mun)], (5)
¢ - the vector of grid values of the desired function,
D2 - the matrix analogue of the second derivative with
respect tox.,

If we remove the first and the last rows of the matrix
M obtained in such a way and apply the null(M) opera-

moéolut ¢f v
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tion, wewill, asa result, obtain two desired column vectors
@,(x) and ®;(x). Moreover, they are immediately issued
by the null(M) program in an orthonormal form.

The graphs of linearly independent functions @,(x)
and @, (x) satisfying the Schrodinger equation (1), shown
in Figure 1, were calculated by this method. This method
completely replaces the “sweep method” known in compu-
tational mathematics and even surpasses it in terms of the
solution accuracy.

On determining the functions @, (x) and @;(x) we con-
tinue the solution with reference to the entire real axis x by
cross-linking with the solutions outside the barrier inter-
val. It is assumed that the solutions in different areas have
the following form:

Ylx)=e™-p.e™  x<o, (6)
P)=A-@(x)+ B-@3(x) O<xc<l,
P =c. el x5,

The latter expressions imply that within the region in
front of the barrier there are both an incident and a re-
flected wave, and behind the barrier there is only one pass-
ing wave. The problem of cross-linking the solutions con-
sists in determining the four coefficients A, B, C, D from
the condition that the tf function values are equal to its
derivative at the contact points of the adjacent solutions.
This leads to a system of four linear algebraic equations:

®(0) @0) 0 -1 A 1
@400 @200 o -ik| |B| |k
o) @) -1 o |'|c| T o
(L) @) -ik o) b |o

Since the coefficients A, B, C, D obtained from sys-
tem (7) are complex quantities, the function P(x) ex-
pressed by formulas (6) is also a complex quantity.

In quantum mechanics the function (x) expressed by
formulas (6) and (7) is less significant than the square of its
module p = [ because it is equal to the density of proba-
bility that the particle is at a point with the coordinate x. If
the graph of the function p(x) is displayed, it usually fluc-
tuates strongly with a doubled spatial frequency equal to
2k due to the interference of the incident and the reflected
waves. Therefore, such a graph is rarely presented on the
screen. Instead, more informative parameters appear to be
the current transmission coefficient a « |C|* and the reflec-
tion coefficient b = | D/%.

The system of equations givenin (7} is particular asthe
following equation is always observed:

€2 +1DP =1 (8)

That is, the sum of the transmission and the reflection
coefficients is equal to unity, and this equality can be used

7
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V L

as a control tool for calculations. The current values of C(x)
and Xx) can be determined from the same system of equa-
tions (7) in which the letter L is replaced by the letter x.
Figure 2 shows how the graphs of the functions p(x) =
|)? and a(x) look against the background of the compaosite
potential barrier U(x) given in the numerical form.

Figure 2; Result of numerical solution of Schrodinger differential
equation

The calculation was carried out according to formu-
las (6) and (7) observing that the mass m and the energy
E of the particle had the following dimensionless values:
E«05m«4,

Thus, the described method of cross-linking applied
for linearly independent solutions gives acceptable results
in some cases. However, since it is only numerical, it does
not allow for complete evaluation of the shape of the bar-
rier influencing the transmission coefficient of particles.

3 The Schrodinger integral
equation

In addition to the cross-linking method of solutions, there
is also an approach based on the fact that the Schrodinger
differential equation (1) can be reduced to the correspond-
ing integral equation, which has the form:

W~ 5z [ - et o)

Such an integral equation is given in the well-known
book by Morse and Feshbach [53).

This large book pays much attention tothe description
of various approximate methods for solving equation (9),
such as the iterative-perturbation Born approximations,
the Fredholm series, long-wave approximations, short-
wave approximations, and WKBJ-approximations. The ab-
breviation WKBJ stands for the first letters of the names G.

moluef ¢of v
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Introducing (19) in (17) we obtaini

A T ety
Plx) = o, —_— (20)
1-A ] estblis)de
% [ / -I'Jli‘% da
l /_ A .Z elﬂhw Ux dx s
zﬂ -~
! 1-A T ehettiix)dx
- f etlol . g gy
For further { tions of I la (20) it Is con-

venient to introduce the concept of the spectrum of the po-
tential barrier Blor) and caloulate the integral over the vani-
uble a in the explicit form:

Blw) = / UG dx, (a1

felhal g -

-

Then formula (20) takes the form:

Plx) = ™
17 ABlws k) | 2ik
35 | [ 208 on e

This is the solution of the Schrodinger integral equa-
tion (9) written as an integral along the real axis w in the
spectral reglon, The factor enclosed in square brackets is
responsible for the influence of the shape of the barrier on
the de Broghe wave passing thsough it. Since the integrand
has two poles w « ok and possibly other poles of the de-
nominator of the fraction in square brackets, the integrand
15 constdered to be meromorphic, If we knew all its poles,
integral (22) coudd be found us the sum ol the residues. In
numerical integration, integral (22) should be taken along
a line paralle to the real axis and lying slightly below i,

2k
How?

(22

4 Further transformations of the
solution

A solution of form (22) can be transformed in such a way
that it ks expressed as an integral along the real axis x. To
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o this we need (o introduce & new function K{x) relsted 10
the spoctrum of the potential barrier U(x) by the relations
known from the theory of integral Fourier transforms:

P - / Kix): ¢ dx, @)
ABwsk) | -
K(x)o--/[l Wlw B e dw

Then formula (22) can be written as a sequence of three
integrals:

Yl - & (24)

/'- '/W"""dﬁ[-“.m"“d"

—

1 -
« [ s [ e (%. / "“"”""") :

Nl..

The last integral in this formula, with respect to the
variable w, is the Dirac delta function, therefore, we ob-
taln:

Pix) =V /K(I)dﬁ/v‘“‘ﬁ(n (x-M)da (25

RPN ixm,,c\;t-ndp_

Thuy, instead of formula (22), 1o find the wave function
y{x) we can use a more compact expression:

W) - % o j K - Mr-Cgg (26)

For Its calculation it is necessary to find numernically
the function Kix) associated with the barrier spectrum by
formulas (231

5 The reflection and transmission
coefficients

Solving the Schridinger equation using the integral equa-

tion method does not provide observation of the cross-

linking condition, Therefore, it is necessary to make sure
that the boundary conditions are satisfied ot x « « ==, For
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this purpose, we will rewnite equation (27) in more detail:

¥
pix) = ™ [u / Ki¢le Mdg a7

veltt / RO ar

From here we see that ot a great distance (x| — o the
function P(x) behaves as follows:

Plx) = o' [1- j KIQe™d¢|, x o0, (28)

i)« ey t"h/K((V“d{. X — oo,

That s, behindd the barrier only the incident wave is
preserved, and in fromt of the barrler there are both the
incident and the reflected wave of the matter, Therelore,
the boundary conditions of the problem at infinity are sat-
Isfied,

We can now immediately get the expression for the re
flection coefMcient:

3

bel / K(Qe™dg (29
5

Further, we note that the reflection coeticient (29) cin
also be written explicitly through the spectrum of the po-
tential barier Blas). Applying formula (23) we find:

AB2K) |*
1-AB2K)

After the reflection coetficient ks found, the passage co-
effcient cun be determined by the farmula:

b

{30)

a=1-b, (an

6 Examples

There are cases when the spectral function of the potential
barrier is found amalytically.

For example, for a barrier in the form of the Gaussian
pulse we get:

0x)= e, u»;-?--’f’ ()

DE GRUYTER

In this case, formula (30) for the reflection coefficient
takes the form:
2

s By | ATV E |

o B

1 -M"s"ﬁ"# |

2m
‘-m

where k = 2mE, (33

Figuse 3 shows the shape of the potentind barrier and
the graphs of the reflection coefficient b(m, E) calculated
by formula (33),

e

TE

Figure 3: Siagle barses (Joft) and refloction coefficion depending an
particle energy (right)

These graphs demonstrate that particles with a lasger
mass at the same energy E are reflected more strongly for
this type of barrier, while smaller particles with a very
small mass pass through it being weakdy reflected at suf-
ficrently high energies.

Let us now consider the question of how the com-
pound potential barrier which, for example, consists of
two identical barriers spaced apart by a distance of d af-
fects the reflection coefficient, The shape of sisch a barrier
Is as follows:

Ulx) = 77y g it (34)

Calculating s spectrum, we obtain:
Blw) = / T ey /r"‘“""c“"dx (35

= .[.e\""c"“dx o ]o""""o"" Ddx
- ic""""“‘dn [1 vl""]
- l/"_'—e"v‘" . [l u""l .

Thus, the addition of a pew barrier introduces anly an
additional factor in s spectrum,
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Formula (33) for the reflection coefficient, therefore,
takes the form:

Aﬁ—x\/,—,e-ﬁ 4 (l 4,‘_,Zr'lui)

b(m, E,d) = -
1-Af1y/7e ¥ « (1+ eZikd)

(36)

Due to the presence of an additional factor in for-
mula (36), it is always possible to find such values of the
distances d between two barriers at which the reflection
coefficient b (m, Eo, d) automatically vanishes at energy
values E = Ey. Equating the factor (in parentheses) to zero
we get:

2ikd fm2n+1) n(n+3) m(n+3)
e a-1=¢ , d= = —par, (37,
\/ZmEo ( )

n=0,1, 2, 3...

Choosing the distance d in formula (36) in this way
we achieve the selectivity effect, i.e, a particle with the
mass mand energy E, freely passes, withoutany reflection,
through a potential barrier consisting of two pulses.

Figure 4 shows the position of the composite potential
barrier U(x) and the result of calculating the reflection co-
efficient by formula (36).

(7 S R T R I I |

Figure 4: Composite barrier (left) and reflection coefficient (right,
dotted line - reflection coefficient of single barrier)

The dashed line on the right side shows, for compari-
son, a graph of the reflection coefficient for a single barrier.
It can be seen from this calculation that the double barrier
significantly reduces the reflection coefficient, compared
with the single barrier, and turns it to zero for a discrete
series of energy values E, as predicted by formula (36).

When the Schrodinger equation (1) was solved by the
numerical method of cross-linking for composite barriers,
significant fluctuations in the reflection coefficient b and
the transmission coefficient a with a change in energy
E were also quite often observed. The method of cross-
linking is purely numerical in nature, and it is difficult
to understand the reason why a particle passes through a
double barrier more easily than through asingle barrier. As
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a result, there has been a tendency to attribute this effect
to counting errors.

As for formulas (36) and (37), they are a consequence
of the exact solution of the Schrodinger integral equa-
tion (9) and, therefore, are not in doubt. Compound poten-
tial barriers are accompanied by potential wells the bound
states of which resonate with the incident wave.

Let the composite barrier have the form of two Gaus-
sian pulses: U(x) = exp(-fx2), U(x) = exp(-B(x - d)?).
We will consider the nature of passage of isotopes with a
change in the distance d between the vertices of the pulses.
Figure 5 shows the permeability distributions of helion a3
and helium ay, as well as the degree of separation for the
mixture y = as/as.

U
-7 |

JiP7 | A
E=04 |

e

-

Figure 5: Change in permeability and selectivity with increasing
distance between barriers

The change in permeability takes place in the form of
vibrations. Moreover, these fluctuations nearly occur inan-
tiphase. Because of this, there arise bursts of selectivity.
Figures 6, 7 show the distributions of the same characteris-
tics, but for the cases E = 049 and E = 0475. We can observe
a quantum character of the change in selectivity with the
distance between the barriers, as well as a sharp increase
in the degree of separation of the mixture in narrow bands.

a,asy

Figure 6: Change in permeability and selectivity
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Figure 2: Thange in permoataliny and selectivey with inomading
Gstance between barviers

Pigum&9thowl)mulowmnpsmthm-m
aroas that per hibiry of the comy
iummhmnhmmwhdh Moteover, the system
as a whole 1s characterized by hyper selectivzy. In addb

thom, with a d in an exp of the
super permeability bands & observed.
e

[ Ta—

Tigum B: Selectinity ot partiche sy valus £ = 0375

7 Conclusion
Yh\- nhmm of the Schridinger integral equation in the dif
focm was obtained. The sons for

Figure 3 Selectivty #t particle snergy £ <03

2ero reflection cosficient ot the Sound values of the dis-
tance between the barrers. Thus, one of the components
passes hrough (e system of barriers, while the other doss
not pass at all. Asaresult, we getan effective system for sift.
lmbotmﬂlsmmmh«uﬂmnﬂhamdu
by changing the di the b Mor

the conchusions tumn out 10 be trae for ultrathin banrers
made of any materials.
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AHATHTHYECKOE PEHIEHHE
HHTEIPAJIBHOT'O YPABHEHHS HIPE/IHHI EPA’

MocTpoeso ABATHTHYCCKOE PRINCHHE 3AJ34H O BOJHOSOM TPAHCIOPTS BEMICCTEA
Nepel COCTARHAEIC CBEPXTOHKHC Oapeepal [Moxanawo, 9T0 118 cocTaBHOM MemOpa-
HR, COCTOSINER M3 JBYX OXHAAKOBMIX CREPXTORKAX CHOER, RCETIA CYIIECTRYIOT
PACCTOXIR MEAITY CAONMM, MPH KOTOPRIX PEATHIYETCA PeIOHANCHOS NPONXOKIE-
HHC OHOM H3 XOMIOHCHT. PeI0HAHC MOIBORMCT paizensTts aedpoitesckre BoT-
HE! MACTHIL, OEHAKOBEIX 10 CBOACTBAM H PALTHMAKUDIXCE THmL Maccanms. Tlpn
Temueparype 25 K HARICHA DMPOXa® NOMOCA FHISPOSICKTHEHOID PAVICICHHR
TETHOH-TETHeROH CMeCH.

Ka10MeBEIe (J10BA: UNMEPATLHOE VPASHERNE. SRPONOERHOE ROPO, ONEPAMGP
CO8IA, IKCNOMERYUATLRLIE VRN LI, MOMOeCED DVPLe.

B KauecTBe MIEMEHTOB COCTABHON MeMOpaHn HaumyqunsM olGpasoM MOIXOIHT o=
pHcTHH rpadeH Wi nopucTel HETPI Gopa. Takue MaTepHATH MOTYT ORITH HOTYIe-
HEl MeTOAOM SmuTakcHH [1. 2] nan cnocofoM ocakieHns H3 naposoit dasul Ha moa-
I0AKY, cofepaxamyio GeyiedextHnfl rpaden wm nopueTsil uuTpHy Gopa [3. 4]
OIHAKO CYIISCTBYCT CIIC IIC7IAA IPYIIA CTAGIIBHMX JTHCTOB TONNIMHON B OJIHH aTOM,
KOTOpHE HA 3TANe CHHTCIA HWIH MOCTe MEXAHHUYCCKOrO OTCIOCHHA MOTYT ONTH mpe-
BpAIICcHB! B MOpHCTHiE 2D-Matepnan. Tak, 8 paGore [5] coodmaercs o mictax GeH, Ko-
TOPble ABIAKOTCA TePMHYECKH CTa0HIBHBIMH A0 75 °C. H3BecTeH Takke CHIAHICH —
rpadeHoBEI JKBHBANEHT KpeMHHA[6), HMelommil GONbLIHE NEPCIEKTHBA T1% HOBBIX
npiveHennil. B pabote [7] aBTopM VEASKBAKOT Ha YepHBI docdop Kak Ha CIOHCTLIA
MaTepHal H3 KOTOPOro MoxeT OBIThH nonyved Gochoper ~ ogHoaToMuENl cnoft, durn-
YecKHe CBOFCTBA KOTOPOrO IMAYMMTENLHO OTIHYAKICH 0T ero o0BheMHOTO AHATOIR.
B paGore [8] coofuaerca 0f yememmon HIrOTORICHHH JBYMEPHOIO CTAHEHA HA OCHO-
Be SC METOJI0M MOACKYASpHO-IYHesoit snntaxcun. B [9] omsesaercy, yro dyHkumHana-
AHIAUKA TEKCATOHANBHOIO HHTPHAA GOpa MONCKYIAMH AMHHA BRIIBATA PACCHOCHHE
CHOHCTOM CTPYKTYPHI, 4T0 NPHBEIO K 0OPazoBaHHI0 JTHCTOB HHTpHIA Oopa, B pabore
[10] rosopiTcs, oT0 «pa3paboTEA HOBKX CHOHCTHIX MATCPHATOB MPETEPIEna IBOMO-
THIO OT TPAICHA K MCTATUTHICCKHM OKCHIAM H MCTATINTCCKHM XAJBKOTCHITHBIM Ha-
HoHcTaM». B [11] Tamke YIOMHHRIOTCH MCTATUIAHMXAIBEOTeHHAB KAk Hobeiinme 2D-
MATEPHATH W NPHBOINTCA NPHMEP MATepHana, CO3JAHHOTO HAa ocHOBe MoS,. B [12]
H3YYAOTCA AMEKTPOHHBIE CBOHCTBA CNCAVIOUIHX METATUIHXATBKOT CHHIOB, HMEIOIHX
JABYMEPHYIO CTPYKTYPY: MoS;, WS;, WTe,, TiSe;, NbS;, VSe,, NbSe,, TaS;. Bece Ma-

! Heesesosmume ssmommeno np $anuaconodl noasepsse POOH it Mismerepersos KyIsTyps, ofpasosa.
mes, sty cnopra Mostromor n pavkax naywnoro npoexta Ne §9-51-44002
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6 MA. Bybewvnos, AM. Bybenawsos, C. Mambsa, A.8. Syn-By, A.C. Henvoxoss

TOPHAIE TIPH COOTBCTCTBYIONIEM ¢riocobe NX CHHTe32 R nocaexywomedl odpabotke,
nprBoaALLeit K 00pasoBARMI0 NOP. MOTYT GbITH MPHCTIOCOBIEHB AA PaIeNeHAR ra308.
B [13] coobumaercx o croucTof ANyMEPHOR CeTHATON CIPYKTYPE, KOTOPAN COACPEHT
PABHOMCPHO PACIPCACTICHHREIC JAMPEH 1 HMCCT B ¢BocH ocHoBe crexnoMeTpino C)N.
TakuM o8pasoM, yaxe CHHTEIHPOBAHO JOCTATOYHO MHOTO IBYMEPHRIX MATEPHATOR,
KOTOPEIC MOTYT GHITH MPHMCHCHE! B PAGOTAX 110 KBAHTOBOMY MPOCCHBAHRHK HIOTOMOB.
[eas #acToAmiel padoTsl COCTONT B HAXOKICHHH YCToanH, ofecnedMBaloumx pe-
JOHANCHOE NPOXOAIEHHE KOMIONEHT Ma31080# CMECH 4epes cocTannble Gapbephl.

unddepenunninnoe ypasuenne Ipeuurepa
Judipepermansnoe ypantenne SOMMOBOS THOITAMIKH HMECT BIL

2 2
L NP TR L )
2m P o

3aeck ‘¥ — porHOBaN QYHKIMA, i — nocTogeHAg TTanuka, UV — SHePrHA B3anMo/eficTRRN
YACTHIH € OKPYAEHHEM. M — MACCA JACTHIEL, A — onepatop Jamnaca, § — MHHMAR e1H-
HHIA

B =acTHOM CTyMAac, KOIAR NOTCHIHATRHAR IHCPIHS U7 ABHO HE JABHCHT OT BPCMCHH,
peurenne ypasaesns (1) mmercs s mune

szve-!ﬂv'h \ (2)

r1e £ ~ JHeprin 9ac T,
Torym A HAXOACICHIE AMILTHTY IR 8oHR ‘¥ 6y1eM HMCTS CTAIHORAPHOS YpaBHCe-
uie Hlpemmrepa:

Aw%';-'w-u)w:o. @)

B 1agatax ko TeMiueparypiuoro MeMGOpatHoro paLienenis rajonnx cueceft on-
PCACARIONICE 3HAYCHHC MMCCT HANPARTCHHE NCPCHOCA, NCPICHAMKYISPHOS NOBCPXHO-
cTit MeMOpanst, BEHay MAanhx pasmepos Hazomop moboft Makpockommtiecknit ¢par-
MENT MeMOPANEL MOKNO CHHTATL GECKOMEINO MPOTHKENMEIM B MATIPABIEHIAX, Mapal-
nenpHEX MemOpane. OmpeeiEs [0 HCKOTOPOMY NpPEACTABHTCIREOMY dparMesTy no-
BCPXHOCTH MeMOPAHSI CPegHCe 3HAMCHAC JHCPIHHE BIARMOACHCTBHA H HCMOTBIYVR O1-
HOMEPHOE BOMHOBOE YpaBHEHHe NMEPeHOC BeNIeCTBA, MBI MOAKEM TOBOPHTE 0 Bapbep-
HOR TCOPHH HPONHIACMOCTH MEMOPANEL

Taxnm odpasoM, NPH TOTYYEHHH PE3YyIbTATA 110 NPOHHUAEMOCTH OTICTBHEX KOMIO-
HMEHT CMECH HIIH 110 CENCKTHRIOCTH €€ PALIC/HEN MOKHO HCXOANTS i3 Ypanseu (3).

Hizge OyyT NPe/ICTARTCHE HCKOTOPHC AHATHTHYCCKHC ITOCTPOCHHA, KOTOPHIC OKa-
JUTICH BEChMA SPERTHERRIMI TPH AHATIEE 33547 NPOXOAIICHIA H30TOMOB Hepes ¢o-
crasuste MexGpanst B ceasu ¢ s yaodueRt Gyaer umers Sespamveprylo dopmy
YPABHCHER NEPCHOCA BEIICCTBA.

Ecam Maccy IACTHIINI OTHECTH K My — MACcCe aTOMR BOJIOPOAR, 33 Macmrad IHCPTHH
BIATH Uy — mIyGHHY NOTEHUMATBHOR MM B pacTIpeJeeHHH YHEPrHA NAPHHIX BIAHMO-
JeficTenil petecTnn MeMOpaNsl 1 HONBICKHMLIX HYACTHIL & B KadecTse Macurraln 1minnt

TPHHATH BETHIHHY
L=n/\Jmgdy . (4)

10 GeapaiMepoe ypasHeuie BOMHOBOH THHaMuxi He OyaeT CoAepRaTh nocToAHNOfR
Taska i
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7 WNTRCPASNOTD P Uipeswwrapa 7

diy

—_—+ E~-U 0. 5
e 2m( Py = 5)
B (5) nce 6 T BETOYAR KOORUTIIATY X.
Tuxust oOpasos, Mht ymumunl KODHHCCTEO KOHCTART SIAYH Ha cAHHMLY. DTo
ANIRETCH CYRISCT M TP TRARHEANND AEATHTINCCKIX MIKTION,

Hurerpassnoe ypasuenne Hlpeanrepn u ero nupeobpasosannn

POATHIANA TICICHEBIN METOI0B PEINCHIE TP Pe PEHIMATEHOTO yvnnmmu ipe-
Jsumepa P na o obancTh e T
o TaKme m e oy LX L JHMMKIX © e
CRIMH wweaemum lmueuon nemmmu OOWMIRO MOX YCTOBHAMN «COnm-
K ™a it dymano: x ce nporssomodt. Oaax0
OTCYTCTBYIOT mw-:mﬁn OBOCHOBAHNA B OTHOMCHHA NCOONEIOBAREA 210 $OpMK Y-
2onf. Taxwe Tpedyer of 3t caM p P i ofnacTi MITerpy
M B CHESH C YO BIKMBOH AWINNTCA BOMBETKN 1pOBELeHY mvnmpcuwm no
sceit qefdcr it ocis. Tlo-ma . 310 CaeaaTs ™
TOOMMI. BRomHe MOXXOQAUIINM VIS WTOr0 SBASCTCN MHTSTPATBHOS YPaBHeHNE luoc»
Amerepa:

m e &
v -5 [ "9 U@ wes = o™ (©)
2ik 7,
3aech M — CSIPAIMEPBAT MACCH TACTHIN, & = amE -~ TAPAMETY BOINLL, £ — Geapai-
MEPHAN SHEPTHE TACTHIN,
B xomre @M. Mopea 1 1, Deinbaxa [14] 20K0IRAETCS WXBHRBAICHTHONTH T dde-
PEMUIMAINNOIO 11 MNTETPRAALINCO L] up ¥ poCTy
BOTH MATCPHH,

Vpasnenne (6) cCTh IMTErPAALIOe YPARNCINIE © DMposIemnaM iposm. Jdan npo-
BeACHIA S HCANIK €10 npeoGpasos it BOCIOIL Sy escH edube pesiaIbHLNM Ofte-
PRTOPOM CTRHTR:

-ad
e Bf(x)- flx-F). M
JIORASATECTHO NOCIHETO PABEHCTEN MOAHO HPOBCCTH ¢ HOMOUILIO Pas/Iom e
awcnowesTil 1 paa Tefaopa, o Taxae PEACTROM TP N yKe X one-
patopos x gy NIRRT aerin HoBolt cymmes ps. TTpiosensn pasencrno (7)
K T OROIHOE YPABHEHEE MOKOM DEPETIHCATS B KRN
= o
po o L 2ol o mo 1 2m

WEIERN .I."(‘)'(")' "‘45]“"1“-" ‘ "‘fi‘iw/'é" (%)

O6g Ma B cxob Do map pacc

BATH XAK AHGOCPHINATHHIA OOSPATOP WIH OHATNTIFCCKYIO (YHKIDDO MAPAMETPS
p - didx:

» 9 - .
J U@ v € dz= [ U@ v e de = Lp). p=t ©)
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C y4eTOM BOCICHHOTO 0003IHAMCHHR YPasHerie (9) MOANO [CPENHCATL B CACLYI0-
e BRI

w(x) <% L(p) e = o™ (10)

Bita jmdpepeHIMATLROTO ONepaTopa, RefiCTRYIONIETO Ha CTOMNIYI0 OT Hero CIpana
IXCHOHCHIHATEHYI0 QYHEIHIO, I0KA 9T0 HAM HeH3secTeds. OFHAKO €70 MOKHO HANTH.
Varomas (10) 1 DUxexp(-xp) it HHTSIPHPYXR 8 GECKOMCHHLIX NpEIemaX Hafiaem

l[um yix) e"'dr]-u(p){ | o) e”’dr]-( j P ole)) e""rh] (1)

Faech HOXWDOOTCA elme asn Anddepe HITTILIMLIX ONEPATOPL, U KOTOPHIX BBEEM
CReIYIONE 05O THANSHIIS!

B(p)= | e"UeTdx. 0(p) = [ MUie Tdx. (12)
C yuerom yimx ofosmastennfi oteparoproe pasencrso (11) npuser s
L(p)-[1-2.0(p)] = Bp). (13)
Orctoia noxyyaes
B(p)
L(p)=—m"r. 14
(p) 1-0() (14)

Huorga murerpanst (12) MOryT OHTE BEPIMCICHE! AHATHTHNCCKHM CIOCOGOM.

B obumesm cayane MyAKHO HPOBOIITS MHCICHHOE NuTerpuposamite. B mobom cirytae yri

HHTErPUIN SABACAT TOMLKO 0T (PopuMbl noTeHmaIsHoro Gaphepa. [Moaetannax (14) &
Brpazerne (10), nonywacM pemeHne HHTCTPATLHOTO VPARHCHNA B BHIC

ety 2B0) o o4 o RE, Ael 15

yix) = e o) | T (15)

Ecmt o0 anddepemmmmnt oneparop L{p) AeficInopat ma NOKAATEININO
HYHKIIO 0GBMHOTO BIIA, TO Pe3yIbTaT Soil 05 CIAYIOMIM

d :
Ll — |- =L(p)-&". 16
|5 e =z (16)
Oamaxo 8 hopyuyze (10) 30T onmepaTop AcHCTBYCT HA IKCMOHCHTY OT MOAYIE ap-
rymenra. Hosrosty Henocpescnenos npuseserne (16) Hepossomno. Ho sxcaonenty
OT MOJYIR APTYMCHTH MOAKHO NPHBECTH K OOLIMHOM ICIORCHTE, €CTH BOCIOILI0BATL-
X ToAAeCcTBOM Dyphe:
= — [ | e é e laade (i)
-a-q

[prysersa npasiaa (16) 1 (17) x dopseyne (15), momyams
wix) =™ 33 [ j’ L(—en)e e elg ™ G den (18)
L S
Bupaxenne (18) # apeacrapaset cofodl pemienne HHTEIPUILHOTO ypasaeuus [lpe-

JMATEpD, JANNCAHHOE B BILK ABOMNOTO MMTErpaia N0 ClexTpaIbtofl ocn. Kak sanm, s
ommise or (6), 8 ero Npasok HACTH HAXOIATCH BCe HIBCCTHRIC BETHYHHM, NOCKOILKY
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ARSTUTUYECKOS DELIEHNE INTErPAMHOTO ypaswenns [Lipeannreps 9

dyusmm Blm) 1 O(w), E1LBACMLE CHCKTPAMH Gapsepa, ONPEACIARKICH IHINEL €TI0
dopMoii. T.¢. ABAAIOTCA HIBCCTHRIMH (DYHKIHAMH NOCTAHOBKH 3agaui. Kpose dopuut
GAPECPA. 710 MOMYHCHHS PCIICHHA HAM H3BCCTCH XAPAKTCP ACHMITOTHYCCKOTO IIOBCIC-
HHS PCIICHHSR 110 OCH (FHIHYECKOH MePeMCHHOM X.

Ha 370M 3Talc HHTCTPHPOBAHEE MKl Y& 0CBOGOIHTHCH OT ARG CPCHIHATRHOTO
oneparopa L{p), saMenun ero ¢ yenoassopatem npanicsa (16) hynxunent Liw), Syuk-
1o L(-io) obosnauns gepes Glo). Toraa ¢ yaeronm (14) noaywum

. A [ U(x) Ve
Glo) = "fg(‘:’;) a—= . (19)
k= 1-% j U(x) e e ™y
B pesyasrate GyacM HMeTs
wi) =™ o | [ ™ Glore"*le™ dade. (20)
2n Tl

Ecan pyrkunx G(o) zBagercs cuexrpom Hexoropodt dynkumn K(x), to
Glo)= [ K(x)-¢"'de,  K(¥) % J Glo) e " "da. 21)
o= 2r 2.

Torm pentenite (20) MMMICTCR B MLIE TOCIIOBITENRIOCTH TPEX HUTEIPAION:

y(x)=e® +El; [erer [R@e [ el ®dadp da=

=™+ f K@) j el [ 5‘; } ¢ “‘"”“’dw]dadﬂ. (22)

HuTerpan, crosmuit 8 CKOOKAX MOCICAHCIO BHPAACHHA, OpeacTaBaaeT coboil
aensTa-hyEKIE JHpaxa. [oaToMy Aamee MOKCM 3NTICAT:

wi=¢ "+ [K@ dp [ e Foa—(x-pyda=e*" « [ K@) FRap. 23)

Taxum o0pason, Hanboace XOMIAKTHAA 3AIHCH PCINCHHA, B KOTOPOM HETerpan Ge-
PCTCH 10 HANPABICHHI0 HIMCHCHHR QHIHMCCKOH NCPEMCHHOMN, BHITTIRINT CIICTYHOMIHM
obpazo:

o0
v =e'*"+ [ K(G)-¢ P az. (24)
TIpst pemrensm ypannenua Hpegunreps METooM HHTSIPAIRHOIO YPABHCHHMA MHe
OPEIYCMOTPEHO BhIOIHCHHE yenosnft «cmmskny, [Hostomy HeoGXoaMMO NpoBEpHTS
BRIOMECHAC YCI0Bui npa x = 4o Jl1a 310r0 nepenmmes pemenie (24) 8 cueayomem
BHIC:

w(x):c’"[lo | k@ a"“d;]u"“UK(@)«"’::R;]. (25)
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Onmpascs M HOCIEHION (POPMY PEICHHA, MOAKHO CIACHATE 3aKTOYCHHE 00 ACHM-
IITOTHYECKOM NOBSACHEH BOTHOBOM GYHKINN CIeYI0MmM obpazon:

w(x)=e'*? [14» I K©et ‘:d{_]. Xm0,
- 26)
v =t et R €Fodg, x>

Kax s 03 3THX COOTHOMICHHIT, NOcAc Oapbepa Mb HMCCM MPOXOAANIYIO BOJHY,
a 10 Gapbepa HMCIOTCA H NANAIONMIAR, H OTPAKCHHAA BOMHBL TaxmM 00paioM, peiicHie
(24) BepHO OTPAKACT ACHMITTOTHICCKOC TIOBEACHHE HCKOMOH (PVHKLIHE.

O/ mmuounsbtit Gapsep B Bite umnyiasea Fayeca
Ilycts Gapuep onpeaenserca npocreiimedt hopamy nod:
U(x) =e, (27)
Broic M rpadHKH COeKTPATHHLX GYHKIHI:
Blo+k)= [ U Nax,

By(o—-k) = [ Ul ar, (28)
Qo) = By (o) = [ U(x) e dx.

Tpadmxe >THX TpeX QyHKIHI, PacCTHTAHHBIE YHCICHHMM METOIOM, TIOKA3AHBI HA
prc. 1.

¥ 2 T T T
s i i i Biwh)
& | : Byw-k)
= 1 1 1 | 1 1
n
-10 -8 -6 — -2 0 2 4 6 § o
l's b T T T T
- 1 %
Los o |
= 0 st oo -
] e P $ e R e T
5 i i i i s el
-10 -8 -6 -3 -2 0 2 4 6 8 ©

Puc. 1. Tpadmxu Bi(c+k), B(wo-&) n Byw)
Fig. 1. Graphs B, (04%), B2 (0-k) and 85 (0)

@varumit By(w+k) B Byw—k) ABIAHOTCA BENICCTBCHHRIMH (YHKIHAMH ACTOTH  H
COOTBRTCTBYIOT CABNTY CICKTpa Oaphepa HA BemutmHY =k UTo KacaeTes QyHKIHE
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AHEnUTHYECKO® PeUIeHNe NHTErPamHora ypasnents LUpeandreps 1

By(w), TO OHa ABAAETCA KOMIUIEKCHOI. JIErKo 3aMeTHTh, HTO BENIECTBEHHAR HacTh
dyuxuun Bi(w) pasHa nmomycymme BemmuuH B u B, Ilpu 3ToM Bcid KOMIUIGKCHAR
byakinA By(w) asngerca HeTHol dyvHKIHeH OTHOCHTEIRHO YacToThl . KpoMe Toro,
BHJTHO, 4TO BCe TPH (DYHKITHH JIOCTATOYHO OHICTPO YORIBAIOT C YBETHUSHHEM MOIYIA ©.
TMocaeaee oGCTOATEILCTBO 1O3BOIACT HOCIC BBIMHCICHMA clekTpa G(m) nerxo sBoc-
craHoBHTb H QynkuHio K(x) no dopmyie (21). Ipaduxs dyaxunit G(o) u K(x) npuse-
JIeHHI Ha PHC. 2.

G{w) T T T P e =y T

-4 -3 -2 -1 0 1 2 X

Puc. 2. I'padHKH BEMECTESHEEIX H MEHMEIX wacTell dynxumi G(w) # K(x).
BRIMHCICHHRI VIS 3HAYCHHA: m = 3 n E = 0.5
Fig. 2. Graphs of the real and imaginary parts of the functions G (®) and X (x),
calculated forthe values: m =3 and £ = 0.5

Bumo, 9to 06e pysxuan G(o) 1 K(¥) OTTHIHN 0T HYIR TOABKO Ha OTPAHHIEHHBIX
V4ACTKAX, KaK 10 NePeMCHHOI (0, TAK H 110 PACCTOAHHIO X,

Kosdduuuenr orpakenus

O4eHb BAOKHBIM NPEHMYILECTBOM TOYHOIO PEIICHHA, [10 CPABHEHHIO C PEIICHHAMH,
TIOJTYHaeMBIMH € TOMOIIBIO THCIEHHBIX METOI0B «CIUHBKHY», ABAAETCA TO, UTO TOYHOE
PeILCHHE MO3BONACT BBIMHC/IATH NONHELT KO3(DHIUHCHT NPOXOAICHHA S W OTpake-
HHA R 1A noTeRunatbHoro 6apbepa U(x) 3agaHnoil dopmel. I3 pacnpeaenenna (25)
cpasy e HaXOHM KO3(DHIIHEHT OTpaKeHHA:

-

R= j’ K(©e'*5dy| | (29)
Kot puupent npoxoaesns 6yaer papex
S=[1+ j K©)e*%de| . (30)

DTH HHTETPankbl 3AIHCAHB ¢ OeCKOHCUHBIMH NpelelaMH H, 110 Kpaiineil Mepe. oHH
H3 HAX MOKHO BBIPA3HTH Yepes CNeKTpalbHyio GyvHKumio G(®). HeficteureasHo, dop-
Myast (21) 1 (19) nator
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2 r [ UGx) e dx
j K(x)¢"dx = G(k) = —= : (31)

©

P ¢ j U(x) e Me™ ax

Huterpan, sxoaanmii B popmymny (30), He BRIpakaeTca NMOJOOHBIM e NPOCTHIM 00-
pazom uepes cnexTp ({(m), oqnaxo B kaare G.M. Mopca u I'. ®embaxa [14] qokaissa-
eTCA, 410 Meaay KoadduunenTaMy S i R BbINOIHACTCA PABEHCTBO

S+R=1. (32)

INocxoneKy cnpase/THBO cooTHOMmeHHE (29), TO MMeeM ciegyionmHe (hOpPMYIEL A7IR
KOMPOHIHEHTOB IPOXOAIEHHA H OTPUKCHHA, BBIPAKCHHBIE B HBHOM BHIIC HEPe3 HHTE-
TPAnL OT NOTEHITHATEHOTO Daphepa:

3

7.] Ulx) e™®dx
R=|GK)* =|—=

1-A j’ U(x) e*Me® gy

(33)

@opmysl (33) yA00HEl V1A CIYHaCB, KOrja CHeKIpaIbHad QYHKIHA NOTCHUHANb-
HOTO Oaphepa HaXOIHTCA AHATHTHIECKHM MYTeM.

Haxoaienne HyJ1eBoi CNeKTPAIbHON PYHKIHH
Jlns Gapbepa B BHAC HMITYIbCa [aycca HYIEBas CHCKTPANbHAR (DYHKUMA HMEST BH

() =e™ . By(w)= [ Ux) e =J§ e ® (34)

T8 IPAMOYTOIbHOTO HMITY/IBCA ¢ IIMPHHOI /i, OCHOBHOI CHEKTP ONpeleiIieTch
CIeAVIONIHM 00pasoM:

2 " . oh
Ui=11 ~Loxe® B(w)—hj.e“‘“dx-h- g (35)
orE gt S —_h,, - oh | =
h = Ty
0 x> e

Jlna Gaprepa, 00paTHOTO KBAApaTy rHIepOOIHIECKOT0 KOCHHYCA, HMeeM

0)_1!
1 2
() =i e e - T 36
0(%) pr s By(w) == on (36)
o

Mo&HO HAllTH H APYI'HE NpHMEPHt Crekipa Bo(w) B cupaBounuke [paaurrefina H
Prranka [15]. Bee onl ABNAIOTCA YETHBIMH BelIECTBEHHBIME DYHKIHAMH © H ORICTPO
VOBIBAIOT, KOT/IA (0 CTPEMHTCH K OeCKOHCMHOCTH.
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CBoHCTBA COCTABHBIX NOTCHIHATBHBIX DAPLEPOB

B M3BECTHRIX IHTEPATYPHAIX HCTOMHHKAX HHKOIZA HE 3a0CTPATOCH BHHMAHHC Ha
oco0OM TOBEJIeHHH COCTABHKIX NMOTEHIHATHHEIX 0apbepoB. T.€. TAKHX, KOIJla jJBa HIIH
HECKOMBKO OaphepoB HAXOITCH Ha HEKOTOPOM PACCTOFHHH JIPYT OT APYTa H MEXIY
HHMH 00pa3yercs NOTEHUHAIbHAA AMa. MeAIY TeM, NPH YHCIEHHBIX PENICHHAX, HC-
NOJMB3YIOUIMX METO/ «CUIMBKHY, /UIA COCTABHAIX GAPHEPOB HACTO HAGMOAANIHCH 3HAYMH-
TenbHBle KoneGanna Koddduunenta oTpakenna R B xoaddHnIenTa npoxomIeH:s S ¢
H3IMEHEHHEM IHepriH JacTHIN £. MeTo «CIIHBKH» HOCHT cyTy00 THCIeHHBI Xapak-
TeP H NPH €ro NPHMEHSHHH TPYIHO MNOHATH MPHIHHY TOTo, MOYEMY HacTHIA Jerde
NMPOXOAKT Hepes ABOfiHOM Gapbep, YeM yepes Gapbep OIHHOMHLIN, I03TOMY Hale BCEro
OTHOCH/IH Tako#H 3dupeKT K ommudKaM cuerTa.

CHavana 3aMeTHM, 9T0 eC/IH OJHHOUHLIH Oapbep CABHHYTh Ha PACCTORHHE d OT Ha-
gata KOOPJHHAT, TO MOJYYHM, 9TO €r0 CHEKTP HYKHO MPOCTO YMHOKHTH Ha MHOKH-
Tems €%, e,

[ UGx—d) e dx = &> - By(). (37)
CriexTp ABOiHOTO Gaphepa Toraa OyaeT paBeH
[ U+ Ux-a)) dx=(1+€ ). By(o). (38)

QyakmHA G(o), onpenengemas dopaynoi (21), HIMEHHTCA TIPH ITOM CEAYVIONHM
obpasom:

A I U(x)e™®*Fay -(l + @b )
Glo)=—" . (39)

1-2 [ [Ux)+U(x—d)] e dx

EctectBenno, aro # Gyuximma K(x), Bxoaaman B pemenne (24), Takxe MOMEHASTCH ©
H3MeHenHeM QyHKuHE G(®).

TMoacrasnas B (39) o =k, nonygaeM Cleaylonmee BRpaKeHHe A Kod(dHimeHTa
OTPAKCHHA:

] Af U(x)e ™ dx-(1+e™) l

-

R=|G() =

x

1-a I [Ux)+U(x— d)]e'”"e'b‘d\'

@opyyna (40), npeacTapnaiomas KOXpOHITHEHT OTpaKeHHA COCTABHOH MeMOpaHL!,
onpeeIseT OCHOBHOM MATEMATHHECKUIE pe3y/IbTaT paboTsl, OCKOIBKY [03BO/IACT Bbl-
ABHTb PCIOHAHCHBIC PCKHMEI IPOXOAICHHA KOMIIOHCHTOB rasopofi cmecu. Hanmume
muoxuTens (1+e™™) cymecTsenno yenokuser crexTp ABoiiHOrO Gapsepa mo cpaBHe-
HHIO CO CTIEKTPOM OJTHHOYHOrO 0aphepa, H ITHM OOBACHACTCA YYBCTBHTEIBHOCTH KO-
s dHunenTa OTpAKEHHA K NapaMeTpaM GopMBEI NOTEHITHATEHOrO Gapbepa.

Mpucyrersie Muoxurens (1+€7™) B uncmrene dopmyitst (40) 03HA4aCT, MTO KO-
sypumenT orpakenna R gormxeH ofpalaThea 8 HONb NPH ONPe/ecHHBIX 3HAUCHHAX
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paccroaHns d Meay Gapbepasi. [IpHpaBHHBAR 3TOT MHOKHTEIb HYTTIO, HAXOAHM

| 1
kd I % (2n+1) “("+§] n("+5)
e =—l=e ’ d=T= ﬁ."=0.1.2.3.-~ v (‘")
=M

Orcroa BHAHO, 9T0 KOd(pHImIeRT oTpakeHna o0pamiaeTcs B HOJIb He NPH 0JIHOM, a
IIPH MHOTHX 3HAUCHHAX PACCTOAHHA d MCAKITY OJHHOMHBIMH GapbepamMu.

BriGHpas TakHM cnioco0oM paccToaane d B dopamyne (40), Mul gocTHraeM »(hdexra
H30HPATeIBHOCTH, T.€. TOTO, 4TO YACTHIA C Maccoi m u ¢ neprueii £ 6yaer ceoboaHO
NPOXOAHTh, §€3 BCAKOIO OTPAXCHHA, 4epe3 NOTCHUHAIbHRIE Oapbep, COCTORMIMI H3
JIBYX OJIHHAKOBEIX YacTei.

Ecan HMeeTCH BO3MOKHOCTD H3MCHATH PACCTOZHHE @ MCAIY ABYMA IIOTCHIH-
ATbHBIMH OapbepaMH, TO NPEACTABIACT HHTEPEC NPOCIEAHTH 3aBHCHMOCTh KO3(-
¢unnenTa npoxoaaeHus S(d), BHYHCIEHHOIO ¢ HCHOIb30BaHHeM (opayanl (40),
NPH HACTHRIX 3HAYCHHAX MACCH # 3Hepruu. Ha puc. 3 nokasaH pe3yiasraT Takoro
pacyeTa, BRINOIHEHHOrO 1A cny9ad, korfga: E=05mm; =3, m; =4.

W W T

S -~
a ‘

0 2 -4 6 8 d

Prc. 3. Tpadaxn koxpdumsesTa npoxoxtesns S(m.£E.d),
TPH 3HATSHHH Heprin £ « 0.5 114 A8YX IHa9eHHii Macc: m = 3 Hm = 4
Fig. 3. Graphs of the transmission coefficient S(m.E.d),
at an energy value of £ ~ 0.5 for two mass values: m ~ 3 and m ~ 4

M3 31oro pacuera BHAHO, 9TO CymecTByeT 3(peKT cemapammy 9acTHI, paszTHYaio-
LHXCA 10 Macce. Peryiaupys paccrosune d Meay GapbepaMH, MOKHO Z00HTHCA [PO-
XOAKJCHHA 0/IHOI H3 YACTHII H MPH 3TOM NPOXo&AeHHe Apyroii OyaeT nomrocTeio 6110-
KHPOBAHO.

BIOKHPOBAHHE I'eTHOHA ONPEASIACTCA YYACTKAMH CIUIOMIHOI KPHBOIL, JICKAILHMH
Ha TOPH3OHTATEHON ocH, TIpH 21oM ecH d €[5, 6], T0 BoMHE Ko HIHEHTa TPOXOK-

JeHHA BAYT B npoTHBOdase. IT0 03HAYAET, 9T0 Ha OoibInedl MACTH OTMEUEHHOTO HH-
TepBAZa Mbl HMEEM CBEDXBBICOKHE 3HAYCHHA KOAMDDHUHCHTA pasieIcHHA Iemii-
reTHoHOBOM cMecH, B Tom, uTo H3oTon ‘He MPOXOAHT Hepes cocTaBHbE Gaphephl Tyd-
me, McM ’H.t. HCT HHYCTO YIHBHTCIBHOIO. HOCKOIIbe JAKC 10 MCpKaM K/IAC CHYEeCKO#t
MEXAHHKH HacTHIA, HMeomas ToT & 3h(QekTHBHBI paiMep, HO GONBIIVIO Maccy,
JO0TAKHA MPOXOANTE Ty,
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Jara0enne

TonyueHo anaTHTHYECKOE peINenHe HHTerpaabHoro ypasmenua llpeammrepa, w3
KOTOPOro Cpasy ClIeAVIOT BHPaACHHA 118 K03(HIIHCHTOB OTPAKCHHA H NPOXOAIC-
HHA. BrarojapA HATHYHIO BTOporo dapbepa, Ko3pOHIMERT oTpaxeRHa ofpamaeTca B
HOJb B TIOCTEJOBATENRHOCTH IHAUSHHH 110 PACCTOAHHAM MEAy MOHOATOMHBIMH CIOA-
MH MeMOpaHbl. ITO OIHAYACT, YTO HA ITHX JHCTAHUHAX KOIGPHUHCHT NPOXOMKICHHA
reHA OYAeT paBeH eaHHHNe. B To &e BpeMA reHOH, HMEIOIHI APYyTvio Maccy, He Oy-
ACT HMETh PE30HAHCHOTO MNPOXOAJICHHA HA YKa3aHHBIX MHCTAHIHAX MEAIY CIOAMH
MeMOpAaHSL.

Taxkum oGpa3zoM, 0Ha H3 KOMIOHEHT GYeT NpoXOauTh Hepes cHcTeMy Oaphepos,
apyrai e He Oyaer npoxoauts BoBce. B pesyisrate Mbi nomyuaeM 3(@exTHBHYIO
CHCTEMY V14 MPOCEHBAHHA H3OTONOB. DTY CHCTEMY MOXKHO HACTPaHBAThH Ha pajiene-
HHE TA30B. MEHAA paccToAHHe Mexny Oapsepamu. [Ipm 3ToM BBIBOIE!I OKasKIBAIOTCA
CHPABEUIHBBIMH U1 CBEPXTOHKHX OAHHAKOBBIX GapbepoB pasHaHOoil GOopMbL.
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In this paper, the question about the use of wave dynamics for solving problems of membrane
separation of helium isotopes in the gas state at cryogenic temperatures is considered. The
dimensionless form of the stationary Schrodinger differential equation is obtained. Following that,
the mtegral representation form of the wave function is written, This form, which is equivalent to
the classical equation. is similar to the integral equation with a degenerate core; however, it
contains a modulus of the argument with a shift along the real axis. Using the shift opemator, the
existing exponential function in the Schrodinger integral equation can be split into a differential
operator and an exponential function of the argument module which does not contain a shift. The
Fourier identity allows reducing the exponent of the modulus of the argument to a regular
exponent. Next, based on the general property of a differential operator acting on an exponent, it
is possible to calculate the spectral fimctions of the problem and write down the distribution for
the wave function. This distribution is ultimately expressed through the spectra of the potential
barrier. Thereafter, the structure and the spectrum of the composite barrier are considered. With
the expression determining the reflection coefficient, it is found that the double-barrier system can
have a resonant passage of one of the components in the sequence of distances between the layers
of the membrane,
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ALB. Tyn-Py, MLA. Bytenunxos, C. Kambaa, C.I' 11 Hbasinos

ONPEJAEJTEHHE YACTOT NONEPEYHBIX KOJIEBAHHIT
HNEPEXO/IHHKOB H TVIIHKOBBIX OTBETB/IEHHII I' A30IIPOBOJIOB

C nOMOmEK BOIHOBOIO YPABHCHHA UM yHPYTroft aedOpMAIHH OCCBOM THHHH
TpyORL, A TAXKC MCTOZA PRIJACICHHS NepeMcHHBIX B dynxunn Kperiosa, Hailneno
TOMHOE PelIenie 3AIaTH O PACTIPOCTPaHeHHH MAThX Aedopmamdii no Tpyse,
HMEOmEeH PAVIHIMEIE CHIOCODH! JAKPEIeNHs Ha KOHLAX BRAENEHHOTO QparMen-

Ta TpyGonposoaa. [IpeacTaBiIeHEl TAKKS KOMIIAKTHEIC ITPOTPAMME pacieTa Gopa
H 9ACTOT xoneOaHHH BO BCEX PACCMATPHEACMEIX CTYHMARX 3IAKPEILTCHHS KOHIIOB

TpyGhL.

KaloueBnie cI0Ba: gipazvesm mpyoonposodd, VIPVeas S0THA, CIMORUAR S0IHA
OCEBOHl AUHIUN, CHEXIIP HACMON, OCHOSH O IMOH KOTeaHNT,

Bubpaunn TpyGONpoBOIOB ABMAIOTCA OCHOBHBIM (AKTOPOM, KOTOPHIH BBIBOIHMT
CHCTEMY rasonofav H3 cTpoA. [1o3ToMY BAKHBIMH ABNAKOTCA YTIyOneHHOe IMOHHMA-
HHE SBIeHHH, NPHBOAMIIHX K BHOPAINUIM, H MOCTpoeHHe MD(EeKTHBHMIX MaTeMaTHUe-
CKHX Monenefi koneGanuil crenok TpyGet. B padore [1] Ha ocHOBE HKCNEPHMEHTATLHBIX
HCCAS0BAHMI OIHCAHB! BOIMOKHBIC IPHYHHEL AKY CTHHECKH-HHYIHPOBaHHON BHOpa-
IHH H OPCUIOACHBI MCPhI 10 CHHACHHIO BHOPAIMOHHON HATPY3KH Ta3onpoBOJA.
B [2] paccMoTpeHa MoZenbh BHOPALHOHHOTO aHAMH3a TPYOONpPOBOAa MOX AeiicTBHEM
My ThCATHOHHOH MY()TH JaBiIeHHA rasa. [IPHBOIHTCA YpaBHeHHe BRIHYXKIeHHON BHO-
paunH TpyGONMpoOBOda, NO3BOIAIONIEE ONPEdeIHTh CKOPOCTH BHOPAIMOHHOIO CMelle-
HHA TPYGONPOBO/IAa B SABHCHMOCTH OT CKOpOCTH nojaun raza. B [3] onmcan merol
KOHEUHBIX 3I€MEHTOB. NMPHMEeHAS MBI A onpeneneHna BHOPOAKYCTHISCKHX XapaKTe-
pHCTHK TpyGonposoanofi cHcremil. PaspaloTaHnbie METOIHKH OPHEHTHPOBAHLI Ha
AHAMETD TPYOONPOBOA, 3HAYHTENEHO MEHBLINHI, YeM JUIHHA aKYCTHYECKO] BOMHLL B
AHAKOCTH, PeayabTaThl TCOPETHHMECKHX HCCICAOBAHHN NOJTBEPAACHB! IKCICPHMCH-
TanbHBIMH AAHHBIMH, MOTYHCHHBMMHE HA THAPABIHYCCKOM crenae. Padorta [4] moceaune-
Ha OOCYAICHHIO MEXaHH3IMOB, NPHBOIANIMX K BHOpammwaM TpyOONpPOBOAOB, @ TaKAke
paspaboTKe Mep KOPPeKTHPYIOMEro odcnyaHBaHuA TpyOonposodos. B [5] npemtara-
eTCA MOBBIAl MeTO/l INOHCKa H YIUIOTHEHHA OTAHYHTE/IBHLIX IPHIHAKOB aKyCTHIECKHX
CHI'HAJZIOB, NOCTYNAIOMHX ¢ MHKPODOHHLIX JATYHKOB, YCTAHOB/ICHHAIX Ha CHCTEME 0X-
JARAICHHA ATOMHOMN TeKTpocTalinn tabopatoproro Macmraba. [peamaracmpiit MeTox
NO3BOIRET VIVHMIIHTG TOMHOCTh KJIACCH(HKAIHNH JAHHBIX, HECMOTPA HA TPOMKHC Ma-
INHHHEBIE NTYMBI TOOTH30CTH,

Taxum ofpasoM, H3IMeHAIOMeeC JaRIeHHe B CHCTeMaX MOJaYH cpefll, rasa HIH
AKHJIKOCTH, ABIAETCH NPHYHHOR BOIHHKHOBeHHM BRGpaundi 8 TpySonposoje, KoTophie
HPH OHPEICTEHHBIX YCIOBHAX MOIYT NPHBOAHTE K PEIOHAHCHBIM RBICHHAM H paspy-
INCHHIO Y3/1a TEXHHYCCKOT CHCTEMBI.

molut ¢of v
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JdaddepennEaIbaoe VPABHCHHE CTATHYECKOI0 NPOrHda Tpyo sl
1O ACHCTBHEM HONCPeIHOR HArPY IKH

Ha puc. 1 nokasad npHMep TPYOB! [JUTHHBI L. 3aKpeIUIeHHO ¢ OJHOrO HIH ABYX
KOHIIOB, Ha KOTOPYIO JeficTBYeT nonepeyHas Harpyska ¢(x). TpeGyerca naittan mudde-
PEHLHANLHOE YPABMEHHE, ONHChIBaOMee Npornd w(x) ocH y1of nonoft KOHCTPYKIHH.

gt 4

' A
e S 2b |2a

et et e e e e e e e bttt ettt s

Y

L

- -

Prc. 1. 3cxr3 6ankH, BRNOTHEHHON KOHCTPYKTHEHO B BHAe
ITUTHHAPHYCKOH TPYOL!, 3aKpernieHHOH ¢ 0AHOTO HIH ABYX KOHIOB
Fig. 1. Beam design represented constructively
as a cylindncal pipe fixed at one or two ends

TIpuGmKeHHAA HH/KCHEPHAA TCOPHA, MPHIOIHAA JUTA MA/TKIX JedopMalHii, OCHOBA~
HA Ha OPEIIONOMKEHHH O TOM. WTO NOTeHUHANbHAA 3HEPrHaf YNPYIHX Aedopmamuii
NPONOPIHOHATEHA KBAAPATY KPHEHIAL! 0CeBOH MHHIH H BRIPAKAETCH HHTEIPATIOM

(I:—j‘&](—;]-dt. (1)

B HeM v « w(Y) — HCKOMOE YpaBHEHHE 0CeBOi MHHHH, A BhlpaxeHHe EJ Ha3pBaeTCA KO-
> PHIIHEHTOM KeCTKOCTH Ha H3IrHO H COCTOHT H3 NpOoH3BedeHHA Moayna IOura E H
IreOMETPHYECKOr0 MOMEHTA HHepUHH J NONepedHoro cedenHs GalkH OTHOCHTENLHO
OCH, HPOXOJANIEH Heped LEHTP TAKECTH CEHeHHA, H NEPHEHIHKYINPHOR K IUIOCKOCTH
Hiruba.

Tax, HANMPAMCP, B COPABOTHHKAX MOKHO HAHTH, 9TO A CTAIH Moxynb HOura pa-
Ben £ = 20.6 10'° HAC. [Ina xpyrio#i muiHHApHIecKkoif TpYGhI, NOKa3aHHOHN Ha prC. 1,
TUIOIIA b ITOMEPEeYHOTO CeIeHHA S H MOMEHT MHepIHH J

2n o« 334 2,32
S= x(az —bz). J= J.dcp'[siu"q»r’drzxa d =s-Z L :
> 3 4 4

C npyroii CTOpOHR, MOTCHIHANBHAA 3HCPrHA YIPYrHx aedopmammii (1) obfpazosa-
7ach 3a cueT paboThl A CHII nonepewHoii HarpyskH g(x) Ha nepeMemeH s wix)

L
A= [gqwdx. (3)
4]
Taxsum oGpazom, npupasHHBag sapaxesnd (1) # (3), noayuaesm paBeHCTBO
12 (d*w ) -
EI“l_df-‘ ] dx = [ qua. @)
0 (1]
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113 HUTErpansHOro BRIpakKeHHs (4) HyKHO onpefenuTh (PYHKIHIO W(Y), TaKylo, Ko-
TOpaA NpHJaeT MHHHMAaIbHOE 3HaMeHHe (yHKIHOHANY (4). DTO JOCTHraeTcA MpHMeHe-
HHEM CPEJICTE BAPHAIHOHHOIO HCHHCIEHHA. BhMuCIas BapHanio o1 06enx vacreit pa-
BEeHCTBa (4), HAXOAHM!:

L L
j EJ w's(w") dx = j q(x) 8(w) dx. (5)
0 0

ITox Bapuammeit 6(w) oOBIMHO MOAPA3YMEBACTCA MPOM3BOINBHAA (DYHKIUHA OT Tepe-
MEHHOI ¥, KOTOpasd OIpaHHueHa TeM YCIOBHEM, YTO JouKHa ofpanarses B HOIbL Ha
KOHIIAX HHTepBala HHTeIrpHpoBaHHsi. KpoMe TOTo, onepalusi BapHalHi IepecTaHoBOY
Ha ¢ onepaupeii QGEPEHIIHPOBAHMA, T.¢. BHITOTHACTCA PABEHCTBO

S(w) = (%8(\1'). (6)

Vuursias 370 06CTOATENBCTBO, MOKHO HHTEIpaJl B JICBOH uacTH (5) NpOHHTEIPH-
poBaTh JBa pasa 1o yacTaM. HHTErpHpy A nepsoiii pas, noiyaum

L L L
IEJu"B(u")dv = _[ EM" —(!-6(\1")(1\' = E.Iu”&(u’)l;‘ - I-(!—(E.Iu")t}(u’)d\‘. (7
s s dx 5 dx

TouHO TaK JKe, 110C/Ie BTOPOro HHTErPHPOBAHHA 10 YaCTAM, IOJIYYAeTCs BhIpakeHHe

L L 42
[ Ems(w dx = EIw"5(w)g —i[EJw"]S(wng +] 4 (EMYS(Wdx.  (8)
) dx ° dx”

Taxum obpazom, popmyna (5) nocie noacTanorkH (8) npuobpeTaer BH
d £y f[ P 2
ES(wW|E —-[Em*18(w)|; + [| = | £7 —q(x) | 8(w)dx = 0. 9
W)y === [EM180w)g {[dxz( d\']q()]() ©)
BHe-HHTerpanbHble WIeHBI B ypaBHeHHH (9) oOpamaioTca B HONb, TaK KAK CYHTAeTCA,
1o BapHampy 6(w) 1 6(W') paBHBI HY/IIO Ha KOHIAX paccMaTpuBaeMoit oGnacti (rpu
X=0nnpHxy=L).

DTO NPHBOAHT K PABECHCTBY HYJ/IIO HHTCIPAIbHOIO wicHa B (opmyne (9), 4to, B
CBOKO Ovepe/ib, TpeGyeT paBeHcTsa HYIO BBIPDAKEHMA B KBaJpaTHRIX ckoOkax. B pe-
3yJabTaTe MPHXOAHM K AH(p¢epeHIHAIBHOMY YPABHEHHIO, OINpeaeNsomeMy (yHKITHIO
rporuda w(x):

W
2

2 2
"—,[ EJ”—‘%) = q(x). (10)
dx” dx”

Taxkum oOpa3oM, ecIH HaM H3BeCTHA IONepevHas Harpyska Ha TpyOy ¢(x), To ams
nosyueHuA nporuda w(x) HyKHO 1POCTO pewats AddepeHuHansioe ypasHenue (10)
AHAIHTHYECKHM HIH YHCIEHHBIM CIIOCOOOM ¢ COOTBETCTBYIOMMMH IPAHHYHBIMH YCII0-
BHAMH Ha KOHIAX. IToCKOIBKY 3TO ypaBHeHHe YeTBepTOro MopaaKa, TO HyKHO 3a1aBaTh
YETHIPE TPAHHMHBIX YCIOBHA, B KAMECTBE KOTOPBIX MOKHO 3aJABATH 3HAYCHHA (DYHKIIHH
W(X) H ee NPONIBOAHLIX, WIN HX JIHHeHble KOMOHHAIHH, TIPH ¥ = 0 1 X = L. VpanHe-
HHe (10) ABIACTCA OCHOBHBIM YPAaBHCHHEM, OIHCHIBAIOIIMM IOICPEUHBIC KOIeOaHMA
(pparmenTta TpyGonpososa. OHO 0GBIYHO NPHBOAHTCA B YYeGHHKAX 110 CONPOTHRBIEHHIO
MarepHanos 6e3 nogApobHOro BEIBOJA, TaK Kak ypasHerHe (10) MOKHO IOTYYIHTH MHO-
THMH Pa3THIHBIMH CIIOCOoOaMH.
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OTMeTHM cIeayIoNIHe BaAHbIe A pacyeTa GopMysl. Harabaronmit MomeHT M(X)
H ronepeuHai ciaa F{x). KOTOphie PHIOKCHH K TPyOe B CEUCHHH X = Const, ompene-
JIAKOTCA BRIPAKEHHAMH:

d*w d d*w
EJ =M(x), —|EJ =F(x). 11
M dx[ dx:] &) (1)

@opuymst (11) MOXKHO HCMONBIOBATH /UIN pacteTa ITHX BeINYHH, eCTH HIBeCTHa
(bynxima nporuda wix).

Taxas jneMeHTapHaf T€OPHA MPOrHda MHPOKO MPHMEHAETCH B CTPOHTEILHON Me-
XaHHKe NPH H3YHeHHH Nporuta MOCTOB HIH APYTHX Gal0uHRIX KOHCTpYKumiT moa gei-
CTBHEM HETOMBHAKHBIX HIH TOIBIKHBIX PY3OB NPH Pa3THYHBIX YCIOBHAX 3aKpelUic-
HHA KOHIOB KOHCTPYKIHEH.

I'panHTHEE YCTOBHA TNPH pemieHiH auddepeHnHEatsHoro ypasHenns (10) nomknn
BBIGHPATECA B 3ABHCHMOCTH OT Crocoba 3aKpeIricHHA KOHUoB TpyOet. Tax, Hanmpumep,
ecH 00a KOHIIA JKeCTKO 3a/KaThl, TO JAOKHB! BHITIONHATECA CIEAVIONIHE YEThIpe Tpa-
HIYHBIX VCIIOBHA:

w(0)=0, w'(0)=0, w(L)=0. w(L)=0. (12)

Ecm Bropoii RoHel cBoGOACH. TO HAa HeM JIOJKHE OBIThH PaBHEI HYIO CHIA H MO-
MEHT, NPHIOKEHHBIC B ceyeHHH ¥ = L. Torga u3 (11) caeayer, uro s 1pyGel nocro-
AHHOTO CeHMeHHA rPaHHYTHEIe YCIOBHA OVIYT HMETh BHI

w0)=0, w(0)=0, wi(L)=0, w"(L)=0. (13)

To ecTh Ha cBOGOIHOM KOHIIE BTOPAA H TPEThA NPOH3BOAHAR OT QYHKIHH npornda wix)
JIOTKHB! 00e 00pamaTsca B HOh.

Koneuno, Bca Teopia nporuba 3HAMHTE/IbHO YCIOKHACTCA, CCIIH IIONCPETHOE Cete-
HHe TPYOBI He CHMMETPHIHO. B 2TOM ¢/Ty4ae He CYIIECTRYIOT YHCTO H3THOHBIE Aedop-
MAaIIHH, TOCKOMILKY NOABIAIOTCA elne KpyTHibHBe Aedopmainn. [lonepeunsle ceueHHs
TpyGbl HPH 3TOM MOTYHAtOTCA He MWIOCKuMH Gurypamu. B rakux cny4asx rpydsl co-
BEPIIAIOT COBMECTHEIE YIIPYTO-KPYTH/IBHBE AepOpPMAIiHH.

lonepeunnie HIrHOHBIC KOTCOAHHS YOPYT0il TPYOBI

JuddepesutanbHOC YPaBHCHHE [OMEPEHBIX KodeGanuit vipyrofl 1pyGal MOAHO
MOTYYIHTE H3 OCHOBHOTO CTATHYECKOTO ypaHeHHA (10), 3aMeHAR B HeM Harpysky q(x)
CHIIOM HHEPIHH e HHHYMHOTO (parMenTa TPy ORI

&w
q(x)=-pS—. (14)
ot~

3ech S ~ NIomaIh cedeHnd, a p — IMOTHOCTh MaTepHata TpyOsl. IR cTalIH »7a MmIoT-
HOCTH NPHOMH3IHTEIBHO PaBHA p = 810 xrivt’.
TaxuM o8pazoM, ypaBHEeHHE HIIHOHBIX KoneOasuil TpyOrl HMEeT BHI
E-(EJ&‘,"]WSC",":O. (15)
v a1

&‘,2
Ecm TpyGa HMeeT MOCTOAHHOE NoNepevHoe ceueHHe, T0 KodGpHIHeHT AeCTKOCTH
EJ MOAHO BRIHECTH 3a CKOOKY H ypasHenue (15) yupouaerca:

B i) (16)
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Pemenne ypasaerna (16) MOXKHO HCKaTh B BHJE NPOH3IBEACHHA JBYX MHOXKHTEIeH,
OHH H3 KOTOPBIX SBIACTCA MEPHOANYCCKOl (yHKIHEH BpeMeHE H KonebaeTcd ¢ yIio-
Boft yacToTof M:

w(x,7) = cos{@r + &) W(x). (17)
Toraa anz dyuaxuun Wx) noryuaerca obnKkHOBeHHOE b depeHIHATEHOC YPaBHEHHE,
ONpe IeTIAIOLIEE CTOAUYIO BOIHY OCEBOI THHHM:
da‘w 1 ( pSa’Lt )
- W =0. (18)
&t '\ E

Bripaxenue B KpyrasIx ckobkax B hopmyne (18) npesgcraBuser coboii GespasMepHyio
penHyHEY. TTo3TOMY HMEET CMBICI BBECTH JUI HET'O CHCHHANBHOS 0003HAYCHHE:

pSo’L'
EJ
Ecan 3HaYeHHe MapaMeTpa A HaM H3BECTHO, To H3 (19) MOKHO HallTH 4acToTy Koneba-

HHH TPYOH! ©:
4 2
o?=E 7; 1 =2 \[z‘ﬁ (20)
pSL LVSYp

Pazuxaist B Gopmyne (20) HMEOT cleaylomuil GpH3HIecknil cMbpICT: o/J/S — paan-

2t (19)

YC HHEPUHH TMONEPEYHOIro CEeYeHHA TpyOH, se.mmla\/—E/_p HMEET paIMEPHOCTh
CKOPOCTH H ONpee/set MOPANOK BEAHYHHB CKOPOCTH IEPEMCIICHHA TOUCK oepey-
HOTO CeYeHHA TPYOH OpH H3rHOHEIX Jedopmamuax. [lna  cramsHoOil  TpyOM
JE/; = 13622 m/c. H3 doparyas: (2) Takae HMeeM, YTO A1 MIUTHHIPHIECKOH TPYOH
C BHENIHHM PaJHyCOM a H BHYTPEHHIM b PaIHyC HHEPIHH NONePeTHOro cedeHna KOH-

cTpyKum 6y7er paser \J/S =Va© +b°/2 = a2, Taxum o6pasos, yriosas sactora
NOTEPEYHbIX KonedaHHi TPYOHI 3JaBHCHT OT €€ PA3MEPOB H OT 0e3paMEPHOro MapaMeT-
Pa A, KOTOPHIi MOKHO HAfITH H3 YCTIOBHI 3aKpeIUTeHHA ee KOHLOB.
CTalHOHAPHOE YPABHCHHE A CPEAHHX MOM0KEHHA KOMCOHOMMXCA TOMEK 0CeBOR
AHHHH ¢ y4eToM 0603HaueHHA (19) 3aHCHIBACTCA B BHIC
a‘w a?
-—W =0. (21)
&' r
Ero obuiee pelicHre ¢ NPOH3BOIbHBIME KOHCTaHTaMH A, B, C, D Bplpaxactca Hepes
THNepOOIHYECKHe H TPHIOHOMETpHYECKHE (DYHKINH H 3alHCHIBACTCA B BHIE

W(x)=AchA> + Beosi~+CshA+DsinA . (22)
L L L L

PemteHus 118 MACTHBIX CIVIAEB 3AKPEILIeHHS KOHIOB TPYObI

PacemotpuM pemenns ypaBHeHna (21) a1 TpeX CIydacs 3aKpeIUICHHA KPaes Tpy-
Obl: 0Da KOHIIA AKECTKO 3aKaThl; 0Da KOHIAa ABIIIOTCA CBOGOAHBIMH, OJHH KOHEII KecT-
KO 3a%aT, a BIOPOii ABIACTCA CBOOOIHEIM.

B nepeoM ¢/1y4ae 20/DKHBL BRINOTHATHCA I'PAHHYHBIC YCIOBHA:

W(0)y=0, W'0)=0: W(L)=0, W'(L)=0. (23)
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OHH 03HAYAIOT, YTO OCeBad MHHHA V = W (X) CONPHKACACTCA C MPAMOIHHEHHRIM OTpe3-

KOM JUTHHE L Ha ero koHIax. B 3ToM ciydae pemenne BHAa (22) MOKHO COCTABHTE B
BHIIC CCAYIOICH THHETHOT KOMOHHALMH H3 ABYX (VHKIHIL:

W(x)= A[ch).ﬁ-cosa.f-]+B[sh;.l-sin;.i]. (24)
L L L L

31eck, 09eBHAHO, o0e (VHKIMH B KBANPATHBIX CKOOKaX, Ha3bBaeMble OOBMHO (HYVHK-
mismMe Kpeuiosa, yosrersopmoT ypasHeHHIO (21) H oOpamalorcs B HONbL BMeECTE C
nepsoft npomssoxHoft npH x = 0. Ipanuunebie yenosux (23) s seipamenns (24) Ha
BTOPOM KOHUE TpYOn! (HpH X = L) 3aiHuIeM B BHAC ABYX PABCHCTB:

W(L)= A[chA —cosi]+B[shi—sin ]=0,

e Kigis o % 8 (25)
W'(L)= Az[sh/.+smk]+ Bz[chl.—cos).]= 0.

Takum ofpazoM, NOIYHaeM OJHOPOJHYIO CHCTEMY ABYX @IreéSpaHvecKHX YpaBHEHHH
OTHOCHTENRHO KO HIIHEHTOB A 0 B:
A[cha —cosh]+ B[shi -sinn]=0,
A[shi+sini]+B[chi—cosi]=0.
Jl1a Toro uToGEl 3Ta CHCTEMA HMENa HCHYICBOC PELICHHE, HC0GX0 MO, 1ToGH c¢ on-
peaenHTenh ObU1 paBeH HYITIO, H. KPOME TOTO, MOAHO BBIPA3HTh KO3 QHIMEHT B yepes
xo3dupiHeHT A no dopmyte

(26)

chi—cosi
B=—A——— 27

Tozctasmaa (27) B (24), nonydaeM CIEIYIONEE BHIPAKEHHE U4 NONEPEYHOrO nporuba
TPYOBI, KECTKO JAKPEIUIeHHOM Ha ee KOHUAX, ¢ TOYHOCTHIO 0 NOCTOAHHOIO MHOKHTEA A:

W(x)= [ch).i —cos 11]-—°h;‘ =l [sh S —sin ;.i]. (28)
L L] shi-sini L L
[NapameTp 4 HaiieM H3 YCIOBHA PaBeHCTBA HYJIO ONpeeNHTeNIs CHCTeMB (26):
chA—cosh shi—-smi
shi+sind chi-cosi
[Mocsie BBIYHCIICHHA H YIPOIIEHHA YTOr0 ONpeIeTHTEN A, NOTyIaeM
(cha—cosh) —(sha+sinA)(shA —sink)=
ch® A —2chAcosh+cos’ A—sh’ A+sin’ A =2-2chicosk =0.
XapakTepHCTHYECKOE YPaBHEHHE U1 ONpeieneHNA MapaMeTpa A HMEeT BH
chi.cosh=1. (29)
Vpaprenne (29) nMeer OeckoHeqHOE MHOKECTBO KopHei. KopHio A = 0 cooTBeTCT-
Byer pemenne W(x) « 0. OcTanbHelc NONOKHTEIbHBE KOPHH ypaBHeHHA (29) MomHO

BBIMHCIHTE KAKHM-THO0 YHCICHHBIM criocofoM. OHH HMET CHeIYIOWHE NPHOTIKEH-
HBI€ THCIIOBRIC 3HACHHA!

Ay =4.730, kh,=7853, &, =10996, i, =14.137, A, =17279..  (30)

Iprgem ana SonbluuX 3Ha4eHH n > 3 ¢ Xopomeil TOYHOCTBIO BHINOIHACTCA Clie-
AyiOoNee COOTHOMEHHE!

Mpey Th, 7,
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Tak Kaxk 14 KaKIOro 3HAYeHHA KOPHA A, CYNIECTBYET CBOA HacTOTa KoJeGaHHii,
BBMHCIAeMax 1o Gopayne (20), u cBoz dopma xonebanuit (cM. (28)), To

x x| chi, —cosi X x
W, =|chA, ——cosA, — |-—2—-—T |ghA ——sinA,—|. 31
") [c F ] shi, ~sink, [s VEC "L] %

L
TMosoGHbie GOpMY IRl MOKHO HOMYHHTL H /U4 APYTHX CHOCOG0B 3aKPEIUICHHA KOH-
110B TPYOHI.
Bo Bropom ciyuae 3akpervieHis, Korja oba KOHIA JBIAOTCA CBOOOIHBIME, IPAHHY-
HBI¢ VCIIOBHA CBOAATCA K PABEHCTBY HYJIHO CHUIBI H MOMeHTa (11), T.¢. Ha 00OHX KOHUAX

JIOAHBI PABHATECK HY/TIO BTOPAR H TPEThA NPOH3IBOIHAA N0 ¥ 0T QyHKImH H(x):
W (0)=0, W"(0)=0; W' (L)y=0, W*(L)=0. (32)
JI:1a 371010 CIyUAA PELICHHE YPaBHCHHA KoaeGanuil (21) ciejyer HeKaTh B B
x x b IR |
Wix)=. A= A— A— A=
(x) d[ch/ L+cos L]+B[sh L+sm L] (33)

JleficTBHTEIBHO, 37ech 00¢ (DYHKIHH B KBAIPATHEIX CKOOKAX VIOBIETBOPAIOT YCIOBHIO
PaBeHCTBa HYTO BTOPOit H TpeTheil NMpoH3BOAHOMH NpH X « 0. YToOH! 3TH YCIO0BHA BHI-
NOMHATHCH TAKAKE H OPH ¥ = L, HMEEM CIeAYIOMYIO OQHOPOIHYIO CHCTEMY NHHEHHBIX
YpaBHeHHH OTHOCHTETBHO KoMpumienTos A i B:

A[chx-cosi]+ B[shi ~sin 2]=0,

A[sh2+sin 4|+ B[chA ~cosi]=0.

Ona oKa3anach B TOYHOCTH COBNAJAOIIEH ¢ aHANOTHYHON cHcTeMol (26) ana TpyOnl
C ABYMA 3aAKATRIMH KOHUAMH. Io3TOMy KOPHH XapaKTepPHCTHYECKOTO YPaBHEHHA Ay
OynayT coBnagats ¢ aHcIamH (30). 3T0 rOBOPHT O TOM, YTO HaCTOTH! KoNeOaHHH AR
TpyObl ¢cO cBOGOAHBIME KOHUAMH GyAyT TAKHMH K¢, Kak H 214 TpyObl ¢ 3amaTbiMH
KoHIaMH. Omiako GopMel HX KoJedaHHit B 9TOM cydae OyayT ApyramMu. OHH, B OTTH-
ue 01 GopMyist (31), HMEIOT CeyIon i BHA:

W, (x) = [ch:., X fcosh, i]-w [sm.,,i»,sinxn 1]. (34)
L L] shi,—sini, L L
H13 2TOro pemennsa BHIHO, 910 GYHKUHA W,(X) H ee MPOH3IBOAHAA 1O ¥ He PABHEl HYTIO

mpHY = 0nnpux =~ L
Tperuit cayqaii: TpyGa 3amemieHa B Touke x =0, a apyroft ee koHen ¢BoGOICH.
Torna rpaHHYHEe YCIOBHA /1A YpaBHeHHA (21) HMeioT BHA

W(0)=0, W'(0)=0: W"(L)y=0, W"(L)=0. (35)
B 3T0M cayuae pemenue cleyeT HCRaTh B hopme (28), Te.
W(x)=A[chxl-cosxi]+3[shzi—sin Aﬁ]. (36)
L L L L

IlpHpaBHEBaA K HYMO B TOYKE X = L BTOPYIO H TPETHIO MPOHIBOJHEIE OT ()VHKINH
(36) no mepeMeHHO Y, IOTYTHM CHCTEMY JABYX MHHCHHBIX YPaBHCHHI OTHOCHTCIBHO

ko3 dHIHEHTOB A H B, KOTOpas HMEET CleIyIOnIHit BH:
AlchA+cosr]+B[shi+sinr] =0,

7
A[shi-smi]+B[chi+cosr]=0. (37)
I3 ee mepBoro ypaBHeHH® HAXOAHM KodthduimenT B:
YL (38)
sha +sini
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PacKpHiBas H YIPOIIAA OMpEIeTHTe b CHCTeMBI (37), mMeeM
(chi+cosh) —(sh2 A—sin’ }.) =2+2chi-cosh =0.

OTCHO4a CISIYET, HTO BEIHYHHBL A, ABIAIOTCH KOPHAMH XapaKTEPHCTHHECKOIO YPABHCHHA
chi-cosh =~1. (39)

OHH He coBnanaloT ¢ KopHAMH (30). BRMHCICHHbBIE YHCICHHBIM METOAOM, OHH HMEIOT
CIIeVIONIHNE NPHOIHAEHHbIE IHAYEHHA!

M =1875, hy =4.694, Ay =7.855 &,=10.996, ;s =14.137, g =17.279...(40)

CpaBHeHHe YTHX IHAUeHHH ¢ JAHHBIMH NpeJRAYImX 33437 (30) noxassBaeT, 410
OT/HYMHA KACAKOTCH TONLKO HEPBRIX TPEX KOPHEH, a OCTANBHBIC KOPHH HPAKTHHMCCKH
coBIanaloT. TakaM oOpasoM, 18 TpyOsl, ¥ KOTOpoii OJTHH KOHEI 3aKpevieH, a Apyrof
cB0OO/IeH, NepBhie TPH TOHA KoneGaHHil MMeloT Oolee HH3KYIO MacTOTY, a OCTATBHEIE
TOHB HMEIOT Te JK€ YACTOTHI, ITO H TPy0a ¢ ABYMA 3aKATHIME HIH C JBYMA CBOOOIHEI-
MH KOHIIAMH.

®opmul kKonebannit TpyOR, Yy KOTOPOH OTHH KOHEIl 3a/kaT, a APYToil KoHel cBobo-
JICH, ONPEACIRIOTCH CICIYIONIHM BhIPAKCHHEM:

\'] chh, +cosh,

X :
W (x)=|chi, ——cosk,_ —
w0 [ T " shi, +sink,

[shx,,i—sinx,, 1]. (41)
L L L

IIpumep pacuera
IlpeamonaraeTcs, 9T0 HAM H3BECTHRI MHCNIA A KaK KOPHH COOTBETCTBYIOMIHX XAPaK-
TEPHCTHYECKHX ypaBHeHHit (cm. (30) u (40)):
chi-cosh=1 u chi-cosA=-1.
Jlng pacgera coOCTBEHHBIX HacToT f = @/27 no dopaynam (20) # COOTBETCTBYIONIHX

dopy KosreGannii o suipakennan (31), (34) 1 (41) cocrasnena mporpamma.
PesynsTaThl padoThl mporpaMMBeI (1) mpeacTasieHsl Ha pHC. 2 H 3.

— . 1, : : .
B P ; = N rrasm 7
B0 [ SR ] S e R
0 i i A L -1 L { i
0 2 4 6 8 X 0 2 4 6 8 x
. \ : 1 { ; i
1 f=169.19 Tu \/ , \//fc 159.x9m\
-1 L ' O i i rh - i i - A
0 2 4 6 S X 0 2 4 6 8 x
! : ’ : ! ! ' 1 .
= 0 ot Zol : :
3 [=331.72 m\/ =  T-3mn
-1 1 1 1 -1 1 1 i 1
0 2 4 6 8 X 0 2 4 6 8 x

Puc. 2, ©opME H FacTOTH K01eGaHHi TpyOM © IBYMA 3AKATEIMH KOHUAMH (C/1eB84)
H ¢ ABYMS CBOGOAHEIMH KOHIIAMH (CIpaBa)
Fig. 2. Shapes and frequencies of vibrations for a pipe with two fixed (at the left)
and unfixed (at the right) ends
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f=169.23 Tu
i i i i i
0 2 - 6 8 X
Puc. 3. ©opubl B 9aCTOTE! KoNeGasnil 1pyGnt, 34410/ Ha OIHOM KPaK H cB0601HOM HA ApYToM
Fig. 3. Shapes and frequencies of vibrations for a pipe with one fixed and another unfixed ends

HauGonee Hu3kuit Tod /= 9.64 I'u coorsercrsyer Kophio A = 1.875 (eu. puc. 3)

Jarawyenue

B paMkax npeanonoAeHHA 0 MATOCTH H3THOHBIX AedopMaliit TpyGLI, IPH KOTOPBIX
dopMa ceueHHIT, HAXOMAUMHXCA B IUIOCKOCTAX, NEPICHIMKYIAPHBIX OCCBOH JIHHHMH J¢-
(opMupoBarHOro (parMenTa TPYOONPOBOIA, OCTASTCA TOCTOAHHOIN, TOTYYeHO ypaBHe-
HHe i H3rutHex gedopmanmii. Takoe vpaBHeHHE H paHee MOMYUATOCH PATHUHBIMH
cnocoGamy. B 1aHHOH paboTe 0HO BBHIBENCHO ¢ NPHMEHEHHEM CPEICTB BAPHALHOHHOIO
HCHHCTEHHA. [HIEPOOIHYECKOe VPABHEHHE T4 CMENICHHA TOYEK 0CeBOit THHHH TpYOn
HHTETPHpPYeTCA AHATHTHYECKH C NpHMeHeHHEM MeToJa pajiefieHHA NepeMeHHBIX H
(yuxunii Kpbriosa, ABIAKMEXCA (QYHIAMCHTANBHBIME PCLICHHAME COOTBETCTBYIOILCIO
CTAIHORAPHOTO YPABHEHHSA VIR 0CeBONH MHHHH. ECTECTBEHHO, YTO NOIYYAIONHEC JaCTO-
THI H (hOpMEI KOTeGaHHIT 3ABHCAT OT KOHKPETHRIX CTyUaeB 3AKPRIUICHHA KOHIOB TPYOBL

HcenenoBansl BCe BOIMOKHBIC BAPHAHTHL 3aKPEIVICHHA KOHLOB, CIEIO0BATENBHO, H
PACTPOCTPAHEHHA YIPYTHX BOMH MO OTJAEIBHOMY NPAMOYTOIBHOMY (parMenTy Tpy6o-
nposoja. CHeTHBIC MHOXCCTBA KOPHCH XapaKTCPHCTHYCCKHX YPABHCHHIT 14 CTOAYHX
BOJTH, OTBEYAIOWIHX KOHKPETHBIM COCODAM 3aKPEVIEHHA KOHLOB, ONPEEIAIOT CleK-
TpH vacToT Konebanmi. [lo Halinennofi B paboTe CBA3H YaCTOTH C KOPHAMH XapakTe-
PHCTHYECKOID YPABHCHHA JICI'KO ONPEACAAIOTCE OCHOBHON TOH YHPYIHX KoneSaHMH H
BCe Ipyrie Moam konebannit ¢parMenTa TpydonpoBoa.
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L. Introduction

It becomes necessary to solve the Schrodinger equation, which is one of the most
important equations of mathematical physics in modeling the processes of low-tempera-
ture separation of gas compaonents. A fairly large number of modem works are devoted
to solving the nonlinear Schrodinger equation (NLSE). In particular, a method for con-
structing a class of exact analytical solutions of the NLSE model with varying dispersion,
nonlinearity, as well as gain or absorption, is developed in [1] Using the Lie syounetry
method, new solutions for nonlinear Schrodinger systems are constructed in [2]. Two
cases of exact solutions of the NLSE and an analytical solution of the three-dimensional
time-independent equation for a charged particle in the Geld of an exact electric dipole
are found in [3,4]. A functional ntegral, representing the solution of the wave equation,
Is obtained in [5]. Various properties of solutions of the extended nonlinear Schrodinger
equation, the tractional nonlinear diftusion equation, and the fractional nonlinear Schro-
dinger equation are studied in [6,7]. A number of works are devoted to the study of soli-
tons [8] and their stability [9], as well as to the question of soliton perturbations {10]. In
[11) the authors suggest an exact analy tical resolution method tor stationary Schrddinger
equations with polynomial potentials.

On the basis of various types of potential used in the equation, 1t is possible to single
out warks on solving the NLSE for an inseparable complex potential [12], the potential
function of the Morse osallator for a periodic external field [13], an arbitrary potential that
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determines bound states [14], a non-central generalized inverse quadratic potential of Yu-
kawa within the Nikiforov-Uvarov framework [15]. Analytical solutions of the Schré-
dinger equation for some diatomic molecular potentials with any angular momentum are
obtained in [16]. Using the Nikiforov-Uvarov method, an exact solution of the N-dimen-
sional radial Schridinger equation with a generalized Comell potential is obtained in {17],
and one- and two-dimensional NLSE solutions with a double-well potential and a Stark-
type perturbing term are presented in [18]. The work presented in [19] proposes a solution
to the one-dimensional Schrodinger equation for a potential of a special form. The solution
is presented in terms of non-integer order Hermite functions. Finally, in [20] the authors
find and analyze the analytical Schrodinger equations with a singular potential of frac-
tional degree called the potential of the second Exton,

The Linear Schrodinger Equation (LSE) is considered learned. However, the problem
of wave transport through composite barriers is of great interest for membrane technolo-
gies of low-temperature gas separation.

2. Materials and Methods
2.1. The Schrixiinger Differential Equation
The differential equation of wave dynamics is:

2
LS L (1
2m i o

where W is the wave function; i is the Planck’s constant; LI is the energy of interaction
between the particle and the environment; ¢ is the mass of the particle, A is the Laplace
operator; i is the imaginary unit.

In the special case in which the potential energy U is clearly independent of time, the
solution to Equation (1) is found in the form:

Y=y, @)

where E is the particle energy and 1 is the wave function of coordinates,
Then, the following stationary Schridinger equation can be used to find the ampli-
tude of the wave {»

Aw%",—‘(z-bww. @

Below, we will present some analytical constructions which prove to be very eftective
inanalysing problems of isotope transmission through composite membranes. With prob-
lems concemning the low-temperature membrane separation of gas mixtures, the direction
of transter, perpendicular to the membrane surface, is of decisive importance. Therefore,
only a one-dimensional Schrodinger equation is enough to consider.

It is also convenient to have a dimensionless form of the equation of wave transfer ot
matter.

If the particle mass is referred to as mm, which is the mass of a hydrogen atom, the
energy scale is Lo, which is the depth of the potential well in the distribution of the energy
of a pair of interactions between the membrane substance and mobile particles, and the
length of the scale is taken as:

L=n/JmU, 4)

then the dimensionless equation of wave dynamics does not contain the Planck’s constant
h:

Z;‘f e 20 E~U(x)y = 0. 5

In record (3), all quantities are dimensionless, including the coordinate x.
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Thus, we reduced the number of problem constants by one. This is essential for fur-
ther analytical calculations.

2.2, The Integral Sclhadinger Equation and Its Transformations

The implementation of numerical methods for solving the Schrodinger differential
equation is focused on the finite region of variations of the independent variable, as well
as on matching the obtained numerical data with asymptotic distributions of the calcu-
lated value. Normally, the conditions of matching are understood as the equality of the
wave function itself and its derivative. However, there is no justification for using this
form of conditions. The size of the finite region of integration also requires substantiation.
In this connection, aiming to carry out integration along the entire real axis is important.
This can be done analytical methods. The Schradinger integral equation is quite suitable
for analytical analysis:

1 R P
w«x)-z'—tle‘“bmwmdc=e". (6)

where k=+/2mE _ In their book, Morse and Feshbach note the equivalence of the differ-
ential and integral description of propagation of matter waves [21].

Equation (6) is similar in form to an integral equation with a degenerate kemel. How-
ever, in fact, it is not the same. In order to separate the variables in the integral term of
Equation (6), it is necessary to use the operational calculus. A function of one variable and
a difterential operator d/dx can be distinguished in the kernel of the equation. To do this,
one is only required to use the definition of the shift operator:

ad
€ f(x)= fx-h). @

It is easy to verify that (7) is true if the operator exponent on the left 1s expanded in a
Taylor series in a neighborhood of zero, and the function f{x - i} is expanded in a neigh-
borhood of the point x. Applying equality (7) to (6), we can rewrite the original equation
in the following form:

w(x)-k[ ] mcwu:)e"‘d:]e’“=e*. A== =, (8)

Let us pay attention to the expression in parentheses, This expression is a difterential
operator and, at the same time, is an analytical function of some parameter p:

- ol - ¥
jwc_) v(lle PdL= jvm W) eVds=Lp) p= % . 9)
Taking into account the introduced notation, we can write Equation (8) in the follow-
ing form:
wix)-2L(pye =e* (10)
The form of a differential operator acting on the exponential function on the right of
it is still unknown. However, it can be found. Multiplying (10) by U(x)ex¥-ap) and per-
forming integration in infinite limits, we obtain:

[ | U(x)v(.r)e"'dr] -u.(p)[ J €MU(xedx - 1)

-[ j"e*‘v(m"'d:

Two ditferential operators appear here, tor which we introduce the following nota-
tion:

10t
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Bip)= [ "Utxe "dx. O(p)= [ e™U(x)ear. (12)
Taking into account these notations, operator equality (11) takes the form:
Lp)1-rQ(p)|=B(p). (13)
Hence, we pet:
Bip)
Lip)=
r 1-2.0(7) (14)

Sometimes integrals (12) can be calculated analytically. In a general sense, the result
of numerical integration obtained on the basis of the simplest quadrature formulas of the
trapezoid method is suitable. In any case, these integrals depend only on the shape of the
potential barrier.

Using (14), Equation (10) can be rewritten as:

ABLp) £
1-20(p)

The operators B(p) and Qip), which are inchuded in the last equation, as can be seen
from (12), can be determined based on the given shape of the barrier Li(x). In principle,
relation (15) already determines the desired distribution of U{x}. However, it still has an
operator form, so let us retum to relation (10).

If the ditferential operator L(p) acted on an exponential function of the usual form,
the result would be as follows:

wivy=e" +

(15)

d
— e = ]
{5 e = Liue (16)

However, in formula (10) this operator acts on the exponent of the modulus of the
argument. Therefore, direct application of (16) is impossible. Nevertheless, the exponent
from the modulus of the argument can be reduced to the usual exponent it we use the
Founer identity:

M=

Sy A

?l,; I e e e"Mdade . (17)

Applying rules (16) and (17) to formula (10) we obtain:
l - = ) . -
wix)=¢" +E£1L(—mk eHe™dade . (18)

Expression (18) is exactly the solution of the Schrodinger integral equation written as
a double integral along the spectral axis. As can be seen, in contrast to (6), its right-hand
side contains all known quantities since the functions 8(-iw) and ({-iw) which make up
L{-w) and are called the spectra of the barrier are determined only by its shape, i.e, are
known functions of the problem statement. In addition to the shape of the barrier, we
know the character of the asymptotic behavior of the solution with respect to the physical
variable x

By this stage of integration, we have already got rid of the differential operator L{p)
having replaced it by the function L{-iw) using rule (16). Let us denote the function Li-iw)
by G(w). Then, taking into account (14), we get:

10€
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A i Ux)e ey
1B(-1w) .‘[ i
R ey ) {19
‘ 1-3 | UtxeMe™dv
As aresult, we have:
VI U e
wix)=¢" + 21:1_[8 Glew ™™ dadeo - (20)

Let us also suppose that function G{w) is the spectrum of some function K(x). This
means that the following conditions are observed:

G(co):jl&'(x)e"dr. K(x)= IG(w)e“dm. (21)

L
n
Introducing (21) in (20), we find:

wix)=¢e" +-%‘-Ie"“lx(ﬁ)e"‘ie'“e"dad§dm= .
- x 3 = (-‘2)
=™ +1x4p) l e'“[-zl;le-‘-"ﬂ‘-'dm]dada.

The integral in parentheses of the last expression is the Dirac delta function. There-
fore, we can further write:

yix)=e” + I K(ﬂ)dﬁj‘ M3 (a—(x-P))da=e" = Ix(p)e“*'ﬂdp. (23)

Thus, the most compact form ot the solution, in which the integral is taken in the
direction of variation of the physical variable, is as tollows:

wix)=¢* = [ Kig) e Hde. (29)

When solving the Schrodinger equation by the method of the integral equation, the
fulfilment of the matching conditions is not provided. In this case, it is only necessary to
check how the solution behaves at 1 = <=, For this purpose, we will rewrite solution (24)
in terms of integrals with a vanable upper or lower limit:

wix)=e® [l + j’ K(;)t"‘d;] o™ [i K(Qk"‘d«;]. (25)

Based on this form of wniting the distribution ({x), we can draw a conclusion about
the asymptotic behavior of the wave function:

wix) =¢"[l+jl€(‘:)e"‘d.:]. X @
e (26)
Wix) =" 1o " j K(&ye*ds, x—»—=,

As can be seen from these relations, after the barrier, there is a passing wave, and
before the barrier there are both the incident and the reflected waves. Thus, solution (24)
correctly reflects the asymptotic behavior ot the desired function.
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2.3. The Reflection Coefficient
It was found in [22] that the Fourier spectrum for the wave tunction ¢! has the form:

. Blo.k)

G(ﬁk’=-[W(\”(-dt='l—_m (27)

Here, parameters L and A are determined by the particle mass i and the energy E:
k=VInE, A= (28)

As for expression B(aw.A), this depends on the shape of the potential barrier U(x) and
is represented by the following integral:

Blank)= [Ulx)e=“dx, (29

The retlection coetficient R of the particle thux has the following formula:

2B k) ’
Rk )= y
X ll-umnl e 0

In particular cases of forms of the potential barrier U{x) integral, (29) can be calcu-
lated explicitly; then, the corresponding, final formulas can be obtained for the reflection
coefficient R.

3. Results
3.1. Determuming the Blw.k) Integral

It is convenient to distinguish between even and odd forms of the potential barrier
Li(x), since formulas (29) are then written in the form of one-sided integrals. For example,
in the case of an even function U(x) integral, (29) is written in the forny

Blo.k) = 2[U(x)cosie+ kpuix . (31)
v

Formula (31) means that it is enough to know only one function, Bo(w). which is the
cosine Fourier transtorm for the potential barrier. Using it, we can calculate function
Bw,k):

By(w) = [Utx)cosmvdy, Biak)=28,(0+k). (32)
L

In this case, the reflection coefficient (30) is equal to:

18,26 [ o
Rk, = |8 . By(e)=2[U d . 33
(k0 ‘I-AB.(ZH (@) _! (¥)cosa (33)

If we carry out similar transformations of integral (29) for an odd function U(x), we
get the following result:

MB, (2k)

1 2B, (2k) ‘ ‘ é9

By(o) = [Utx)sinoxdr. Blo.k)=iB,(0+k), Rik1)=
L

Thus, the difterence between an odd barrier and an even one is that the cosine Fourier
transtorm of the barrier is replaced by its sinus transformation and the imaginary factor 1
appears at parameter \.

There is a significant difference in writing analytical tormulas between the cosine and
sine Fourier transtorm of the same function. For example:

10¢€
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3.2. The Double Potential Barrier

By a double potential barrier, we mean such a function U(x) which for an even barrier
has the form:

Ulx) =U,(x+d)+U,(x~d). (35)

That is, the double potential barrier consists of the sum of two separate symumetric
barriers Li(x) which are shifted relative to each other by a distance of =, as shown in
Figure 1.

T
L] EE——
¥ § s i ﬂ\

2d {

Uix)

" 4

i

Figure 1. Shape of double potential barrier.

It is clear that, in this case, the value B(w.k.d) depends, apart from the parameters w
and &, on the distance d between the barriers.

In order to find the dependence of the integral B(w A.d) on the distance d. we use the
formula for the shift of the argument which has the form:

[Uplx+d) @y = [ Uy () Dy = = [ U (x) ™ *"dx. (36)
This means that the spectra of the shifted and the non-shifted barrier momentum
differ only by the factor exp[~i(a + AMd].
For a barrier of form (35), therefore, we obtain:

Bk o.d) = [[Uglx+d)s Uptx —d)| &' =

. . (37)
= I U,(.\')d"'"’dr[e"‘""‘ 'Y bl ] = Zoos(c»k)dj U, x)e™ .
- -3

Let us introduce the so-called basic spectral function Bia.d) for the barner U(x) as
follows:

B,(er.d) =2cosod [ U, (x) ™ dx. (3%)

Then, the spectrum of the double barrier and the reflection coetficent are equal to:
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2B, 2k.d) |
Blw+k.d)=B,(0+k.d), R=|—0" | 3
ettt b U ‘l-k&,tzk.d) 9

As can be seen, for a double barrier, the basic function Boew.d) is a periodic function
of the distance d between local barriers. Therefore, the reflection coefficient is repeated by
increasing the distance 4 with a period equal to /.

Noticing that A = ~inv/k we can write the reflection coetficient R in the following form:

m X %
|-';8.42t-d)| (k) Bl(2k.d)

R= = ) 30T -
l+i%8,(2k.d)| L+(mfk)" By (2K, d)

(40)

From formula (40) it can be seen that the reflection coefficient R 15 always included
inthe interval 0< R< 1.

3.3. An Example of Calenlations
For model calculations, it is convenient to use a potential barrier:

Uy(x)=e". (41)
The basic functions Be(w,d) tor this is equal to:

By(w.d)= 2005de§¢":/" . (42)

Using formula (40), it is possible to construct graphs of the reflection coefficient R{d)
or the transmission coefticient of particles C =1 - R, depending on the distance d between
local barriers.

Figure 2 shows an example of calculating the transmission coetficients of a double
barrier for particles with masses ym = 2 and mz = 5. Such masses correspond to Hz and DT
molecules. The particle energy E and the barrier width parameter g in the calculations
were taken to be equal to the following: E~08,8-4.

i

f
harre i

it

Figure 2. Two graphs of dependence of particle transmission coefficent on distance  between bar-
riers.

The solid line corresponds to the graph tor a particle with a mass i = 2; the dotted
line—tom =5, E=08 p=~4.

Since the osdllation periods of these graphs (depending on the distance d) do not
coincide, there is a possibility of such a choice of the distance d between the barriers that
gives an advantage tor one of the substances under consideration to pass through the
double barrier.

11C
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It is possible that other graphic information is more suitable for a comparative anal-
ysis of the permeability of two substances with different masses equal to n and nr, for
example, when graphs of relative values are displayed on the screen:

C{d)-C,(d) C.(d)-C,(d)
d) =~} and S,(d)=—=—-1—Z
S} Ctd) 344 C,(d) 43)

Under the condition, Si(d) = 0, the graph of the function Si(d) shows how better the
first substance passes through the double barrier than the second at the same distance d
between the barriers,

The same can be said for the graph of the function Sx(d).

Figure 3 shows graphs of relative deviations for the same calculations, as shown in

Figure 2.
b T T T T
—i f =2 |
3:_ m‘ H m=sz
” nys \ \ - i N ¢
N SN
o o= 1 () 4 FE 3 3¢ 4 “ ]
na ‘ ‘ 4 é >
B /\ m~5
” 7B
n‘ ne \ 11} : [} b ] 3

Figure 3. Graphs of relative deviations of transmission coefficients for particles with masses m =2
and w5,

It is clearly seen in Figure 3 that it is possible to adjust the distance d between the
barriers in such a way that only particles with the required mass will pass through the
barrier well.

Theretore, it can be stated that there is an effect of separation for particles that differ
only in mass, By adjusting the distance d between the barriers, it is possible to provide
passage of one of the particles, while passage of the other will be completely blocked.

4. Discussion

In its form, the Schrodinger integral equation is analogous to an integral equation
with a degenerate kernel. In the kernel of this equation the variables are not separated due
to the presence of the modulus of the ditference between the two available vanables.
Along with this, in relation to the required function, it is a recarsion. Thus, in the course
of constructing a solution, it is necessary to solve two subproblems: to remove the modu-
lus of the variable difference and to eliminate recursion. The key to implementing these
steps is the use of the shift operator. With the use of this operator, the exponential function
of the modulus of the variable difference, which is available in the record of the Schro-
dinger integral equation, is divided into two parts. In case of such a separation one of the
variables falls into the operator part, with the other falling into the usual functional de-
pendence. At the operator level it is possible to get rid of recursion with respect to ¥ in
the original equation.

For this purpose, the original wave equation in integral form is multiplied by
Uix)exp{-xp) and integrated in infinite limits. As a result, an operator relation is obtained
which allows finding L(p) as an operator function determined only by the value of the
barrier energy. Using the Fourier identity and the properties of a differential operator act-
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ing on the exponential function the transition from operator relations to ordinary func-
tional dependences is cammied out and the integral representation for the wave tunction is
written in terms of the shape of the barmer. As a result, an integral relation tor ordinary
functions, in the integral term of which there is no recursion in U, is obtained. The last
relation determines the solution of the Schrodinger integral equation. The solution is valid
on the entire real axis and does not require boundary conditions. Therefore, it only re-
mains necessary to check its asymptotic behaviour, The check allows for finding a com-
pact formula for the total reflection coefficient R. A very important advantage of the exact
solution, in comparison with solutions obtained using numerical matching methods, is
that this solution allows for calculating the total reflection coefficient R for the potential
barrier LI{x) of a given shape.

In the case of composite barriers consisting of monolayers of the same shape, accord-
ing to the formula obtained for R, the zeros of the reflection coefficent are found. It ap-
pears that the reflection coefficient vanishes not for one, but for many values of the dis-
tance d between single barriers,

The result is an efticient isotope screening system. This system can be configured to
separate components by varying the distance between the barriers.
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Introduction

Despite the widespread occurrence of helinm in the universe, its terrestrial sources are
limited. Currently, helinm is extracted from natural gas nsing eryogenic distillation,
pressure swing adsorption as well as the membrane method. The latter appears to be
preferred due to its lower cost and simplicity.

In turn, isotope separation is also an urgent problem. The *He isotope makes up
the main part of helium, while *He is a very rare and valuable element. At present,
helinm-3 is obtained in the process of tritium decay (1), which is far from satisfying
the demand for it. Outer space provides great prospects for production of *He since
this isotope s contained in the Sun and the atmospheres of giant planets in mmch
larger quantities than on Earth, *He finds applications in crvogenic industry, medicine
(magnetic resonance maging ), neutron detection. The use of heliwm-3 m reaction with
deuterinm as a thermonuclear fuel looks promising, yet underdeveloped. The advantages
of this type of fuel include low radioactivity, which does not require special precautions
and does not entail catastrophic consequences in an accident, low degradation of reactor
materials, and the possibility of further use of protons as the by-product of the reaction.

Isotopes of one element have identical chemical properties so their separation is
only possible with the use of mass-dependent. processes, for example, using quantum
effects. I contrast to the classical method for determining membrane permeability,
when it is unambignonsly known whether a molecule with given kinetic energy will
overcome the potential barrier or not. in the quantum-mechanical ease, there is nlways
a probability of a molecule passing through the membrane. Separation is achieved due to
small differences in the probabilities of two isotopes passing through a narrow potential
barrier of a suitable shape, which directly depends on the choice of the material and the
design of the nanomembrane,

The probability of an atom passing through the barrier is determined from the
solution of the stationary Schrodinger equation.  The equation is usually solved
numerically using the finite difference method (2). However, this paper proposes a
different way to obtain a solution for the Schridinger equation which provides a more
accurate solution compared to other methods because it is mostly analytical.

Isotope separation is more demanding in terms of the choice of membrane material
and design, in contrast to gas mixtures separation due to their similar dimensions and
properties. The aim is to find the potential barrier which will enhance the differences
in the tunneling permeabilities of isotopes and, at the same time, will correspond to
the real synthesized material. To adjust the potentinl energy in this way, pores of a
material are often functionalized, that is, functional groups which provide the necessary
properties are added. An example is the passivation of pore edges by attaching hydrogen
atoms or replacing structure atoms with nitrogen atoms. Stretching of a membrane can
also be used. Such methods can reduce the height of the encrgy barrier by allowing for
a more intense flow through the pores (3 9),

Recent studies show thahsprens pzaphepend) ggaphong-dike membranes, as well
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as zeolite membranes and polvmeric materials, can successfully separate isotopes ( 10,
11). Various designs of carbon allotropes (nanotubes, nanowires, and nanchoms) also
show good performance (12).

Graphene membranes with pores obtained by removing one or more atoms of the
structure allow mobile particles to overcome the energy barrier and pass through the
pores (19-15). At the same time, the ereation of nanoscale pores by removing only one
carbon ring of a graphene sheet is not enough to ensure the separation of helium isotopes
(7). Best results are obtained by removing two rings at the same time s passivating
the pore edges and replacing several carbon atoms with nitrogen atoms. In recent vears,
new carbon allotropes, which are favourable in terms of membrane gas separation, have
ulso been synthesized, for example, graphdiyne (GDY) (16),

Graphene-like materials suitable for the separation of isotopes and gases include
membranes made of carbon nitride {9 — CyNy) (17, 18), (3N — h2D) (19) and
boron nitride (20). Two-dimensional carbon-nitride (2DCN) allotropes show a chemical
formula €', N,,,, where # and m represent the number of €' and N atoms in the primitive
lattice, respectively. Lavered nanomaterials composed of € and N atoms form strong
covalent networks, For different configurations of the atoms, these nanomaterials can
exhibit diverse and promising electronic, optical, and mechanical properties (21 -2%).
Carbon nitride material is used for visible-light-driven and photochemical C'O, reduction
in recent studies (24 -26). Separation of hydrogen isotopes in single-walled carbon and
boron-nitride nanotubes was investigated in (27), Carbon nitride membranes are highly
tunable for gas and isotope separation and hyvdrogen purification (28-31).

The two-dimensional polymer, polvphenvlene, which is a porous analogue of
graphenes, is also proposed as a membrane (32). It has a graphene structure with the
addition of a hydrogen atom to cach carbon atom. The resulting material is expressed
by the formula C,H,. It is thermally stable and can be synthesized and used for gas
separation (3%).  Also, membranes made of porous zeolite have good selective and
sorption properties.

However, monolayered membranes do not provide a sufficient degree of isotope
separation at the flow density required for industrial needs. In addition, there can be
diffienlties in obtaining pores of the same size graphene sheets. Double-layer and multi-
laver membranes can solve this problem. Mandra et al. (2{) investigate enrichment of
helium by resonant tunneling through bi-lavers. Multilaver membranes are used for gas
separation (35), for instance COy/Ny (96), membranes of defective and functionalized
graphene desalinate water (97, 98).

The simulation results show that at low kinetic energy the probability of *He passing
through the barrier is higher; however, at energy exceeding the barrier peak the situation
changes and the *He tunneling prevails. However, o low temperature also provides a low
flow through the membrane, which negates the possibility of using the technology on an
industrial scale, which requires a separation degree equal to at least 6 and membrane
permeability of 6.7¥10°% mol/s/cm? ‘bar. Maintaining a balance between the degree of
isotope separation and the Hegw.donsitonisasenidadday addpuiensedn the potential barrier,
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which, i1 turn, has its limitations, or the use of double membranes. The resonant effect
arising using bi-lavered membranes changes the smooth dependence of the membrane
permeability on temperature and increases selectivity.

A. Hauser et al. (%), () found that hydrogen-passivated single-sided nitrogen-
doped pores provide permeability of the order of 107" and n separation degree of 19 at
the temperature of 10K. Y. Qu et al. (28) worked with a graphene-like carbon nitride
membrane (CoN — h2D) which had larger pores (0.551 nm) than porous graphene
adjusting its potential energy by stretching. The required selectivity equal to 7 and
permeability of 4*1077 mol/s/em?/bar were achieved at T = 15 K and the degree of
membrane stretching equal to 3%, J. Schrier et al. (5) considered the separation of
helium isotopes using a two-dimensional polvphenylene (2D-PP) membrane, The paper
concindes that the structure can be used to separate light isotopes, such as isotopes
of helinm and hydrogen. A, Kumar et al. (29, 40) showed the ability of Rho zeolite
to separate hvdrogen isotopes. At T' = 30 K the degree of separation reaches 5.81. S.
Challa et al. (41) clearly showed a strong dependence of the separation degree of isatopes
HD-H;. T3-Hy, *He-*He, and CD,-CH; using a nanotube membrane on temperature, as
well as the need to seleet the diameters of nanotubes depending on the selected mixture
of sotopes. A, Gijon et nl. (42) proposed caleulations of quantum permeability of
graphdivoe and porous graphene membranes in three-dimensional space. Taking into
account the zero point energy effect (the ZPE effect) led to new results differing from
the previous, namely, the predominance of the THe isotope flow even at T = 20 K and
the degree of sepuration of helinm isotopes equal to about 2.5, but not in favour of *He,

Orthogonal polynomials or special functions are used in numerous physical and
engineering problems which contain differential and integral equations. Many methods
for solving them are based on Hermite polynomials, i.e. aclassical sequence of ort hogonal
polvnomials (43). The fact that Hermite polynomials form a basis makes it possible to
arrange various functions in a series, which facilitates solutions of many problems (44,
43). Hermite polynomials plaved a decisive role in the theory of light fuctuations
and quantim states and, in partienlar, in problems of coastal hydrodynamics and
meteorology (46). They are used in biological and epidemiological sciences. For
instance, the epidemiological SIR model estimates the number of people who can become
infected (47). The use of Hermite polynomials has also found a place in ecconomie
problems. ). Perote et al.  ({&-50) use Hermite polynominl methods to describe
the behaviour of financial variables, Also, these polynomials can model non-Gaussian
excitations which reflect models of munerous phenomena surrounding us. The wind
pressure inareas of fow separation on the surfaces of buildings usually has non-Gaussian
charncteristics, as well as modelling wind speed in complex areas (51). Additionally,
polynomials can be applied in the field of engineering marine structures when assessing
the reliability of a hull beam for floating, production, storage, and nnloading blocks (52).
Such problems are solved using the Hermite impulse model of nonlinear non-Gaussian
random oscillations (59).

Expansion in Hermite ppbasmindsareatlyfasiisidaszolutians of integro-differential
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(34 ) and integral equations. Such problems result from analyzing processes of reflection
and passage of waves through given potential barriers, that is Schrédinger wave dynamics
problems. Solving these problems allows for finding the probability of passage of atoms
and molecules i the form of De Broglie waves through various membranes. The work
given in {55) presents a numerical solution of the Schrodinger equation for a tunable
potential barrier.

Theoretical model

The Schrodinger differential and integral equations

The differential equation for the Schradinger wave function () in the one-dimensional
case is given as:
d*y
dr?
It describes the passage of a particle with a mass of m and energy of E through a
potential barrier noted as U{x). The boundary condition at a great distance consists of
two parts;

3 [k’ = 2,,,(_!(1.]] =0 k=vV2mE. (1)

—ikz

g~ e™ 4 A (2 5 =), = Be™(r — o). (2)

This means that for large negative values of @ the function {x) represents the sum
of the incident and the reflected waves; for large positive values of x it approaches
the plane passing wave. Thus, to solve the problem it is necessary to find two linearly
independent solutions of the homogencons differential equation given in (1) (numerically
or analytically) and then match these solutions so that the boundary conditions given in
(2) (56, 57) are satisfied. This is a common way of dealing with the problem of material
particles passing through a potential barrier. In this case, the function v:(x) appears
to be complex; however, it is not this function that has the physical meaning, but the
square of its module p = |¢(z)* which is equal to the density of probability that the
particle is found in the section x = const. If only the graph of the function p(x) is under
consideration, it appears to be strongly oscillating in the region where the incident and
the reflected waves exist simultaneously. Such a graph complicates the nterpretation
of calenlations sinee it is practically impossible to correctly separate the amplitudes of
the incident and the reflected waves.

However, the differential equation is given in (1) is closely related to the Schrédinger
integral equation introduced in the work (58). It has the following form:

o0
wle) =3 [ M@)oty = e (3)
-0
Equations (3) and (1) are equivalent in the sense that if equation (3) is twice

differentiated with respect to the wariable x, equation (1) is obtained. However, the

inhomogencous integral cquabiongivghaiis{dialsgpontning houndary conditions (2).
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This can be seen if equation (3) is written in a more detailed form:

= <
v(z) = et |+ﬂ AU (g o (zg)day | + e [%/ R () wg)darg | - (4)

In square brackets are the amplitudes of the incident and the reflected waves.
Equation (4) contains boundary conditions in (2) since for large positive values of i
the reflected wave disappears, and for lnrge negative values of » the sum of the incident
and the reflected waves is obtained.

Naturally, to use formula (4) it is necessary to obtain the corresponding solution of
1'(x), either with the integral equation given in (3) or with the boundary value problem
formulated in (1), (2)

Solving the Schradinger integral equation

Using the expansion in Hermite polynomials formulas given in Supporting Information
we will find a solution to integral cquation (3] in the form of a segment of a series with
unknown coefficients €y, in Hermite functions:

N
v(x) =Y CuDy(2); (3)
n={)

N >
eikir—xol _ ED"(I] / Cuk‘{u—mlD"(“)d}ll
n=0

'™ ZD,.(J‘]/ WD ol ge) g

n=i)

Introducing () into integral equation (3) and equating the terms for identical
functions D, (x) we obtain:

~
. "‘/fl,(Jo)n'(ru)f‘”"_x"le'(“)d’""m = /,-'kuD,.(ﬂ)d;l. (6)
=00 —30 =<0

Further, with an account of the equality ¢(2g) = Zf':“ C,. D, (xg), expression (6) takes
the form:

ZC‘ / / U (o) ehin- '"lDu(l‘)Dr(-Fn)dP"ro] / D (updps. (7)

0 =

Here the double integral (in square brackets) can be considered as a square matrix G

of an order N; and the righéshandoside ascapraliman varsonEq That is, the following

12C
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notations should be introduced:

-~ o~
Glknr)= [ [ UG ID (D wohdudry:  Fikn)= [ D, )
—2c =3¢ —20

(8)

In this ase, equality (7) is a system of linear algebraic equations for determining the
column vector which is composed of the desired coefficients €, in the expansion of the
function v+, In the matrix notation this system of equations has the form:

[E,\- - gc] C=F. (9)

The question of solving integral equation (3) is, thus, reduced to the most accurate
caleulation of the integrals in formula (8)

Many integrals containing Hermite functions are caleulated explicitly. A list of
such integrals is contained in the reference book by Gradstein and Ryzhik (59, p. 851).
Among them is the above-mentioned vector F, i.e.:

Fkon) = [ %D, (ildu = Vimi"Dy(24). (10)

-0

Formula (10) is casily verified in various ways and ean be derived independently,
The following integral can be explicitly presented in the same way:

/ el (dp = VATi" Dy (2k)e ™ 4 28, (). (11)
-

Ty
where Sy(z0) = [ sink(axp — p) Dp(p)dp. The integral given in (11) is not completely
~a0

expressed explicitly; the convolution S,,(rq) is also added and it is usnally easily and
fairly accurately caleulated numerically,

Thus, the elements of the matrix G and the veetor F of the right-hand side in
formula (9) are now represented in the following form:

Glk,n,r) = / Uarn) Dr(iro) [VATT" Do(2k)e ™ + 28, (o) dovi  (12)

Fik.n) = ViAxi"D,(2k).

It is necessary to caleulate only the one-dimensional integral that takes into account
the shape of the potential barrier which must be solved numerically. However, it can
also be caleulated with high accuracy since the integration region is limited by the width
of the barrier. https://mcO4 manuscriptcentral com/vastansn
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Figure 1 shows one of the results of solving the Schrodinger integral equation using
Hermite funetions. The algorithm for finding the probabilities of helinm isotopes passage
through the membrane is as follows. First, the matrix G and the nght-hand side of F are
calculated by formulas (12). Then the expansion coctficients €, are found as a solution
of the system of linear algebraic equations (9). After this, the density distribution of the
incident pp.eq and the reflected pr, precieq De Broglie waves are obtained as the squared
modulus of amplitudes of the passed and reflected waves. Finally, the desired function
V(x) can be found based on ().

X 1 — Ulx)
"pamd(x)
=== P retioctod
"‘. 0.6
=
- 04
1l N
< 0
~1
02 . : - .
-6 -4 -2 0 2 4
X

Figure 1. Graphs of potential barrier U(sr) and amplitudes of transmitted ppossed(=)
and reflected pr freced(=) waves. Initinl date: m =3, £ =025 k= V2mE = 1.2247

The graph of the potential barrier shape is indicated in Figure 1 by a thickened line,
and the density distribution of the reflected wave prejiecied 15 Tepresented as a dashed
line. Caleulations in Figure | show how the dimples at the ends of the potential barrier
affect the passage and reflection of particles. In addition, the well-known fact that the
sum of the transmission and reflection coefficients is equal to unity is confirmed. The
miss is expressed inunits related to the mass of the hydrogen atom, Therefore, e = 3
corresponds to the helium-3 isotope. The dimensionless energy of the passing particle
E — 0.25 corresponds to a temperature of 12.5 K.

Sinee a large number of particles in various states participate in the movement
through the membrane, then the behavior of the system as a whole is an average
reflection of the movement of individual particles. Thus, it is necessary to take into
account the Boltzmann distribution for each of the components of the mixture. The
particle distribution function concerning the Boltzmann factor has the following form
(25):

1
(B.T) = ———=e"E/*T, (13)
/ ) VArkTE
Then the permeability coefficient, taking into account all possible states of particles,
can be determined by the fpgmnkaicos manuscripteentral com/vastansn
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5= / prassit E){(E. T)dE. (14)

Potential energy

A mixture of helium isotopes moves through a two-layer membrane in a direction
perpendicular to its plane 2.

Figure 2. The movement of helinm isotopes through the bi-lwer membrane

To separate a mixture of helinm isotopes, a double membrane of graphitic carbon
nitride g — C3 Ny was used. The structure and the energy barrier of the membrane are
shown in Fig. 3 (a) and (b), respectively.

0 1 2 3
X (nm)

Figure 3. The structure of the membrane of graphitic carbon nitride g — €3Ny (a)

aned the potentipl snorgy: o ol sk ek il o
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When obtaining a model of the energy barrier of a membrane in the spatial case,
it is acceptable to use the Lennard-Jones potential, which is often used to describe
moving helium atoms. However, to obtain a one-dimensional energy distribution. this
pair potential must be finite. In fact, this is exactly what happens. a helium atom,
falling mto the pore of a graphene-like sheet, bas o final cumulative impact from the
atoms of the structure. Therefore, the potential of pair interactions must be integrable.
The following modification of the Lennard-Jones potential has this property (60):

Pi(p) = 4= tanh [(f)" = (5)5}. (15)
p o P

where p is the distance between the foree center of the membrane and the moving
gas particle, £ is the relative depth of the potential well, @ i the influence radius of the
interaction potential. Parametors © and @ are taken from the reference (61).

In a real three-dimensional system, waves can propagate in three spatial directions.
Let o be the main direction of mass transfer perpendicular to the membrane. Then the
coordinates y and = will be directed along with the membrane surface 2. Due to the
global homogeneity of the membrane, wave mass transfer along with the coordinates
and 2 does not occur. Therefore, the modeling task is to ensure that the mass transfer
by x -waves in the one-dimensional problem corresponds to the total flux determined by
local transfers in the spatial system. This can be achieved by solving a spatial problem.
The barrier distribution of the interaction energy in a one-dimensional problem can act
as a means of reconciliation with a complete statement or experimental data. Not heing
able to realize the complete set, we propose an approximate method for finding the
barrier energy.

The one-dimensional potential barrier of the membrane U(z) was obtained using
the following procedure. The atom-atomic interactions of a moving helium atom with
the carbon and nitrogen atoms that make up the membrane of a representative size were
summed up, Then, the obtained three-dimensional potential was averaged over surfaces
parallel to the membrane plane. As a result, the distribution along the (x axis remains.

Each of the monoatomic lavers of the composite membrane must be partially
permeable for the components of the gas mixture, Two reasons could lead to a distortion
of the average interaction energy in comparison with the Jocal energy of the real state of
the system, The first is edge effects. However, they are negiigible since any macroscopic
fragment of a composite membrane can be considered to be infinitely extended in
its plane without loss of generality. The second is the specific shape of the wave
propagation cell. The average velocity of wave mass transfer s determined in the
direction perpendicular to the membrane surface. Therefore, the shape, as well as the
size of the cell, are important only to the extent that they provide the passage or non-
passage of waves. When caleulating the mass flux of a substance through a membrane,
the more important is the number of hollow cells per unit area of a monoatomic film.
Thus, the actual shape of the passage cell does not affect the mass flow of gas through
the wave membrane.  The gesorauon alisetspliondn anfrdepsd on the shape of this
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cell since monoatomic films are infinitely extended and the natural frequencies of the
potential well of a composite membrane are determined only by the distance between
Javers.

Results

Before using the proposed model for determining permeability of an ultrat hin membrane,
the results of the permeability values D were compared with the analytical solution in
the case of simple barriers of the square form Fig 4 and the form of {7(z) = ;,;,(l“—ﬁ Fig.
5. The shape of the barrier considered and the probability of helivin isotopes passing
through the membrane were shown The results obtained with the model (indicated by
markers) are very close to the analytical solution (indicated by lines).

95
250 v
g o 0.9 ———§ e HE)
< 150 —_— . (PHe)
3 0.85 analytc
08 T St}
50 ) -5 (He)
anayse
0 075
-0.04 0 0.04 10 20 30 40 50 80 70
a) X, (nm) b) T.{K}
Figure 4. Shape of square potential energy barrier (n) and membrane permeability
for helium isotopes (b). The results of the ealeulnted solution are indicated by markers:
the results of the analytical solution are indicated by lines.
200 095}
1 9r 5
g S0 0.9 FHe)
§ 100 “ 085t _s“mfm)‘
- 0.8 —— S He}
, 0.75 = = = Sunayne (')
-0.1 0 0.1 10 20 30 4 50 60 70
a b
) x, (nm) ) T.(K)

Figure 5. Shape of potentinl enorgy barrer of the form of U7(z) = -mf—- (n) and

membrane permeability for helium isotopes (b). The results of the mlclxlnl?!i solution
are indicated by markers; the results of the analytical solution are indicated by lines,

The membrane permeability with respect to the ratio of helium isotopes was

caleulated for various valugspef thos dishuggbetmaordysedavars of thin sheets b at

12t
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crvogenic temperatures in the range of 7' = 10 — 60 K. The temperature dependence is
taken into account when caleulating the kinetic energy of a moving atom | molecule E.
The energy E is included in the variable & when solving the Schrédinger equation. For
cach value of & in the range from 0.1 to 6 nm the maximum separation degree R for the
mixtures "He/*He and *He/*He was obtained as the ratio of corresponding values of
D(*He) and D(*He).

The parameters which determine the maximum selectivity of helium mixtures are
given in table 1. According to the results obtained, the selectivity value 7 = 1046
is achicved when helium-3 is released. The necessary conditions are the temperature
of T=12 K, the distance between membrane sheets of b=4.6 nm.  The membrane
permeability, in this case, is shown in Fig. 6 (b). Fig. 6 (a) shows the permeability of
a single-layer membrane under the same conditions. The degree of isotope separation
here is 1.34.

Extracted  com- Barrier retained component

ponent

SHe R=10458 | R=959.323 | R = 734.349
T-12 K T-10K T-13K
b—1.6 nm b—3.6 nm h=5.7 nm

He R =604.165 | R = 518721 | R = 506.001
T=20 K T=10 K T=22K
h=3.1 nm f=4.4 nm h=3.8 nm

Page 120119

Table 1, The parameters which determine the muximum selectivity of helium mixtures

08
06

woat
02

-3 -2 -1 U | 2 3 -5 o 5
a) X (nm} b) X fomj

Figure 6. The membrane permeability in the case of a single-laver membrane (a) and
bi-layer membrane of graphitic carbon nitride (b), T~ 12K, b — 4.6 nm

The dependence of the separation degree of the gas mixture R on the distance
between the membrane layers b is shown in Fig. 7. It can be noted that the nature of

this depeudence is periodigyihe /ot sedautivite spaake dnachisved when the membrane

12¢
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lavers are located at a distance that is a multiple of the de Broglie wavelength of the
component which we want to isolate from the mixture.

| p— *He)
800 H-—-~Re*Hes *He)
o 60 :
m | A ;I
200 r .'.A B
0 L) = T )
I 2 3 4 5 6

b, (nm)

Figure 7. The dependence of the separation degree of the gas mixture R on the

distance between the membrane lavess b

To sum up, the successful izotope separation is feasible due to resonance effects in a
two-barrier system. However, it is realized when the natural frequency of the interlaver
space coincides with the frequency of the wave entering this space. Resonances in the
x or v direction may or mayv not exist, but this does not affect the mass transfer in the
z-direction.

If z-waves enter into resonance, then the intensity of mass transfer through the
composite membrane increases by an order of magnitude. In this work. high-precision
caleulations have shown that the resonant passage of matter occurs not ot one specific
distance between single barriers, but a sequence of distances between monoatomic layers.

Certain conditions for the nccurrence of resonance correspond to a specific energy
value. The data on the membrane permeability presented in the work were obtained
by studving the entire energy range to select the maximum value of the degree of the
isotope mixture separation.

Discussion

The paper shows the effect of the resonant passage of particles through two-laver
barriers, It provides high degrees of separation of isotope mixtures. This process will
help to create an efficient membrane isotope separation procedure for industrial use,

A method is proposed for obtaining the probability of particles passing through
the barrier from the solution of the Schridinger integral equation. The use of Hermite
polynomials allows getting an almost exact solution which is highly important when we
deal with the quantum tunneling in monolayered monoatomic membranes.

The conditions are found that correspond to the highest degree of separation of
helium isotopes using a two-laver carbon nitride membrane g — C3Ng. The difference
in the passage of helinm isotopes across the membrane turned out to be much greater

thau in works using porowspne Jwiesadsgraphanedikanpalyphenyvlene. carbon nitride
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membranes CoN — h2D and g — C3N, (3-5. 28, 42, 62), where it reaches the value
of 20. This is explained by taking into account the resonance effect. Morcover, it was
confirmed that the mterlayer spacing of 4.6 nm provides the highest selectivity with
respect to *He hoth for the graphitic carbon nitride and nanoporous graphene (34 ).

Conclusion

In processes of wave separation of particles that are close in physical properties and differ
only in mass, selectivity of mixture separation can be increased only due to resonant
passage of individual components. This means that the mixture of isotopes must pass
through two (or more) monoatomic layers.

An analysis of the available solutions of problems related to the passage of De
Broglie waves through given potential barriers shows that all the suggested solutions
are connected with the use of numerical procedures implemented on a finite interval of
variation of the independent variable. However, taking into account resonance effects
requires a more accurate description of the solution behaviour. Tt is achieved by the
presented model since almost all tmproper integrals in the proposed procedure for
constructing the solution are caleulated analytically.

The conditions which determine the maximum separation degree of the components
were found for the considered problem of separating helinm isotopes using a carbon
nitride membrane.

Thus, the use of Hermite polvnomials greatly simplifies the problem of solving the
Schrodinger integral equation and allows for finding a solution that is more accurate
compared to other known methods,
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Brief information from the theory of polynomials and Hermite functions

Hermite polynomials He, (x) were introduced us carly as 1864, Al present, information concerning them is published in
classical monographs and mathematical reference books' ™. The polynomial He,(x) is a polynomial of the degree n in x
with integer coefficients which contains only terms of the same parity as x". The explicit expressions for the first Hermite
polynomials are:

Hey = 1: Hey(x) = 5 Healx) = 2 — 1; Hes(x) = —3x; Healx) =5 — 637 + 3 Hes{x) = x — 10 + 15x; ()

For the generating function we get:

3 d° 29
Heo(x)=(—1)"¢" -d.\"t o L 2)

Hermite polynomials can also be written in the form of the determinant®:

x n-1 0 0 a0
1 X n—-2 0 O ]
0 1 v n=3 .. 0
()= 3
Hedi=1y | x 0 )
0 0 0 0 X

Moreover, formuba (3) is most suitable for practical calculations of coeffcients of high order Hermite polynomials, In problkems
of mathematical physics. they apply Hermite functions 0, (x) which are connected with Hermite polynomials und are given by
the expression:

. eI Hey(x)
Dafx) = ! i4)
Vnly2dx
These functions are easily caleulated and form a complete orthogonal and normalized system on the entire real axis™:
7 p _JO nifm
_{. Dy(x)Dy(x)dx = { i s (5
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This distinctive feature of Hermite functions allows for determining the expansion coefficients ol arbitrary functions in i
series with respect to Hermite functions reducing them to calculations of the integrals:

1161 = L ODuRCo= [ FiDuldde ®

Figure | shows Hermite functions of u higher order.

05
=
L
o
05 A i A i A i A )
-20 15 10 5 0 5 10 15 20
05 -
=
0 |
QS
05 ) i ) ] N ; s !
.20 15 10 5 0 5 0 15 20
05
=
[)
o5 \ ; 1 ; i . > ;
20 45 10 5 0 s 10 15 20
x

Figure 1. Graphs of functions Dso(x), Dao(x) and Dy x)

Considering such graphs of the functions £, (x) it is rather difficult to Imagine that these functions form an orthonormal
syssem on the entire material axis, Nevertheless, a numerical verification shows the correctness of the above statement.

Note. The formulas given above are taken from the book by Kampe de Feriet* and they comespond 1o the so-called
mathematical or probability Hermite polynomials. However, it should be taken into account that in many works given in*?
other polynomials H, (x) used as Hermite polynomials, Both of these Hermite polynomial systems are related by the relation:
H,y(x) = V2 He (xv2).
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The Book of Abstracts

3rd SmartNanomaterials: Advances, Innovations and
Applications Online Conference
8-11 December 2020

This book includes only the abstracts presented
at the Online SNAIA2020 Conference
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