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`‡ºýª 1

˛ðłŁº

˚âàçŁ âàðŁàöŁØí òýíöýòªýº ÆŁł íü îïòŁìŁçàöŁØí Æîäºîªßí łŁØä îíîâ÷òîØ ÆàØı í°ı-
ö°º, ª‡ØöýýºòŁØí Æîäºîªî, âàðŁàöŁØí òýíöýòªýº ÆŁł, łóªàìàí Æóæ òýªłŁòªýºŁØí æŁæòåì
çýðýª Æîäºîªóóäßí °ðª°òª°æ°í ıýºÆýð Æîºîıîîæ ªàäíà ä‡ðæ Æîºîâæðóóºàºò, ı‡ðýýºýí ÆóØ
îð÷íß Æîäºîªî, æ‡ºæýýíŁØ Æîäºîªî çýðýª ıýðýªºýýòýØ ıîºÆîîòîØªîîð æ‡‡ºŁØí æŁº‡‡äýä
ýð÷ŁìòýØ æóäºàªäàæ ÆàØíà. Ì°í æòðàòåªŁØí îºîíºîª íü Æóæàä òîªºîª÷äßí æòðàòåªŁàæ
ıàìààðäàª åð°íıŁØºæýí ˝ýłŁØí òýíöâýðŁØí çàªâàð íü òîªºîª÷ Æ‡ðŁØí ıîæºßí ôóíŒö
äŁôôåðåíöŁàº÷ºàªääàª òîıŁîºäîºä ŒâàçŁ âàðŁàöŁØí òýíöýòªýº ÆŁł ð‡‡ łŁºæäýª. Òó-
ıàØí Æîäºîªßí ı‡íäðýº íü çààªºàºòßí îºîíºîª íü ıóâüæàª÷ààæ ıàìààðæàí îºîíºîª óòªàò
Æóóºªàºò ÆàØäàªòàØ ıîºÆîîòîØ. Ýíý ò°æºŁØí ı‡ðýýíä òàâŁªäæàí íýª çîðŁºò íü æ‡‡ºŁØí
æŁº‡‡äýä äŁíàìŁŒ æŁæòåìòýØ ıîºÆîîòîØªîîð îïòŁìŁçàöŁØí Æîºîí âàðŁàöŁØí òýíöýòªýº
ÆŁłŁØí ıóâüä ýð÷ŁìòýØ æóäºàªäàæ ÆóØ àðªóóäßª æóäàºæ, çààªºàºò íü łŁºæŁª÷ îºîíºîª
ÆàØı òîıŁîºäîºä ŒâàçŁ-âàðŁàöŁØí òýíöýòªýº ÆŁłŁØí ıóâüä łŁíý àºªîðŁòì Æîºîâæðóóºæ,
íŁØºýºòŁØª íü Æàòºàí óºìààð åð°íıŁØºæýí ˝ýłŁØí òýíöâýðŁØí Æîäºîªßí òîäîðıîØ àí-
ªŁä ıýðýªºýı ÿâäàº þì. Ò‡‡íýýæ ªàäíà °ìí° ıŁØªäæýí ŒâàçŁ-âàðŁàöŁØí òýíöýòªýº ÆŁłŁØí
ıóâüä çààª ôóíŒöòýØ ıîºÆîîòîØ æóäàºªààª ‡ðªýºæº‡‡ºýıýýæ ªàäíà æàíı‡‡ªŁØí çàı çýýº
äýı òîªºîîìßí îíîºßí Æîºîí äŁæŒàóí÷ºàªäæàí íîîªäîº àłªŁØí çàªâàðòàØ ıîºÆîîòîØ çà-
ðŁì ‡ð ä‡íª ªàðªàí àâàıààð ò°º°âº°æ°í.

Ò°æºŁØí ı‡ðýýíä òàâŁªäæàí çîðŁºòòîØ ıîºÆîîòîØªîîð ıŁØªäæýí æóäàºªàà Æîºîí àæ-
ºóóäßª òîØìºîí ı‡ðªýâýº:

2018 îí:

� Cóäàºªààíß æýäýâòýØ ıîºÆîîòîØªîîð ÆàªŁØí ªŁł‡‡ä îðîºöæîí æóäàºªààíß æå-
ìŁíàðßª òîªòìîº ÿâóóºæíààæ ªàäíà äŁíàìŁŒ æŁæòåìòýØ ıîºÆîªäîı îïòŁìŁçà-
öŁØí Æîºîí âàðŁàöŁØí òýíöýòªýº ÆŁłŁØí çàðŁì àºªîðŁòìßí òàºààð ŁºòªýºŁØª
ò°æºŁØí óäŁðºàª÷ ¸.Àºòàíªýðýº 2018 îíß 11-ð æàðßí 17-íä ÌÓ¨Ñ-ä Æîºæîí
"ÕýðýªºýýíŁØ ìàòåìàòŁŒ 2018"ýðäýì łŁíæŁºªýýíŁØ ıóðàºä ıýºýºö‡‡ºæýí.

� Ì°í 2018 îíß 12-ð æàðßí 17-19-íä ÀâæòðŁØí ´åíŁØí Łı æóðªóóºüä çîıŁîí ÆàØ-
ªóóºàªäæàí "The Vienna Workshop on Computational Optimization"îºîí óºæßí
ıóðàºä ¸.Àºòàíªýðýº îðîºöîæ, ŒâàçŁ âàðŁàöŁØí òýíöýòªýº ÆŁłŁØí çààª ôóíŒ-
öŁØí òàºààð ªàðªàæàí ‡ð ä‡íªŁØí òàºààð ıýºýºö‡‡ºæýí. Óª îºîí óºæßí ıóðàºä
À˝Ó, ˚àíàä, Õ`˝ˆÓ çýðýª óºæßí îïòŁìŁçàöŁ, çàªâàð÷ºàºßí ÷ŁªºýºŁØí íýð
ı‡íäòýØ ýðäýìòýä óðŁªäæàí Łºòªýº ıýºýºö‡‡ºæíýýæ ªàäíà ÀâæòðŁ, å̂ðìàí, ¨òà-
ºŁ, Ôðàíö, Øâåä, Ìîíªîº çýðýª îðíß Łı æóðªóóºŁóäàä àæŁººàæ ÆóØ æóäºàà÷Łä
°°ðæäŁØí æóäàºªààíß ‡ð ä‡íªýý òàíŁºöóóºæàí. ÒóıàØºÆàº ýíý ıóðºßí ‡åýð ˚à-
íàäßí `ðŁòŁł ˚îºóìÆßí Łı æóðªóóºŁØí ïðîôåææîð `àółŒå, ÀâæòðŁØí ´åíŁØí
Łı æóðªóóºŁØí ïðîôåææîð `îò íàðòàØ óóºçàæ, ýíý ò°æºŁØí ı‡ðýýíä òàâŁªäæàí
çîðŁºòóóäßª ÆŁåº‡‡ºýıýä ıýðıýí ıàìòðàí àæŁººàı òàºààð ÿðŁºöæàí.

� ˜ààòªàºßí æàºÆàðò òîªºîîìßí îíîºßª ıýðýªºýı æóäàºªàà íýºýýä ýðòíýýæ ýıýº-
æýí Æ°ª°°ä äààòªàºßí ŒîìïàíŁóä ıóðààìæàà òîªòîîäîª `åðòðàíäßí ýæâýº í°-
ı°í ò°ºÆ°ðŁØí îíîâ÷òîØ ıýìæýýª òîªòîîäîª ˚óðíîªŁØí ªýæýí 2 çàªâàðò ıóâààí
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‡çýæ Æîºíî. 2013 îíä ˜óòàíª íàð òîªºîª÷ Æ‡ð äààòªóóºàª÷òàØ ıŁØı ªýðýýª łŁ-
íý÷ºýı çàìààð àłªàà ıàìªŁØí Łı ÆàØºªàı ˝ýłŁØí òýíöâýðŁØí çàªâàðßª æàíàº
Æîºªîæîí. Ì°í óª çàªâàðò òîªºîª÷ Æ‡ðŁØí °°ðŁØí ı°ð°íªŁØí àºäàªäºßí äîîä
ıÿçªààðßª òîîöîæ îðóóºæàí. Ýíý òîıŁîºäîºä çîðŁºªßí ôóíŒö íü ýðæ ıîòªîðîîæ
ªàäíà łóªàìàí çààªºàºòòàØ ó÷Łð ˝ýłŁØí òýíöâýðŁØí öýª öîð ªàíö îºäîıßª ıà-
ðóóºæ, ı‡÷Łí ç‡Øº‡‡äŁØí ıàìààðàº Æóþó ìýäðýìæŁØí æóäàºªàà ıŁØªäæýí ÆàØ-
äàª. ¯ð íü òóıàØí ıýðýªºýª÷ŁØí ıóâüä äààòªàºòàØ ÆàØı ýæýı íü ýäŁØí çàæªŁØí
ı‡÷Łí ç‡Øºýýæ ıàìààðàºòàØ ªýæ ‡çýí, íýª äààòªàºßí ŒîìïàíŁàæ í°ª°°ä łŁº-
æŁı ìàªàäºàºßª òîîöæîí łŁºæŁºòŁØí ìàòðŁöŁØª îðóóºàı çàìààð îºîí ‡åò
çàªâàðßª òîìœ…îºîí, ˝ýłŁØí òýíöâýð öýª öîð ªàíö îºäîı Æîºîí ìýäðýìæŁØí
òàºààð ‡ð ä‡íª‡‡äŁØª ªàðªàí àâæàí íü 2018 îíß 12-ð æàðä Applied Mathemaics
æýòª‡‡ºä ıýâºýªäæýí.

2019 îí:

� Ò°æºŁØí óäŁðäàª÷ ˇðîô. ¸.Àºòàíªýðýº 2019 îíß 6-ð æàðßí 21-23-íä ÓºààíÆàà-
òàð ıîòîä Æîºæîí "The 6th International Conference on Optimization, Simulation
and Control"îºîí óºæßí ıóðºßª ˇðîô. —.ÝíıÆàò, ˜ð. ×.Àºòàííàð, ˜ð. ×.`àòò‡łŁª
íàðßí ıàìò ıàìòðàí çîıŁîí ÆàØªóóºæàí Æ°ª°°ä óª ıóðàºä 10 ªàðóØ îðíß 50 ªà-
ðóØ ýðäýìòýí, æóäºàà÷Łä Łºòªýºýý ıýºýºö‡‡ºæýí. Ò°æºŁØí Æàªààæ óª ıóðàºä
íŁØò 2 Łºòªýº àìæŁºòòàØ ıýºýºö‡‡ºæýí.

� ÀâæòðŁØí ´åíŁØí Łı æóðªóóºŁØí æóäºàà÷ ˜ð. —îÆåðò ×åòíåŒ 2019 îíß 11-ð
æàðßí 20-24-íä óª æóäàºªààíß ò°æºŁØí ı‡ðýýíä ÌˆÒ¨Ñ-ä àØº÷ºàı ‡åýð ˚âàçŁ
âàðŁàöŁØí òýíöýòªýº ÆŁłŁØí ıóâüä çààªºàºò íü łŁºæŁª÷ îºîíºîª ÆàØı òî-
ıŁîºäîºä àºªîðŁò Æîºîâæðóóºàı òàºààð ıàìòàðæàí æóäàºªààíß æåìŁíàð ÿâóóº-
æàí Æ°ª°°ä ‡ð ä‡íä íü òóıàØí Æîäºîªßª Æîäîı ÖýíªŁØí àºªîðŁòìßª æàíàº Æîº-
ªîæ, íŁØºýºòŁØí Æàòàºªàà íü ıŁØªäæýí.

� Ì°í 2019 îíß 10-ð æàðä ˛ÕÓ-ßí Ýðı‡‡ªŁØí Łı æóðªóóºüä Æîºæîí "Dynamical
Systems, Optimal Control and Mathematical Modeling"æýäýâò îºîí óºæßí ıóðàºä
˜ð. .̂`àòò°ð îðîºöîæ, "Theory and Methods for Generalized Nash Equilibrium
Problems"æýäâýýð Łºòªýº ıýºýºö‡‡ºæýí. ÒóıàØºÆàº îïòŁìŁçàöŁØí ıîæìîªŁØí
îíîº, łŁØä îíîâ÷òîØ ÆàØı í°ıö°º Æîºîí òîðªóóºŁØí ôóíŒöŁØª àłŁªºàí ¯ð°í-
ıŁØºæýí ˝ýłŁØí òýíöâýðŁØí Æîäºîªßª ïàðàìåòðýýæ ıàìààðæàí âàðŁàöŁØí òýí-
öýòªýº ÆŁłŁä łŁºæ‡‡ºýı çàìààð àºü Æîºîı îºîí łŁØäŁØª îºîı àðªßª æà-
íàº Æîºªîæîí æóäàºªààíß ‡ð ä‡í Bulletin of Irkutsk State University. Series
Mathematics æýòª‡‡ºä ıýâºýªäæýí.

� Õ°ð°íªŁØí äààòªàºßí ıóâüä òîìœ…îºæîí îºîí ‡åò çàªâàðßª ÆàíŒíß æàºÆàðò
ıýðıýí ıýðýªºýı ÆîºîìæòîØ òàºààð æóäàºæ, çàðŁì ‡ð ä‡íª ªàðªàí àâæàí. ˙ýý-
ºŁØí ı‡‡ªýýðýý °ðæ°ºää°ª ÆàíŒíß çàı çýýºä ò°â ÆàíŒíààæ łààðääàª °°ðŁØí
ı°ð°íªŁØí ‡íýºªýýíŁØ ‡ç‡‡ºýºòŁØª ıàíªàæàí ÆàØıààð ÆàíŒóóä ˝ýłŁØí òýíö-
âýðò ı‡ðªýı çýýºŁØí ı‡‡ª ıýðıýí òîªòîîı ÆîºîìæòîØª ‡ç‡‡ºæýí. �°ðŁØí ı°-
ð°íªŁØí ı‡ðýºöýýíŁØ çààªºàºòààð Basel-I, Basel-II-ààæ łààðääàª °°ðŁØí ı°ð°í-
ªŁØí çààªºàºò ì°í Expected Shortfall çààªºàºòßª àâ÷ ‡çæýí. ˙àªâàðóóäßí ıóâüä
òýíöâýðò ı‡‡ îðłŁí ÆàØıßª Æàòàºæ, ìýäðýìæŁØí łŁíæŁºªýýª ıŁØæ æîíªîí àâ-
æàí ªóðâàí ÆàíŒíß ıóâüä òîîí òóðłŁºò ÿâóóºæàí. Ýíýı‡‡ ‡ð ä‡íª 2019 îíß 3-ð
æàðßí 27-íä ÿâàªäæàí ÌîíªîºÆàíŒíß íýðýìæŁò ýðäýì łŁíæŁºªýýíŁØ ıóðºßí
æ‡‡ºŁØí łàòàíä àìæŁºòòàØ łàºªàðàí îðîºöîæ, Æàªààðàà 2-ð ÆàØðßª ýçýºæíýýæ
ªàäíà ýíý æóäàºªààíß àæŁº Optimization Methods and Software æýòª‡‡ºŁØí 2021
îíß äóªààðò ıýâºýªäæýí.

2020-2021 îí:

� 2020 îíß ýıýýð ˚˛´¨˜ öàð òàıàº ªàðæàíòàØ ıîºÆîîòîØªîîð ò°æºŁØí æàíı‡‡-
æŁºò ıîØłºîªäæîí Æîºîâ÷ æóäàºªààíß æåìŁíàðßª òîªòìîº ÿâóóºæ, æýòª‡‡ºä
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ÿâóóºæàí àæºóóäßª æàØæðóóºàı Æîºîí ˝ýłŁØí òýíöâýðŁØí çàªâàðßí ıýðýªºýý
Æîºîí îïòŁìŁçàöŁ, âàðŁàöŁØí òýíöýòªýº ÆŁłòýØ ıîºÆîîòîØ æóäàºªààª ‡ðªýºæ-
º‡‡ºæýí. 2021 îíß ýıýýð `îºîâæðîº łŁíæºýı óıààíß ÿàì, ØŁíæºýı óıààí,
òåıíîºîªŁØí æàí çýðýª ÆàØªóóººàªóóäßí ò°º°°º°º îðîºöæîí àæºßí ıýæýªò ò°æ-
ºŁØí ÿâößí ‡ð ä‡íª‡‡äŁØª òàíŁºöóóºæíß ‡ð ä‡íä 3 äàıü æŁºŁØí æàíı‡‡æŁº-
òŁØª îºªîæíîîð çàðŁì ò°º°âº°æ°í àæºóóäßª ‡ðªýºæº‡‡ºæ ò°æºŁØª àìæŁºòòàØ
äóóæªàı ÆîºîìæŁØª îºªîæîí.

� ÒóıàØºÆàº, 2019 îíä ÓºààíÆààòàðò Æîºæîí îºîí óºæßí ıóðºßí ‡åýð ÿðŁº-
öàæ òîıŁðæíîîð Ôðàíößí ´åðæàºŁØí Łı æóðªóóºüòàØ ıàìòðàí CIMPA Æóþó
˛ºîí óºæßí îíîºßí Æîºîí ıýðýªºýýíŁØ ìàòåìàòŁŒŁØí ò°âŁØí äýìæºýªòýØªýýð
"Data assimilation, optimization, and applications"æýäýâò îºîí óºæßí çóíß æóð-
ªàºòßª 2021 îíß 7-ð æàðßí 5-íààæ 10-íß ıîîðîíä àìæŁºòòàØ çîıŁîí ÆàØªóóº-
ºàà. CIMPA-ààæ ìàªŁæòð, äîŒòîðßí îþóòíóóä, æóäºàà÷äàä çîðŁóºæàí ýíýı‡‡
çóíß æóðªàºòßª 1997 îíîîæ ı°ªæŁæ ÆóØ îðíóóäàä çîıŁîí ÆàØªóóºæ ýıýºæýí Æ°-
ª°°ä Ìîíªîºßí ıóâüä °ìí° íü 2013 îíä ÌÓ¨Ñ, ØÓÒ¨Ñ-ä, 2015 îíä ÌÓ¨Ñ,
ì°í 2017 îíä ØÓÒ¨Ñ Æîºîí Õîâä Łı æóðªóóºüòàØ ıàìòðàí çîıŁîí ÆàØªóóºæ
ÆàØæàí. Ýíý óäààªŁØí "Data assimilation, optimization, and applications"æýäýâò
æóðªàºòßª COVID-19 öàð òàıàºòàØ ıîºÆîîòîØªîîð ÌˆÒ¨Ñ-ä öàıŁìààð Æîºîí
òàíıŁìä ªýæýí ıîæîºìîº ıýºÆýðýýð çîıŁîí ÆàØªóóºæíààðàà îíöºîªòîØ Æ°ª°°ä
ØÓÀ-ŁØí ÌàòåìàòŁŒ, òîîí òåıíîºîªŁØí ı‡ðýýºýí, ÌÓ¨Ñ, ØÓÒ¨Ñ, ÌÓ`¨Ñ,
ÌˆÒ¨Ñ Æîºîí Ôðàíö, ¨òàºŁ çýðýª îðíóóäààæ 50 ªàðóØ ı‡í îðîºöîıîîð Æ‡ðò-
ª‡‡ºæ, 10 ªàðóØ íü òàíıŁìààð îðîºöæîí. Ýíý óäààªŁØí æóðªàºòàíä îïòŁìŁ-
çàöŁØí ‡íäýæ, Æ‡ıýº òîîí ïðîªðàì÷ºàº, ŒâàçŁ ª‡äªýð îïòŁìŁçàöŁ, òîªºîîìßí
îíîº, îïòŁìŁçàöŁØí ýäŁØí çàæàª, æàíı‡‡ äýı ıýðýªºýý, Æîºîí ıàð ıàØðöàªíß æŁ-
ìóºÿöŁ, òîäîðıîØª‡Ø í°ıö°º äýı îïòŁìŁçàöŁØí ‡íäýæ çýðýª ïðàŒòŁŒ ıýðýªºýý
Æ‡ıŁØ æýäâ‡‡äýýð ´åðæàºŁØí Łı æóðªóóºŁØí ïðîôåææîð ¸îðàí ˜þìà, ´åðæà-
ºŁØí Łı æóðªóóºŁØí ïðîôåææîð Ö.¨äýð, ØÓÀ-ŁØí ÌÒÒÕ-ŁØí æåŒòîðßí ýðı-
ºýª÷, ïðîô. —.ÝíıÆàò, ˇåðïàíåªŁØí Łı æóðªóóºŁØí ïðîôåææîð ˜Łäå ˛æåºü çý-
ðýª ïðîôåææîð, Æàªł íàð 2-3 óäààªŁØí æîíŁðıîºòîØ ºåŒöŁØª ıýºýºö‡‡ºæýí íü
îðîºöîª÷Łä, æóäºàà÷äßí ıóâüä æóäàºªààíä ıýðýªöýýòýØ æóóðü ìýäºýªŁØª °ª÷,
öààłŁä ýíý ÷Łªºýºýýð æóäàºªààíä îðîºöîıîä äýìæºýª ‡ç‡‡ºæýí æóðªàºò Æîºæîí.

� 2021 îíß 10-ð æàðä ò°æºŁØí æóäºàà÷, ÌÓ¨Ñ-ŁØí Æàªł .̂`àòòóºªà "Mathematical
Models in Finance and Insurance"æýäâýýð ÌàòåìàòŁŒŁØí óıààíß äîŒòîðßí çýð-
ªŁØª àìæŁºòòàØ ıàìªààºæàí.
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Ýíýı‡‡ ò°æºŁØí ı‡ðýýíä ıýâºýªäæýí íýª æýäýâò Æ‡òýýº, æóäàºªààíß °ª‡‡ºýº Æîºîí Łºò-
ªýº‡‡äŁØª æàªæààâàº:

˜îŒòîðßí äŁææåðòàöŁ

1. Battulga, G.Mathematical Models in Finance and Insurance,PhD dissertation, National
University of Mongolia, 2021.

Ñóäàºªààíß °ª‡‡ºýº

1. Battulga, G.; Altangerel, L. ; Battur, G. An extension of the one period model in non-life
insurance markets,Applied Mathematics 9, No.12, 1339-1350, 2018.

2. `àòòóºªà, .̂; Àºòàíªýðýº, ¸.; `àòò°ð, .̂ �°ðŁØí ı°ð°íªŁØí ı‡ðýºöýýíŁØ çààªºàºò-
òàØ ÆàíŒíß çýýºŁØí ı‡‡ªŁØí °ðæ°ºä°°íŁØ çàªâàð, ÌîíªîºÆàíŒíß íýðýìæŁò ýðäýì
łŁíæŁºªýýíŁØ ıóðºßí ŁºòªýºŁØí ýìıýòªýº, 2019.

3. Altangerel, L.; Battur, G. An Exact Penalty Approach and Conjugate Duality for Generalized
Nash Equilibrium Problems with Coupling and Shared Constraints,the Bulletin of Irkutsk
State University. Series Mathematics, , vol. 32, pp. 3-16, 2020.

4. Altangerel, L. On Characterizations of Weak Sharp Minima in Optimization Problems
with Applications to Variational Inequalities, Mongolian Mathematical Journal 22, 13-
19, 2020.

5. Battulga, G.; Altangerel, L. ; Battur, G. Loan Interest Rate Nash Models with Solvency
Constraints in the Banking Sector,Optimization Methods and software. Feb. 2021 (IF
� 1.431).

6. Otgochuluu, Ch.; Altangerel, L.; Khashchuluun, Ch.; Dojrsundui, G. A game theory
application in the copper market,Resources Policy 70, March 2021 (IF � 5.634).

7. Battulga, G.; Kleinow, J.; Altangerel, L. Horsch, A. Dividends and Compound Poisson-
processes: A new Stochastic Stock Price Model,accepted in International Journal of
Theoretical and Applied Finance, 2022 (IF � 1.096).

ÒàâŁªäæàí Łºòªýº

1. Àºòàíªýðýº, ¸. ˚âàçŁ âàðŁàöŁØí òýíöýòªýº ÆŁłŁØí ıóâüä äŁíàìŁŒ æŁæòåìòýØ
ıîºÆîªäîı çàðŁì àºªîðŁòì, "ÕýðýªºýýíŁØ ìàòåìàòŁŒ 2018"ýðäýì łŁíæŁºªýýíŁØ
ıóðàº, ÌÓ¨Ñ, 2018-11-17.

2. `àòòóºªà, .̂ Stochastic Dividend Discount Model based on VAR process, "ÕýðýªºýýíŁØ
ìàòåìàòŁŒ 2018"ýðäýì łŁíæŁºªýýíŁØ ıóðàº, ÌÓ¨Ñ, 2018-11-17.

3. Altangerel, L. Gap functions for quasi-variational inequalities via duality, The Vienna
Workshop of Computational Optimization, Austria, December 17-19, 2018

4. `àòòóºªà, .̂ �°ðŁØí ı°ð°íªŁØí ı‡ðýºöýýíŁØ çààªºàºòòàØ ÆàíŒíß çýýºŁØí ı‡‡-
ªŁØí °ðæ°ºä°°íŁØ çàªâàð, ÌîíªîºÆàíŒíß íýðýìæŁò ýðäýì łŁíæŁºªýýíŁØ ıóðàº
2019 îíß 3-ð æàðßí 27.

5. Altangerel, L. Variational Inequalities and Some Applications of Nash Equilibrium Problems,
�International Ñonference on Optimization, Simulation and Control - 2019�, June 21-23,
2019, Ulaanbaatar.

6. Battulga, G.; Kleinow, J.; Altangerel, L. Stochastic (n + 1) -period dividend discount
model based on compound non homogeneous poisson process,�International Ñonference
on Optimization, Simulation and Control - 2019�, June 21-23, 2019, Ulaanbaatar (poster)
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7. Battur, G., Altangerel, L. Theory and Methods for Generalized Nash Equilibrium Problems,
International Symposium Dynamical Systems, Optimal Control and Mathematical Modeling,
October 7-11 2019, Irkutsk.
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`‡ºýª 2

˚âàçŁ âàðŁàöŁØí òýíöýòªýº ÆŁł Æà
¯ð°íıŁØºæýí ˝ýłŁØí òýíöâýðŁØí
Æîäºîªî

2.1 ˚âàçŁ âàðŁàöŁØí òýíöýòªýº ÆŁłŁØª Æîäîı àºªîðŁòì

(QV I ) hT (x); y � x i � 0; 8y 2 K (x)

í°ıöºŁØª ıàíªàı x 2 K (x) âåŒòîðßª îºîı ŒâàçŁ-âàðŁàöŁØí òýíöýòªýº ÆŁłŁØí Æîäºîªßª
àâ÷ ‡çýı Æ°ª°°ä äàðààı í°ıöº‡‡äŁØª ÆŁåºäýª ªýæ ‡çüå.

1. T : Rn ! Rn íü L � 0 òîªòìîº Æ‡ıŁØ ¸ŁïłŁö òàæðàºòª‡Ø:

kT (x) � T (y)k � Lkx � yk; 8x; y 2 Rn ;

2. T : Rn ! Rn íü � > 0 òîªòìîº Æ‡ıŁØ ı‡÷òýØ ìîíîòîí:

hx � y; T (x) � T (y)i � � kx � yk2; 8x; y 2 Rn ;

3. K (x) = m(x) + K; 8x 2 Rn ;

4. K � Rn íü ıîîæîí, ÆŁò‡‡, ª‡äªýð îºîíºîª,

5. m : Rn ! Rn íü L � 0 òîªòìîº Æ‡ıŁØ ¸ŁïłŁö òàæðàºòª‡Ø.

˜ýýðı í°ıöº‡‡ä ÆŁåºýı ‡åä (QV I ) Æîäºîªî íü öîð ªàíö łŁØäòýØ ÆàØäàª Æ°ª°°ä óª łŁØäŁØª
îºîı äàðààı àºªîðŁòìßª æàíàº Æîºªîæîí.

ÀºªîðŁòì: 8
<

:
yk := projm (xk )+ K

�
xk � �T (xk )

�

xk+1 = yk + �
�

T (xk ) � T (yk )
�

;

ýíä � > 0 Æà projK : Rn ! K íü K � Rn ıîîæîí, ÆŁò‡‡, ª‡äªýð îºîíºîª äýýðı ïðîåŒ-
öŁØí îïåðàòîð. Òýìäýªºýıýä ıýðýâ m = 0 Æîº ýíý íü âàðŁàöŁØí òýíöýòªýº ÆŁłŁØª Æîäîı
ÖýíªŁØí àºªîðŁòìä łŁºæäýª. ˝°ª°° òàºààæ

projx+ K (y) = x + projK (y)

í°ıö°º ÆŁåºýı ó÷Łð äýýðı àºªîðŁòìßª
8
<

:
yk := m(xk ) + projK

�
xk � �T (xk ) � m(xk )

�

xk+1 = yk + �
�

T (xk ) � T (yk )
�

;
(2.1)

ıýºÆýðò ÆŁ÷Łæ Æîºíî. Ýíý àºªîðŁòßí ıóâüä íŁØºýºòŁØí ‡ð ä‡í äàðààı ÆàØäºààð òîìœ-
…îºîªäîíî.
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Òåîðåì 1 (QV I ) Æîäºîªßí ıóâüä (1) � (5) í°ıöº‡‡ä ÆŁåºäýª Æà x � 2 K (x � ) óª Æîäºîªßí
öîð ªàíö łŁØä ÆàØª. Ì°í äàðààı í°ıöº‡‡ä ÆŁåºäýª ªýæ ‡çüå.

(i) lL < �;

(ii) (1 + t2
1)l(1 + 2 �L + l < 1 � (�L )2;

ýíä t1 := 1+ �L + l (1+2 �L )+
p

�
2� ( � � lL ) ; � = (1+ �L + l(1+2 �L ))+4 l� (1+ �L )( � � lL ): Òýªâýº x0 2 Rn

àíıíß ä°ı°ºò°°æ ýıºýí (2.1) àºªîðŁòìààð ‡‡æªýªäýı äàðààººßí ıóâüä q = q(l; L�; � ) 2
(0; 1) òîî îºäîîä

kxk+1 � x � k2 + 2 �� kyk � x8k2 � qkxk � x � k2; 8k 2 N

í°ıö°º ı‡÷ŁíòýØ. ¨Øìýýæ f xkgk2 N äàðààºàº íü łóªàìàí íŁØºýºòòýØ Æ°ª°°ä f ykgk2 N
äàðààºàº íü (QV I ) Æîäºîªßí öîð ªàíö łŁØä ð‡‡ ı‡÷òýØ íŁØºíý.

2.2 Õàìòßí çààªºàºòòàØ åð°íıŁØºæýí ˝ýłŁØí òýíöâýðŁØí
çàªâàðßí çýæŁØí çýı çýýº äýı ıýðýªºýý

2.2.1 Ñîíªîäîª ˝ýłŁØí òýíöâýðŁØí çàªâàð Æà âàðŁàöŁØí òýíöýòªýº ÆŁł

˝ýªýí ò°ðºŁØí Æ‡òýýªäýı‡‡í ‡Øºäâýðºýäýª n ‡Øºäâýð àâ÷ ‡çýı Æ°ª°°ä i -ð ‡ØºäâýðŁØí

Æ‡òýýªäýı‡‡íŁØ ‡íý pi íü íŁØò ‡Øºäâýðºýæýí òîî ıýìæýý � =
nP

i =1
x i : Õýðýâ i -ð ‡ØºäâýðŁØí

ıóâüä x i Æ‡òýýªäýı‡‡í ‡Øºäâýðºýı çàðäºßª hi (x i )-ýýð òýìäýªºýâýº, i -ð ‡ØºäâýðŁØí àłŁª
íü

f i (x1; x2; � � � ; xn ) = x i pi

� nX

i =1

x i

�
� hi (x i ); i = 1 ; � � � n:

X i � R; i = 1 ; � � � ; n-ýýð i -ð òîªºîª÷ŁØí æòðàòåªŁØí îºîíºîªŁØª òýìäýªºýýä ª‡äªýð ªýæ
‡çüå. Òîªºîª÷ Æ‡ðŁØí ıóâüä Æóæàä òîªºîª÷äßí æòðàòåªŁàæ ıàìààðàºª‡Øªýýð àłªàà ıàì-
ªŁØí Łı ÆàØºªàı çîðŁºªßª òàâŁı Æ°ª°°ä Æ‡ı òîªºîª÷äßí ıóâüä íýªýí çýðýª ýíý çîðŁºªßª
ıàíªàıààð îºäîı öýªŁØª ˝ýłŁØí òýíöâýðŁØí öýª ªýäýª. ÌàòåìàòŁŒŁØí ıóâüä ýíý Æîäºîªßª
äàðààı ÆàØäºààð òîìœ…îºæ Æîºíî.

f i (x �
1; x �

2; � � � ; x �
i � 1; yi ; x �

i +1 ; � � � ; x �
n ) � f i (x �

1; x �
2; � � � ; x �

n ); 8yi 2 X i ; 8i: (2.2)

í°ıöºŁØª ıàíªàı x � = ( x �
1; x �

2; � � � ; x �
n ) 2 X = X 1 � X 2 � � � � � X n öýªŁØª îºîı Æîäºîªßª

˝ýłŁØí òýíöâýðŁØí Æîäºîªî ªýäýª. ÖààłŁä ÆŁä f i ; i = 1 ; : : : ; n àłªŁØí ôóíŒöŁØª ıîò-
ªîð Æà òàæðàºòª‡Ø äŁôôåðåíöŁà÷ºàªäàı ªýæ ‡çíý. Òýªâýº, òîªºîª÷ Æ‡ðŁØí ıóâüä äýýðı
Æîäºîªî íü ıîòªîðßª ìàŒæŁìóì÷ºàı Æ°ª°°ä óª Æîäºîªßí łŁØä îíîâ÷òîØ ÆàØı çàØºłª‡Ø
Æ°ª°°ä ı‡ðýºöýýòýØ í°ıö°º íü

�hr x i f i (x � ); x i � x �
i i � 0; 8x i � X i ; (2.3)

ıýºÆýðò ÆŁ÷Łªäýíý, ýíä r zg(z) íü ªðàäŁåíò âåŒòîð Æà hx; y i =
nP

i =1
x i yi ; x = ( x1; x2; � � � ; xn ); y =

(y1; y2; � � � ; yn ) ªýæ òîäîðıîØºîªäîı n ıýìæýýæò 2 âåŒòîðßí æŒàºÿð ‡ðæâýð.
ÑòðàòåªŁØí îºîíºîª X i íü ª‡äªýð Æîºîí ıîæºßí ôóíŒö f i -ŁØí ıóâüä òàæðàºòª‡Ø Æà

ıîòªîð í°ıöº‡‡ä ÆŁåºäýª Æîº ˝ýłŁØí òýíöâýðŁØí öýª îºäîíî ªýäªŁØª Rosen 1965 îíä
ıàðóóºæàí ÆàØäàª. F (x)( �r x1 f 1(x); : : : ; �r xn f n (x)) ªýæýí òýìäýªºýªýýª îðóóºàı çàìààð
˝ýłŁØí òýíöâýðŁØí Æîäºîªßª ´àðŁàößí òýíöýòªýº ÆŁł ªýæ íýðºýªäýı

hF (x � ); x � x � i � 0; 8x 2 X (2.4)

í°ıöºŁØª ıàíªàı x � öýªŁØª îºîı ýŒâŁâàºåíò Æîäºîªîä łŁºæ‡‡ºäýª.
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2.2.2 Õàìòßí çààªºàºòòàØ åð°íıŁØºæýí ˝ýłŁØí òýíöâýðŁØí çàªâàð

¯ð°íıŁØºæýí ˝ýłŁØí òýíöâýðŁØí çàªâàð (¯˝Ò˙) íü ˝ýłŁØí òýíöâýðŁØí Æîäºîªßí °ð-
ª°òª°º Æ°ª°°ä òîªºîª÷ Æ‡ðŁØí æòðàòåªŁØí îºîíºîª íü Æóæàä òîªºîª÷äßíıîî æòðàòåªŁàæ
ıàìààðíà ªýæ ‡çäýª. Ýíý çàªâàðßª àíı ýäŁØí çàæàªò ˜åÆðþ "ÑîłŁàº òýíöâýð"ªýæýí íý-
ðýýð àíı îðóóºæàí ªýæ ‡çäýª. Ýíý æóäàºªààíß ÷Łªºýº íü æ‡‡ºŁØí æŁº‡‡äýä ýð÷ŁìòýØ
æóäºàªäàæ ÆàØªàà Æ°ª°°ä ÔàŒŒŁíåØ, ˚àíöîâ íàð 2010 îíä æóäàºªààíß àæºóóäßí òîØ-
ìßª ıýâº‡‡ºæýí. ¯˝Ò˙-ŁØí òîìœ…îººßª àâ÷ ‡çüå. `Łä N òîªºîª÷òîØ ıàìòà÷ Æóæ òîª-
ºîîì àâ÷ ‡çüå. xk 2 Rnk ; nk 2 N íü k-ð òîªºîª÷ŁØí æòðàòåªŁ Æà x := ( x1; x2; ::::; xN ) 2

Rn ; n :=
NP

k=1
nk Æà x � k -ýýð k-ð òîªºîª÷îîæ ÿºªààòàØ Æóæàä òîªºîª÷äßí æòðàòåªŁØª òýì-

äýªºýå. � k : Rn ! R; k = 1 ; :::; N íü k-ð òîªºîª÷ŁØí çîðŁºªßí ôóíŒö Æà Æýıºýªäæýí x � k
Æ‡ðŁØí ıóâüä Ck (x � k ) îºîíºîª íü k-ð òîªºîª÷ŁØí ıóâüä Æóæàä òîªºîª÷äßí x � k æòðàòåªŁàæ
ıàìààðæàí æòðàòåªŁØí îºîíºîª ÆàØíà. Òýªâýº ¯˝Ò˙ íü k = 1 ; :::; N òîªºîª÷ Æ‡ðŁØí ıóâüä

� i (x �
1; x �

2; � � � ; x �
k � 1; yk ; x �

k+1 ; � � � ; x �
n ) � � i (x �

1; x �
2; � � � ; x �

n ); 8yk 2 Ck (x � k ); 8k; (2.5)

í°ıöºŁØª ıàíªàıààð x � = ( x �
1; x �

2; � � � ; x �
n ) 2 X = X 1 � X 2 � � � � � X n âåŒòîðßª îºîı Æîäºîªî

þì. Õýðýâ Ck (x � k ) îºîíºîª íü

Ck (x � k ) = f xk 2 X k j g(x) � 0g

ıýºÆýðòýØ °ª°ªäæ°í Æîº ıàìòßí çààªºàºòòàØ Æîäºîªî ªýæ íýðºýäýª.

2.2.3 ˙ýæŁØí çàı çýýº äýı ıýðýªºýý Æà âàðŁàöŁØí òýíöýòªýº ÆŁłŁØí
òîìœ…îºîº

Ñóäàºªààíß ı‡ðýýíä òýª ÆŁł íŁØºÆýðòýØ, N òîªºîª÷òîØ, ‡º ýâæýºäýı òîªºîîìßí Æîäºîªßª
çýæ ýŒæïîðòºîª÷ óºæ îðíóóäßí ıóâüä òîìü…îºæîí. ˙àªâàðò `˝ÕÀÓ-ßí çýæŁØí çàı çýýºä
íŁØº‡‡ºýª÷ óºæóóä äàıü çýæŁØí Æàÿæìàº ýŒæïîðòºîª÷ óóðıàØíóóäßª òîªºîª÷ àªåíòààð
àâæàí. Ýíý æóäàºªàà íü Òð‡ÆŁªŁØí í‡‡ðæíŁØ çàı çýýºä ıýðýªºýæýí ˝ýłŁØí òýíöâýðŁØí
çàªâàðò ‡íäýæºýæýí Æ°ª°°ä Õÿòàäßí çàı çýýºŁØí ýðýºòòýØ ıîºÆîîòîØªîîð ıàìòßí çààª-
ºàºòßª íýìæ òîîöæîíîîð óª çàªâàð íü ¯ð°íıŁØºæ°í ˝ýłŁØí çàªâàðò łŁºæŁı Æîºíî.
¨íªýæíýýð ýäŁØí çàæªŁØí æóäàºªààíä åð°íıŁØºæ°í ˝ýłŁØí òýíöâýðŁØí çàªâàðßí íýªýí
æîíŁðıîºòîØ ıýðýªºýýª ıàðóóºæàí. Õÿòàäßí çàı çýýºä ×ŁºŁ, ˇåðó, ÀâæòðàºŁ, Ìîíªîº çý-
ðýª îðíóóä çýæ íŁØº‡‡ºäýª ÆàØª. �°ð°°ð ıýºÆýº, äýýðı 4 óºæßí òîªºîª÷òîØ åð°íıŁØºæ°í
˝ýłŁØí òýíöâýðŁØí Æîäºîªßª àâ÷ ‡çüå. Òîªºîª÷ Æ‡ðŁØí łŁØäâýð ªàðªàı ıóâüæàª÷Łä Æ‡-
òýýªäýı‡‡í ‡Øºäâýðºýº, ı°ð°íª° îðóóºàºò Æà ýäªýýð æòðàòåªŁóäàà çýðýª æîíªîíî ªýæ ‡çüå.
ÒóıàØí çàı çýýºä òîªòæîí ‡íýýð Æ‡òýýªäýı‡‡íýý Æîðºóóºæ çàðäºàà òîîöæîíîîð öýâýð àł-
ªàà ıàìªŁØí Łı ÆàØºªàı þì. Òýªâýº k-ð òîªºîª÷ŁØí Æîäºîªî äàðààı ıýºÆýðòýØ ÆàØíà.
(k = 1 ; :::; 4):

max
(xki ;yki )

jM k jX

i =1

�
xki Pk � Cvar

ki (xki ) � cinv
ki yki

�

X k = f (xki ; yki ) : Pk = ( ak � bkQ);
xki � yki � cap0

ki ;
(Zk ) yki � ymax

ki ;

Q =
NX

k=1

xk ; xk =
jM k jX

i =1

xki ;

� 1x1 + � 2x2 + � 3x3 + � 4x4 � T otal;
xki ; yki � 0; i = 1 ; :::; jM k jg:

Ýíä
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M k k-ð óºæßí çýæŁØí Æàÿæìàºßí ‡Øºäâýð‡‡äŁØí îºîíºîª
Cvar

ki (xki ) = ( � ki + vki )xki Õóâüæàı çàðäàº,
(‡ØºäâýðºýºŁØí Æîºîí òýýâýðºýºòŁØí)

cinv
ki yki ı°ð°íª° îðóóºàºòßí çàðäàº

cap0
ki ‡ØºäâýðºýºŁØí æóóðü ı‡÷Łí ÷àäàº

ymax
ki ı°ð°íª° îðóóºàºòßí äýýä çààª

� i ; i = 1 ; 2; 3; 4 i -ð óºæßí Õÿòàäßí çàı çýýºä ýçýºæ ÆóØ ıóâü
T otal Õÿòàäßí Łìïîðòßí íŁØò ıýìæýý (Total � 1)

(V I ) Æîäºîªßí ıóâüä óºæ Æ‡ðýýð ªðàäŁåíò âåŒòîðßª òîîöîîºæ ªàðªàâàº:
×ŁºŁØí çýæŁØí Æàÿæìàº ýŒæïîðòºîª÷ 4 Æàÿæóóºàı ‡ØºäâýðŁØí ıóâüä::

r f 1 =

0

@ ak � bkQ � � 1i � v1i +
4P

i =1
x1i (� bk )

� c1i

1

A

4

i =1

;

ˇåðóªŁØí 3 ‡ØºäâýðŁØí ıóâüä:

r f 2 =

0

@ ak � bkQ � � 2i � v2i +
3P

i =1
x2i (� bk )

� c2i

1

A

3

i =1

;

ÀâæòðàºŁØí 2 ‡ØºäâýðŁØí ıóâüä:

r f 3 =

0

@ ak � bkQ � � 3i � v3i +
2P

i =1
x3i (� bk )

� c3i

1

A

2

i =1

;

Ìîíªîº Óºæßí 2 ‡ØºäâýðŁØí ıóâüä:

r f 4 =

0

@ ak � bkQ � � 4i � v4i +
2P

i =1
x4i (� bk )

� c4i

1

A

2

i =1

:

ªýäªŁØª òîîöîí äàðààı ıóâüæàª÷ îðóóºœÿ.:

(x1; :::; x8) : = ( x1i ; y1i ); i = 1 ; :::; 4;
(x9; :::; x14) : = ( x2i ; y2i ); i = 1 ; :::; 3;

(x15; :::; x18) : = ( x3i ; y3i ); i = 1 ; :::; 2;
(x19; :::; x22) : = ( x4i ; y4i ); i = 1 ; :::; 2:
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Õ‡æíýªò 2.1: ˛ðîºòßí ıóâüæàª÷Łä
Country Mines Export Investment
CHL Escondida x11 y11

Collahuasi x12 y12
EI Teniente y13 y13
Los Pelambres x14 y14

PER Property x21 y21
Antamina x22 y22
Las Bambas x23 y23

AUS Prominent Hill x31 y31
Olympic Dam x32 y32

MNG Erdenet x41 y41
Oyu Tolgoi x42 y42

IDN Grasberg x51 y51
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`‡ºýª 3

Ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòòàØ
äààòªàºßí ıóðààìæŁØí çàªâàð

3.1 ˝ýª ‡åò äààòªàºßí çàªâàð

I äààòªàª÷òàØ n äààòªóóºàª÷òàØ äààòªàºßí çàı çýýº àâ÷ ‡çüå. ˜ààòªóóºàª÷Łä òóıàØí
äààòªàºßí ŒîìïàíŁäàà ‡ðªýºæº‡‡ºýí äààòªóóºàı ýæâýº °ðæ°ºä°ª÷ äààòªàºßí ŒîìïàíŁ
ðóó łŁºæŁæ äààòªóóºàıàà °°ðæä°° łŁØääýª ÆàØª.

`Łä (x1; : : : ; x I ) 2 RI - ýýð ‡íŁØí âåŒòîðßª òýìäýªºýå, ýíä x j íü j -ä‡ªýýð äààòªóóºàª-
÷ŁØí ıóðààìæ. `‡ı äààòªàºßí ŒîìïàíŁóä ıóðààìæàà òîªòîîæíß äàðàà äààòªóóºàª÷Łä
°°ðæäŁØí äààòªóóºæàí ŒîìïàíŁäàà ‡ðªýºæº‡‡ºýí äààòªóóºàı ýæâýº °°ð ŒîìïàíŁ æîíªî-
íî. �‡íŁØ äàðàà äààòªàºßí ŒîìïàíŁóä òóıàØí äààòªàºßí æŁºä ªàðæàí í°ı°í îºªîâðßª
°°ðŁØí äààòªàºßí Æàªößíıàà ı‡ðýýíä ò°ºæ Æàðàªäóóºíà.

ÒóıàØí äààòªàºßí æŁºä ªàðæàí i -ä‡ªýýð äààòªóóºàª÷ààæ ó÷ðàı ÆîºîìæŁò ıîıŁðîºßª
Yi -ýýð òýìäýªºýí Yi ; i 2 f 1; � � � ; ng-‡‡äŁØª ‡º ıàìààðàı íýªýí ŁæŁº òàðıàºòòàØ ªýæ ‡çüå.

Ýíý òîıŁîºäîºä j -ä‡ªýýð äààòªàª÷Łä ó÷ðàı íŁØò íýıýìæºýºŁØí ıýìæýý Sj (x) =
N j (x)P

i =1
Yi ,

ýíä N j (x) íü x ‡íŁØí âåŒòîð °ª°ªäæ°í ‡åŁØí j -ä‡ªýýð äààòªàºßí ŒîìïàíŁØí Æàªö Æóþó
äààòªóóºàª÷äßí òîî.

nj íü j -ä‡ªýýð äààòªàºßí ŒîìïàíŁØí ıóªàöààíß ýıýí äýı àíıäàª÷ äààòªàºßí Æàªö ÆàØª

°/ı
IP

j =1
nj = n: Ýíý òîıŁîºäîºä j -ä‡ªýýð äààòªàºßí çîðŁºªßí (àłªŁØí) ôóíŒö äàðààı

ıýºÆýðýýð ŁºýðıŁØºýªäýíý:

Oj (x) =
nj

n

�
1 � � j

�
x j

mj (x)
� 1

��
(x j � � j ); (3.1)

ýíä � j íü j -ä‡ªýýð äààòªóóºàª÷ŁØí ıóªàðºßí öýªŁØí ıóðààìæ Æà mj (x) íü Æóæàä äààòªà-
ºßí ŒîìïàíŁóäßí äóíäàæ ıóðààìæ

mj (x) =
1

I � 1

X

k6= j

xk :

˜ààòªàºßí ŒîìïàíŁóä äýýðı çîðŁºªßí ôóíŒöŁØª ìàŒæŁìóì÷Łºàıààæ ªàäíà Æîäºîªî
Æîºîâæðóóºàª÷Łäßí òîªòîîæîí ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòßª ıàíªàæ ÆàØı …æòîØ. j -
ä‡ªýýð äààòªàºßí ŒîìïàíŁä ıàðªàºçàı ò°ºÆ°ðŁØí ÷àäâàð îØðîºöîîªîîð äàðààı òîìœ…î-
ªîîð °ª°ªä°í°:

SCRq � kq� (Y )
p

nj :

Ýíý òîıŁîºäîºä ò°ºÆ°ðŁØí ÷àäâàðßí ôóíŒö äîîðı ÆàØäºààð òîäîðıîØºîªäîíî:

gj (x j ) =
K j + nj (x j � � j )(1 � ej )

kq� (Y )
p

nj
� 1;
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ýíä ej íü ÆîıŁð ıóðààìæŁä ıàðªàºçàı çàðäºßí ıóâü. Àìüäðàºßí Æóæ äààòªàºßí çàı çýýº
äýı íýª-‡åò ˝ýłŁØí òýíöâýðŁØí çàªâàð äàðààı ÆàØäºààð òàâŁªäàíà:

max
x j 2 X j

Oj (x); j = 1 ; :::; I;

ýíä

X j := f x j 2 [x; x]j gj (x j ) � 0g (3.2)
= f x j 2 [x; x]j K j + nj (x j � � j )(1 � ej ) � kq� (Y )

p
ng;

Æàx; x ‡‡ä íü ıàìªŁØí Æàªà Æà ıàìªŁØí Łı ıóðààìæóóä.

3.2 ˝ýª ‡åò çàªâàðßí °ðª°òª°º

m íü ‡åŁØí òîî ÆàØª. ˝ýª ‡åòýØ çàªâàðßª m-‡åòýØ Æîºªîæ °ðª°òª°ıŁØí òóºä äààòªóóºàª-
÷Łä òóıàØí ‡åŁØí ýäŁØí çàæªŁØí í°ıö°º ÆàØäàºä ‡íäýæºýí łŁØäâýðýý ªàðªàíà ªýæ ‡çüå.
�°ð°°ð ıýºÆýº, ýäŁØí çàæàª æàØæŁðâàº äààòªóóºàª÷ŁäŁØí äààòªóóºàı æîíŁðıîº íýìýªäý-
íý. z(k) 2 Rq íü k-äóªààð ‡å äýı ýäŁØí çàæªŁØí ı‡÷Łí ç‡Øº, 
 ij (k) 2 Rq íü äààòªóóºàª÷
i -ýýæ j -ä‡ªýýð äààòªóóºàª÷ ðóó łŁºæŁıýä ıàðªàºçàı ýäŁØí çàæªŁØí ïàðàìåòðŁØí âåŒòîð
Æà äààòªóóºàª÷Łä äààòªàª÷ ðóó łŁºæŁı łŁºæŁºòŁØí ìàªàäºàºßí ìàòðŁö äîîðı ÆàØä-
ºààð òîäîðıîØºîªäîíî ªýæ ‡çüå:

P (k) =

0

BBBBB@

p1;1(k) p1;2(k) � � � p1;I (k) p1;I +1 (k)
p2;1(k) p2;2(k) � � � p2;I (k) p2;I +1 (k)

...
... . . . ...

...
pI; 1(k) pI; 2(k) � � � pI;I (k) pI;I +1 (k)

pI +1 ;1(k) pI +1 ;2(k) � � � pI +1 ;I (k) pI +1 ;I +1 (k)

1

CCCCCA
;

ýíä pi;j (k) íü ıàðŁºöàª÷ k-äóªààð ‡åä i -ä‡ªýýð äààòªàª÷ààæ j -ä‡ªýýð äààòªàª÷ ðóó łŁºæŁı
ìàªàäºàº. (I + 1) -äóªààð Æàªàíà íü Łäýâıª‡Ø ò°º°â Æóþó äààòªóóºààª‡Ø ıàðŁºöàª÷Łäàä
ıàðªàºçàíà. ØŁºæŁºòŁØí ìàªàäºàº äàðààı ÆàØäºààð çàªâàð÷ºàªäàíà:

pi;j (k) =

8
>>>>>>><

>>>>>>>:

1

1 +
IP

l=1
exp

�
h
 il (k); z(k)i

� if j = I + 1

exp
�
h
 ij (k); z(k)i

�

1 +
IP

l=1
exp

�
h
 il (k); z(k)i

� if j 6= I + 1 ;

ýíä h�; �i æŒàºÿð ‡ðæâýðŁØí îïåðàòîð. Õýðýâ ýäŁØí çàæàª k-äóªààð ‡åä ìóóäâàº äààò-
ªóóºàª÷Łä äààòªóóºàı æîíŁðıîºª‡Ø Æîºîı Æà Łíªýæíýýð pi;j (k); j = 1 : : : ; I ìàªàäºàºóóä
Æóóðàí pi;I +1 ìàªàäºàº °æí°.

k-äóªààð ‡åä ıàðªàºçàı j -ä‡ªýýð äààòªàºßí ŒîìïàíŁØí Æàªößí ıýìæýý N j (k) íü ‡ð-
ªýºæº‡‡ºýí äààòªóóºæ ÆóØ Æîºîí Æóæàä äààòªàºßí ŒîìïàíŁóäààæ łŁºæŁí Łðæýí äààò-
ªóóºàª÷Łäààæ Æ‡ðäýíý. ¨Øìä

N j (k) = N j (k � 1)pj;j (k) +
I +1X

i =1 ;i 6= j

N i (k � 1)pi;j (k)

=
I +1X

i =1

N i (k � 1)pi;j (k);

ýíä N j (0) = nj : r f íü ýðæäýºª‡Ø ı‡‡ Æà v = 1
1+ r f

íü ıÿìäðóóºàºòßí ı‡÷Łí ç‡Øº ÆàØª.
˜óòàíªŁØí àæŁºä (2013) ‡íäýæºýâýº, j -ä‡ªýýð äààòªàºßí ŒîìïàíŁ äàðààı çîðŁºªßí (àł-
ªŁØí) ôóíŒöŁØª ìàŒæŁìóì÷ºàıààð çîðŁı Æîºíî:

Oj
m (x) =

mX

k=1

vkN j (k)
n

�
1 � � j (k)

� xk
j

mj (xk )
� 1

��
(xk

j � � j (k)) ; (3.3)
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ýíä x = ( xT
1 ; : : : ; xT

I )T , x j = ( x1
j ; : : : ; xm

j )T , j = 1 ; : : : ; I , Æàmj (xk ) =
1

I � 1
P

i 6= j
xk

i : j -ä‡ªýýð

äààòªóóºàª÷Łä ıàðªàºçàı ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºò äàðààı ÆàØäºààð òîìœ…îºîªäîíî:

gj
‘ (x j ) =

K j +
‘P

k=1
vkN j (k)(xk

j � � j (k))(1 � ej (k))

kq� (Y )

s
‘P

k=1
vkN j (k)

� 1; for ‘ = 1 ; 2; : : : ; m:

¨Øìä j; j 2 f 1; � � � ; I g ä‡ªýýð òîªºîª÷ Æ‡ðŁØí æòðàòåªŁØí îºîíºîª

X j
m : = f x j 2 [x; x]m j gj

‘ (x j ) � 0; ‘ = 1 ; : : : ; mg

=

(

x j 2 [x; x]m j K j +
‘X

k=1

vkN j (k)(xk
j � � j (k))(1 � ej (k)) (3.4)

� kq� (Y )

vuut
‘X

k=1

vkN j (k); ‘ = 1 ; : : : ; m

)

ÆàØíà. m-‡åòýØ çàªâàðä ıàðªàºçàı [ ?]-òýØ ò°æòýØ ‡ð ä‡íª‡‡äŁØª °ªüå.

�ª‡‡ºÆýð 1 (3.3) çîðŁºªßí ôóíŒö‡‡ä (3.4) ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòóóäòàØ I òîª-
ºîª÷òîØ m-‡åòýØ äààòªàºßí òîªºîîì íü öîª ªàíö ˝ýłŁØí òýíöâýðŁØí öýªòýØ ÆàØíà.

�ª‡‡ºÆýð 2 x � íü I òîªºîª÷ m-‡åòýØ äààòªàºßí òîªºîîìßí òýíöâýðò ıóðààìæ ÆàØª.
Òýªâýº

1. ıýðýâ Æ‡ı ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòóóä ŁäýâıŁòýØ ýæâýº ŁäýâıŁª‡Ø Æîº j -
ä‡ªýýð òîªºîª÷ Æîºîí k-äóªààð ‡å Æ‡ðŁØí ıóâüä ıàðªàºçàı xk �

j 2 ]x; x[ òýíöâýðò
ıóðààìæ ïàðàìåòð‡‡äýýæ äàðààı ÆàØäºààð ıàìààðíà:

(i) ıóªàðºßí öýªŁØí ıóðààìæ � j (k), ò°ºÆ°ðŁØí ÷àäâàðßí ŒîýôôŁöåíò kq, ıîıŁð-
ºßí ıýºÆýºçýº � (Y ), çàðäºßí ıóâü ej (k); Æîºîí k � 2 ıóâüä ýðæäýºª‡Ø ı‡‡
r f -‡‡äýýæ ýåðýªýýð

(ii) ìýäðýìæŁØí ïàðàìåòð � j (k), k = 1 ‡åä ŒàïŁòàº K j Æîºîí k � 2 ‡åä Æàªößí
ıýìæýý N j (‘ ); ‘ = 1 ; : : : ; k-‡‡äýýæ æ°ð°ª ıàìààðíà.

2. ıýðýâ Æ‡ı çààªºàºòßí ôóíŒö‡‡ä ŁäýâıŁª‡Ø Æîº òýíöâýðò ıóðààìæ íü

M � x � = v;

łóªàìàí òýªłŁòªýºŁØí æŁæòåìŁØí łŁØä ÆàØíà, ýíä

M � =

0

BBB@

A1 0 0 � � � 0
0 A2 0 � � � 0
...

...
... . . . ...

0 0 0 � � � Am

1

CCCA
;

v = ( � 1(1)� 1(1); : : : ; � I (1)� I (1); : : : ; � 1(m)� 1(m); : : : ; � I (m)� I (m))T ;

Æà

Ak =

0

BBBB@

2� 1(k) � 1+ � 1 (k)
I � 1 � � � � 1+ � 1 (k)

I � 1
� 1+ � 2 (k)

I � 1 2� 2(k) � � � � 1+ � 2 (k)
I � 1

...
... . . . ...

� 1+ � I (k)
I � 1 � 1+ � I (k)

I � 1 � � � 2� I (k)

1

CCCCA
; k = 1 ; : : : ; m:
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Õ‡æíýªò 3.1: Scenario 1

Player I II III
Period 1 2 3 1 2 3 1 2 3
E (Y ) 1
kq 3
r f 0.05
� (Y ) 10.488
K j 2807.190 2367.231 2006.917
� j (k) 3.0 3.5 3.0 3.8 3.9 3.8 4.6 5.6 4.6
ej (k) 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
� j (k) 1.10 1.10 1.10 1.117 1.117 1.117 1.083 1.083 1.083
N j (k) 4500 4500 4500 3200 3200 3200 2300 2300 2300
equil/prem 1.544 1.472 1.544 1.511 1.463 1.510 1.471 1.406 1.471

Õ‡æíýªò 3.2: Scenario 2

Player I II III
Period 1 2 3 1 2 3 1 2 3
E (Y ) 1
kq 3
r f 0.05
� (Y ) 10.488
K j 2807.190 2367.231 2006.917
� j (k) 3.0 3.0 3.0 3.8 3.8 3.8 4.6 4.6 4.6
ej (k) 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
� j (k) 1.15 1.10 1.10 1.117 1.100 1.117 1.083 1.083 1.183
N j (k) 4500 4500 4500 3200 3200 3200 2300 2300 2300
equil/prem 1.580 1.538 1.579 1.527 1.499 1.544 1.487 1.466 1.542

3.3 Òîîí òóðłŁºò

Ýíý ıýæýªò �ª‡‡ºÆýð 2-ä ªàðæàí ‡ð ä‡íª òîîí òóðłŁºòààð Æàòàºæ ıàðóóºœÿ. `Łä ªóðâàí-
‡åòýØ ªóðâàí òîªºîª÷òîØ òîªºîîì àâ÷ ‡çæýí.

a) Scenario 1:

Õ‡æíýªò 3.1-ä 2-äóªààð ‡åä Æ‡ı òîªºîª÷äßí ìýäðýìæŁØí ïàðàìåòð °æ°ı ‡åŁØí ‡ð ä‡íª
ıàðóóºàâ. Ýíý òîıŁîºäîºä òýíöâýðò ıóðààìæ ç°âı°í 2-äóªààð ‡åä º °°ð÷º°ªäæ°í.

b) Scenario 2:

Ýíý òîıŁîºäîºä 1-ä‡ªýýð ‡å äýı 1-ä‡ªýýð òîªºîª÷ Æîºîí 3-äóªààð ‡å äýı 3-äóªààð òîªºîª-
÷ŁØí ıóªàðºßí öýªŁØí ıóðààìæŁØª °æª°æ 2-äóªààð ‡å äýı 2-äóªààð òîªºîª÷ŁØí ıóªàð-
ºßí öýªŁØí ıóðààìæŁØª Æóóðóóºæàí ‡åŁØí ‡ð ä‡íª ıàðóóºàâ. Ýíý òîıŁîºäîºä, 1 Æîºîí
3-äóªààð òîªºîª÷ŁØí 1 Æîºîí 3-äóªààð ‡åŁØí òýíöâýðò ıóðààìæ °æ°í 2 äóªààð òîªºîª÷ŁØí
2 äóªààð ‡åŁØí òýíöâýðò ıóðààìæ Æóóðæàí. `óæàä ïàðàìåòð‡‡äýä ıàðªàºçàı ìýäðýìæŁØí
łŁíæŁºªýýª äŁææåðòàöààæ ıàðæ Æîºíî.
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`‡ºýª 4

Ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòòàØ
ÆàíŒíß çýýºŁØí ı‡‡ªŁØí çàªâàðóóä

4.1 Ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòòàØ ÆàíŒíß çàªâàð

Ýíý ıýæýªò ÆŁä ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòòàØ çýýºŁØí ı‡‡ªŁØí ˝ýłŁØí òîªºîîì àâ÷
‡çýı Æîºíî. ˛äîî çàªâàðßíıàà òàºààð äýºªýð‡‡ºæ àâ÷ ‡çüå. ˙àı çýýºä çýýºŁØí ı‡‡ªýýðýý
°ðæ°ºää°ª N òîîíß ÆàíŒóóä ‡Øº àæŁººàªàà ÿâóóºäàª Æà çýýºäýª÷ Æ‡ð R òîîíß çýýºŁØí
çýðýªºýºŁØí àºü íýªýíä ıàðüÿàºàªääàª ÆàØª. i -ä‡ªýýð çýýºŁØí çýðýªºýºòýØ çýýºŁØí ıóâüä
ò‡‡íŁØ äåôîºò Æîºîı ìàªàäºàº ýðæäýºŁØí ı‡÷Łí ç‡Øº (ýäŁØí çàæªŁØí ı‡÷Łí ç‡Øº) 	 -ŁØí
í°ıö°ºä pi (	) ÆàØª.pi (�) íü àðªóìåíòààðàà ýðæ °æä°ª ôóíŒö ªýæ ‡çüå. Ýíý òîıŁîºäîºä
ýðæäýºŁØí ı‡÷Łí ç‡Øº °æâ°º (ýäŁØí çàæàª ìóóäâàº) çýýºäýª÷ŁØí äåôîºò Æîºîı ìàªàäºàº
°æ°ı Æîº ýðæäýºŁØí ı‡÷Łí ç‡Øº Æóóðâàº (ýäŁØí çàæàª æàØæŁðâàº) çýýºäýª÷ŁØí äåôîºò
Æîºîı ìàªàäºàº Æóóðíà. Ì°í i -ä‡ªýýð çýðýªºýºòýØ çýýºŁØí ıóâüä äåôîºò Æîºæîí í°ıö°ºä
òóıàØí çýýºýýæ ó÷ðàı àºäàªäàº (loss given default-LGD) � i ÆàØª. � i -ª (0; 1]-ä óòªàòàØ
ªýæ ‡çíý. Ì°í n-ä‡ªýýð ÆàíŒíß ıóâüä i -ä‡ªýýð çýýºŁØí çýðýªºýºòýØ çýýºŁØí íŁØò ‡º-
äýªäýº L i;n ÆàØæàí Æàn-ä‡ªýýð ÆàíŒíß ıóâüä x i;n íü i -ä‡ªýýð çýðýªºýºòýØ çýýºŁØí ı‡‡
òóæ òóæ ÆàØª. ˜óòàíª íàðßí Æîºîí `àòòóºªà íàðßí [ ?] æóäàºªààíß àæºóóä äýýð ‡íäýæºý-
âýº n-ä‡ªýýð ÆàíŒ äàðààı ıýºÆýðòýØªýýð òîäîðıîØºîªäîı òàòâàðßí °ìí°ı öýâýð àłªŁØª
ìàŒæŁìóì÷Łºíà:

On (x) =
RX

i =1

L i;n

�
1 � � L

i;n

�
x i;n

m(x i;n )
� 1

�� �
x i;n � � i;n � en � � i pi (	)

�
; (4.1)

ýíä i -ä‡ªýýð çýýºŁØí çýðýªºýºòýØ n-ä‡ªýýð ÆàíŒíß ıóâüä � L
i;n > 0 íü ı‡‡ªŁØí ìýäðýìæŁØí

ïàðàìåòð, � i;n íü ıóªàðºßí öýªŁØí ı‡‡, en íü çàðäºßí ıóâü, x = ( xT
1 ; : : : ; xT

N )T íü Æ‡ı
òîªºîª÷äŁØí çýýºŁØí ı‡‡, xn = ( x1;n ; : : : ; xR;n )T íü n-ä‡ªýýð ÆàíŒíß çýýºŁØí çýðýªºýº‡‡ä-
òýØ ıîºÆîîòîØ ı‡‡í‡‡ä Æà m(zi;n ) = 1

N � 1
P

k6= n zi;k íü Æóæàä òîªºîª÷äŁØí æàíàº Æîºªîæ
ÆóØ ı‡‡í‡‡äŁØí äóíäàæ.

Ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºò íü ýäŁØí çàæªŁØí ı‡íäðýºŁØí ‡åä ıàäªàºàìæ ýçýì-
łŁª÷äŁØª ıàìªààºàı çîðŁºªîîð òîäîðıîØ ıýìæýýíŁØ ŒàïŁòàºßª ÆàíŒ ıàíªàæ ÆàØı łààðä-
ºàªà þì. ¨Øìä (4.1) çîðŁºªßí ôóíŒöŁØª ìàŒæŁìóì÷Łºàıààæ ªàäíà ÆàíŒ Æîäºîªî Æîºîâæ-
ðóóºàª÷äßí òîªòîîæîí ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòßª ıàíªàı …æòîØ. Ýíý àæºßí ı‡ðýýíä
Basel I, Basel II Æîºîí ES ªýæýí ªóðâàí ò°ðºŁØí ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòóóäßª àâ÷
‡çýı Æà ýäªýýð íü ìàíàØ çàªâàðßí ªîº îíöºîª þì.

n-ä‡ªýýð ÆàíŒíß ıóâüä i -ä‡ªýýð çýýºŁØí ðåØòŁíªòýØ íŁØò mi;n òîîíß çýýºäýª÷ ÆàØªàà
ªýæ ‡çüå. Óª çýýº‡‡äŁØí ıóâüä k-äóªààð çýýºäýª÷ äåôîºò Æîºâîº 1 äåôîºò Æîºîîª‡Ø Æîº 0-
ŁØª àâàı äåôîºò ŁíäŁŒàòîðŁØí æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í Yi;k;n Æîºîí ò‡‡íŁØ çýýºŁØí
‡ºäýªäºŁØª ŁºýðıŁØºýı ei;k;n °ª°ªäæ°í ÆàØª. Ýíý òîıŁîºäîºä k-äóªààð çýýºäýª÷ äåôîºò
Æîºîı ìàªàäºàº P(Yi;k;n = 1 j	) = pi (	) ; k = 1 ; : : : ; mi;n Æîºîı Æà çýýºäýª÷ Æ‡ðŁØí çýýºŁØí
‡ºäýªäº‡‡äŁØí íŁØºÆýð íŁØò çýýºŁØí ‡ºäýªäýº ÆàØíà:

P m i;n
k=1 ei;k;n = L i;n : ¨Øìä n-ä‡ªýýð
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ÆàíŒíß çýýºŁØí Æàªöààæ ó÷ðàı æàíàìæàðª‡Ø àºäàªäºßí ıýìæýý äàðààı ıýºÆýðòýØªýýð
ŁºýðıŁØºýªäýíý:

Qn :=
RX

i =1

m i;nX

k=1

ei;k;n � i Yi;k;n :

ÕàðŁí ýðæäýºŁØí ı‡÷Łí ç‡Øº 	 -ŁØí í°ıö°ºä äóíäàæ àºäàªäºßí ıýìæýý

E(Qn j	) :=
RX

i =1

m i;nX

k=1

ei;k;n � i E(Yi;k;n j	) =
RX

i =1

L i;n � i pi (	)

ÆàØíà. `Łä [ ?] (ì°í [ ?]-ª ıàð) àæŁº äýýð ‡íäýæºýâýº (ýíýı‡‡ àæºßí ı‡ðýýíäýı ðåªóºÿð
í°ıöº‡‡ä ÆŁåºíý ªýæ ‡çíý), ıýðýâ çýýºäýª÷äŁØí òîî ı‡ðýºöýýòýØ Łı Æîº àºäàªäºßí æà-
íàìæàðª‡Ø ıýìæŁªäýı‡‡í Qn -ŁØí � ýðýìÆŁØí ŒâàíòŁºŁØí ıóâüä äàðààı îØðîºöîî òîìœ…î
ÆŁåºíý.

q� (Qn ) �
RX

i =1

L i;n � i pi (q� (	)) ;

ýíä q� (X ) = inf f x 2 R : P(X � x) � � g íü X æàíàìæàðª‡Ø ıýìæŁªäýı‡‡íŁØ � ýðýìÆŁØí
ŒâàíòŁºü ([ ?]-ª ıàð). [ ?]-ä çýýºŁØí Æàªößí àºäàªäºßí ıàðüöààíß ıóâüä äýýðı îØðîºöîî
òîìœ…îòîØ ò°æòýØ òîìœ…î ªàðªàæàí ÆàØäàª. [ ?] àæºßª çýýºŁØí ýðæäýºŁØí ıóâüä Basel II
ç°âº°ìæŁØª Æîºîâæðóóºàıàä àłŁªºàªäæàí í°º°° Æ‡ıŁØ àæŁº ªýæ ‡çäýª. Ýíý òîıŁîºäîºä
n-ä‡ªýýð ÆàíŒíß ıóâüä 	 í°ıö°º äýı Basel II °°ðŁØí ı°ð°íªŁØí ı‡ðýºöýýíŁØ çààªºàºò
äîîðı ıýºÆýðòýØªýýð òîäîðıîØºîªäîíî:

g1
n (xn ) = K n +

RX

i =1

L i;n
�
x i;n � � i;n � en � � i pi (	)

�
�

RX

i =1

L i;n � i pi (q� (	)) :

Basel I íü àíı 1988 îíä ÆàíŒóóäßí çýýºŁØí ýðæäýºŁØª Æàªàæªàı çîðŁºªîîð çýýº‡‡äŁØª
àíªŁºàºààæ íü ıàìààðóóºàí ‡ºäýªäºýýæ íü òîäîðıîØ ıóâü òîîöîí íŁØò ä‡íªŁØí ıýìæýý
íü ÆàíŒíß ŒàïŁòàºßí 8%-ààæ Łı ÆàØıßª łààðäæàí ıàìªŁØí àíıíß çýýºŁØí ýðæäýºŁØí çî-
ıŁöóóºàºò ÆàØæàí. FSI Survey æóäàºªààíä ıàðóóºæíààð Ìîíªîº óºæßª îðîºöóóºààä Basel
II-ŁØí ıýðýªæŁºòýíä Łäýâıª‡Ø çàðŁì óºæóóä ÆàØæàí. Ýíý łàºòªààíààð Basel I çààªºàº-
òßª °°ðæäŁØí æóäàºªààíä îðóóºæàí. 	 í°ıö°º äýı Basel I ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºò
äàðààı ÆàØäºààð òîäîðıîØºîªäîíî:

g2
n (xn ) = K n +

RX

i =1

L i;n
�
x i;n � � i;n � en � � i pi (	)

�
� c

RX

i =1

L i;n wi ;

ýíä c íü ýðæäýºýýð æŁªíýæýí àŒòŁâßí ıóâü Æà wi íü i -ä‡ªýýð çýýºŁØí ðåØòŁíªòýØ çýýºŁØí
ıóâüä ýðæäýºŁØí æŁí.

Artzner íàð æàíı‡‡ªŁØí ýðæäýºŁØí óäŁðäºàªàä àíı óÿºäæàí ýðæäýºŁØí ıýìæýýæŁØª
(coherent risk measure) îðóóºæ Łðæýí. Àºäàªäºßí æàíàìæàðª‡Ø ıýìæŁªäýı‡‡íŁØ Œâàí-
òŁºßí òîäîðıîØºîºòîîæ VaR íü ıóâŁðªàºòààð ŁíâàðŁàíò, ýåðýª íýªýí ò°ðºŁØí, ìîíîòîí
Æîºîıßª ıàðóóºæ Æîºäîª. ÕàðŁí æóÆàääŁòŁâ ÷àíàð VaR-ßí ıóâüä åð°íıŁØ òîıŁîäîºä
ÆŁåºäýªª‡Ø. ˆýâ÷ Acerbi & Tasche íàðßí òàíŁºöóóºæàí Expected Shortfall íü óÿºäààòàØ
ýðæäýºŁØí ıýìæýýæ ÆàØæ ÷àääàª. E (jX j) < 1 í°ıöºŁØª ıàíªàæàí X æàíàìæàðª‡Ø ıýìæŁª-
äýı‡‡íŁØ ıóâüä � 2 (0; 1) Łòªýı ò‡âłŁíä ıàðªàºçàı Expected Shortfall äàðààı ÆàØäºààð
òîäîðıîØºîªäîíî:

ES� (X ) =
1

1 � �

n
E

�
XI f X � q� (X )g

�
+ q� (X )

�
1 � � � P(X � q� (X ))

� o
;

ýíä I A íü A ‡çýªäºŁØí ŁíäŁŒàòîð ôóíŒö.
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Õýðýâ ÆŁä çýýºŁØí àºäàªäºßí Æàªößí ŒâàíòŁºßª îØðîºöîîªîîð ŁºýðıŁØºýıŁØí òóºä
expected shortfall-ŁØí

ES� (X ) =
1

1 � �

Z 1

�
qu(X )du

òîìœ…îª àłŁªºàâàº n-ä‡ªýýð ÆàíŒíß çýýºŁØí Æàªößí � 2 (0; 1) Łòªýı ò‡âłŁíä ıàðªàºçàı
Expected Shortfall-ßí ıóâüä äàðààı îØðîºöîî òîìœ…î ÆŁåºíý:

ES� (Qn ) �
1

1 � �

RX

i =1

L i;n � i

Z 1

�
pi

�
qu(	)

�
du:

ýíä ¸åììà 2-îîæ

hi (� ) :=
1

1 � �

Z 1

�
pi [qu(	)] du; i = 1 ; : : : ; R

óóä òàæðàºòª‡Ø °æ°ı ôóíŒö Æîºîı íü ì°ðä°í°. ¨Øìä n-ä‡ªýýð ÆàíŒíß ıóâüä 	 í°ıö°º
äýı ES ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºò:

g3
n (xn ) = K n +

RX

i =1

L i;n
�
x i;n � � i;n � en � � i pi (	)

�
�

1
1 � �

RX

i =1

L i;n � i

Z 1

�
pi

�
qu(	)

�
du:

¨Øìä n-ä‡ªýýð òîªºîª÷ŁØí n 2 f 1; � � � ; N g æòðàòåªŁØí îºîíºîª Basel II, Basel I, and
ES çààªºàºòßí òîıŁîºäºóóäàä äàðààıààð °ª°ªä°í°:

Basel II:

X 1
n : =

�
xn 2

RY

i =1

[x i ; x i ]
�� g1

n (xn ) � 0
�

=
�

xn 2
RY

i =1

[x i ; x i ]
�� K n +

RX

i =1

L i;n
�
x i;n � � i;n � en � � i pi (	)

�
(4.2)

�
RX

i =1

L i;n � i pi (q� (	))
�

;

Basel I:

X 2
n : =

�
xn 2

RY

i =1

[x i ; x i ]
�� g2

n (xn ) � 0
�

=
�

xn 2
RY

i =1

[x i ; x i ]
�� K n +

RX

i =1

L i;n
�
x i;n � � i;n � en � � i pi (	)

�
(4.3)

� c
RX

i =1

L i;n wi

�
;

ES:

X 3
n : =

�
xn 2

RY

i =1

[x i ; x i ]
�� g3

n (xn ) � 0
�

=
�

xn 2
RY

i =1

[x i ; x i ]
�� K n +

RX

i =1

L i;n
�
x i;n � � i;n � en � � i pi (	)

�
(4.4)

�
1

1 � �

RX

i =1

L i;n � i

Z 1

�
pi

�
qu(	)

�
du

�
;
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ýíä i = 1 ; : : : ; R-ŁØí ıóâüä x i ; x i íü i -ä‡ªýýð çýýºŁØí çýðýªºýºòýØ çýýºŁØí ı‡‡ªŁØí ıàì-
ªŁØí Æàªà, ıàìªŁØí Łı óòªóóä. Ýíýı‡‡ ıàìªŁØí Æàªà, ıàìªŁØí Łı çýýºŁØí ı‡‡í‡‡äŁØª
Æîäºîªî Æîºîâæðóóºàª÷Łä òîªòîîı (çàðŁì óºæóóä çýýºŁØí ı‡‡ªŁØí òààç òîªòîîæîí ÆàØäàª)

ÆîºîìæòîØ. (4.2) � (4.4) òýªłŁòªýº‡‡äŁØí ıóâüä
RP

i =1
L i;n

�
x i;n � � i;n � en � � i pi (	)

�
íü

n-ä‡ªýýð ÆàíŒíß ŒàïŁòàºßí °°ð÷º°ºòŁØª ŁºýðıŁØºýı Æà n-ä‡ªýýð ÆàíŒ °°ðŁØí çýýºŁØí
îºªîı ‡Øº àæŁººàªààíßıàà äàðàà ò°ºÆ°ðŁØí ÷àäâàðòàØ ÆàØı Æàòàºªààª °ªí°. ES çààª-
ºàºòòàØ ÆàíŒíß æàºÆàð äàıü çàªâàðßª òîäîðıîØºîıßí òóºä ÆŁäýíä äàðààı ¸åìì‡‡äŁØí
‡ð ä‡í ıýðýªòýØ.

¸åììà 1 	 íü ÆîäŁò óòªàòàØ æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í, p : R ! [0; 1] ýðæ °æä°ª
ôóíŒö, f 	 (� ) := (1 � � ) � 1�

E
�
p(	) I f 	 � q� (	) g

�
+ p

�
q� (	)

��
1 � � � P(	 � q� (	))

�	
ÆàØª.

Òýªâýº äàðààı ‡ð ä‡í ÆŁåºíý:

f 	 (� ) =
1

1 � �

Z 1

�
p
�
qu(	)

�
du:

¸åììà 2 	 íü ÆîäŁò óòªàòàØ æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í Æà p : R ! [0; 1] íü ýðæ °æä°ª
ôóíŒö ÆàØª. Òýªâýº f 	 (� ) òàæðàºòª‡Ø °æä°ª ôóíŒö ÆàØíà.

Ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòòàØ çýýºŁØí ı‡‡ªŁØí ˝ýłŁØí çàªâàð íü n-ä‡ªýýð òîª-
ºîª÷ Æ‡ðŁØí ıóâüä

(NEPi ) On (x) �! max
s.t. xn 2 X i

n ; i = 1 ; 2; 3; xn = ( x1;n ; : : : ; xR;n )T

ÆàØı x = ( xT
1 ; : : : ; xT

N )T öýªŁØª îºîıîîð òàâŁªäàíà. ˛äîî òýíöâýðò çýýºŁØí ı‡‡ îðłŁí
ÆàØı Æîºîí ìýäðýìæŁØí łŁíæŁºªýýíŁØ òàºààðı äàðààı ‡ð ä‡íª‡‡äŁØª àâ÷ ‡çüå.

�ª‡‡ºÆýð 3 (4.1)-ýýð òîäîðıîØºîªäîı çîðŁºªßí ôóíŒ‡‡ä, (4.2) ýæâýº (4.3) ýæâýº (4.4)-ýýð
òîäîðıîØºîªäîı ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòóóäòàØ N òîªºîª÷òîØ ÆàíŒíß òîªºîîì
íü łŁØäòýØ Æ°ª°°ä öîð ªàíö ˝ýłŁØí ı‡‡ªŁØí òýíöâýðŁØí öýªòýØ ÆàØíà.

Òåîðåì 2 x � íü N òîªºîª÷òîØ Basel II ÆàíŒíß òîªºîîìßí òýíöâýðò çýýºŁØí ı‡‡í‡‡ä
ÆàØª. Òýªâýº,

1. Basel II °°ðŁØí ı°ð°íªŁØí ı‡ðýºöýýíŁØ çààªºàºòßí í°ıö°ºä n-ä‡ªýýð òîªºîª÷Łä
ıàðªàºçàı çýýºŁØí òýíöâýðò ı‡‡ x �

k;n 2 ]xk ; xk [ íü çàªâàðßí ïàðàìåòð‡‡äýýæ äîîðı
ÆàØäºààð ıàìààðíà:

(i) ıóªàðºßí öýªŁØí ı‡‡ � i;n , ÆàíŒíß çàðäºßí ıóâü en , äåôîºò Æîºîıîä ÆàíŒŁíä
ó÷ðàı àºäàªäºßí ıóâü � i , ıîºüößí ıóâüæàª÷ 	 Æà Łòªýı ò‡âłŁí � -ààæ ýåðýªýýð
ıàìààðàı Æîº

(ii) ìýäðýìæŁØí ïàðàìåòð � L
i;n Æîºîí ŒàïŁòàº K n -ýýæ æ°ðª°°ð ıàìààðíà.

2. Õýðýâ °°ðŁØí ı°ð°íªŁØí ı‡ðýºöýýíŁØ çààªºàºò ŁäýâıŁª‡Ø Æîº òýíöâýðò ı‡‡ íü
äàðààı æŁæòåì òýªłŁòªýºŁØí łŁØä ÆàØíà:

M � x � = v;

ýíä

M � =

0

BBB@

A1 0 � � � 0
0 A2 � � � 0
...

... . . . ...
0 0 � � � AR

1

CCCA
;
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v =
�
� L

1;1[� 1;1 + e1 + � 1p1(	)] ; : : : ; � L
1;N [� 1;N + eN + � 1p1(	)] ; : : : ;

� L
R;1[� R;1 + e1 + � RpR (	)] ; : : : ; � L

R;N [� R;N + eN + � RpR (	)]
� T

Æà

Ak =
1

N � 1

0

BBB@

2(N � 1)� L
k;1 � (1 + � L

k;1) � � � � (1 + � L
k;1)

� (1 + � L
k;2) 2(N � 1)� L

k;2 � � � � (1 + � L
k;2)

...
... . . . ...

� (1 + � L
k;N ) � (1 + � L

i;N ) � � � 2(N � 1)� L
k;N

1

CCCA
; k = 1 ; : : : ; R:

Òýìäýªºýº 1

(i) Õýðýâ x �
k;n = xk ýæâýº x �

k;n = xk Æîº òýíöâýðò çýýºŁØí ı‡‡ çàªâàðßí ïàðàìåòð‡‡-
äýýæ ıàìààðàıª‡Ø ÆàØíà.

(ii) Basel I ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòòàØ ˝ýłŁØí òîªºîîìßí ıóâüä Basel II-ŁØí
‡ð ä‡íª‡‡ä ÆŁåºýıýýæ ªàäíà íýìýýä óª òîªºîîìßí òýíöâýðò çýýºŁØí ı‡‡ íü ýðæäý-
ºýýð æŁªíýæýí àŒòŁâßí ıóâü c Æîºîí ýðæäýºŁØí æŁí wi -ýýæ ýåðýªýýð ıàìààðíà.

(iii) ES ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòòàØ ˝ýłŁØí òîªºîîìßí ıóâüä ¸åììà 2 …æîîð
hi (� ), i = 1 ; : : : ; R-óóä °æä°ª òàæðàºòª‡Ø ôóíŒöóóä òóº Òåîðåì 2-òýØ ŁæŁº ‡ð
ä‡í ÆŁåºíý.

(iv) Õýðýâ 	 íü äóðßí æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í Æà pi (�); i = 1 ; : : : ; R-óóä °æä°ª ôóíŒ-
öóóä Æîº ìîíîòîí ôóíŒößí äŁôôåðåíöŁàºßí ¸åÆåªŁØí òåîðåì …æîîð (see [ ?]), q( �) (	)
Æîºîí pi (�) òîîºîªäîì òîîíß ‡º äŁôôåðåíöŁàº÷ºàªäàı öýª‡‡äòýØ. ¨Øìä òýíöâýðò
çýýºŁØí ı‡‡ íü ıîºüößí æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í 	 Æîºîí Łòªýı ò‡âłŁí � -ààæ
Æàðàª ıàà ÷ ýåðýª ıàìààðàı Æà Æóæàä ïàðàìåòð‡‡äŁØí ıóâüä Òåîðåì 2-òýØ ŁæŁº ‡ð
ä‡í ÆŁåºíý.

(v) ˜ýýð àâ÷ ‡çæýí çàªâàðóóäßª îºîí-‡åòýØ çàªâàð ºóó °ðª°òª°ı ÆîºîìæòîØ.

Òýìäýªºýº 2 ˜ýýð òîäîðıîØºæîí çýýºŁØí ı‡‡íŁØ °ðæ°ºä°°íŁØ çàªâàðßª çýýº Æîºîí ıàä-
ªàºàìæŁØí ı‡‡íŁØ °ðæ°ºä°°íŁØ çàªâàð ðóó łóóä °ðª°òª°æ Æîºíî. ÒóıàØºÆàº, ÆàíŒíß
çàı çýýºä íŁØò S òîîíß ıàäªàºàìæŁØí Æ‡òýýªäýı‡‡í (ıàðŁºöàı, ıóªàöààª‡Ø ıàäªà-
ºàìæ ªýı ìýò) îðłŁí ÆàØäàª, j -ä‡ªýýð ıàäªàºàìæŁØí Æ‡òýýªäýı‡‡íŁØ ıýìæýý D j;n Æà
ıàðªàºçàı ı‡‡ íü yj;n ÆàØª. Òýªâýº

On (x; y) =
RX

i =1

L i;n

�
1 � � L

i;n

�
x i;n

m(x i;n )
� 1

�� �
x i;n � en � � i pi (	)

�

�
SX

j =1

D j;n

�
1 + � D

j;n

�
yj;n

m(yj;n )
� 1

��
yj;n ;

ýíä � D
j;n > 0 íü ıàäªàºàìæŁØí ı‡‡íŁØ ìýäðýìæŁØí ïàðàìåòð, y = ( yT

1 ; : : : ; yT
N )T ,

yn = ( y1;n ; : : : ; yS;n )T , n = 1 ; : : : ; N . Ýíý òîıŁîºäîºä 	 í°ıö°º äýı Basel II ò°ºÆ°ðŁØí
÷àäâàðßí çààªºàºò äîîðı ÆàØäºààð °ª°ªä°í°.

g1
n (xn ; yn ) = K n +

RX

i =1

L i;n (x i;n � en � � i pi (	)) �
SX

j =1

D j;n yj;n �
RX

i =1

L i;n � i pi (q� (	)) :

Ýíýı‡‡ çýýº ıàäªàºàìæŁØí ı‡‡ªŁØí ˝ýłŁØí òîªºîîì íü öîð ªàíö òýíöâýðŁØí öýªòýØ
Æà ìýäðýìæŁØí łŁíæŁºªýý íü ò°æòýØ ÆàØäºààð ıŁØªäýíý. Õýðýâ Æîäºîªî Æîºîâæðóóºàª-
÷Łä çýýºŁØí ı‡‡ªŁØí òààç (äýýä ıÿçªààð) òîªòîîıßª ı‡æýæ ÆàØªàà Æîº òýä ýíý çàªâàðßª
àłŁªºàí îíîâ÷òîØ çýýº ıàäªàºàìæŁØí ı‡‡ªŁØí ıýìæýýª òîªòîîí ýíýı‡‡ łŁíý òààçßí
í°º°°ª óðüä÷Łºàí ìýäýðæ ÷àäíà.
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Òýìäýªºýº 3 On ıîæºßí ôóíŒö X 1
n ýæâýº X 2

n ýæâýº X 3
n æòðàòåªŁØí îºîíºîªòîØ íýª

ºŁäåð, N � 1 äàªàª÷òàØ ÆàíŒíß ÑòàŒåºÆåðªŁØí òîªºîîìßí ıóâüä ÑòàŒåºÆåðªŁØí òýíöâýð
îðłŁí ÆàØıßª ıàðóóºæ Æîºíî.

4.2 Òîîí òóðłŁºò

Ýíý ıýæýªò ÆŁä °ìí°ı ıýæýªò òîäîðıîØºæîí Òåîðåì 2, Òåîðåì 2-ŁØí ‡ð ä‡íª‡‡ä Æîºîı
ìýäðýìæŁØí łŁíæŁºªýýª Ìîíªîºßí òîì, äóíä, æŁæŁª ÆàíŒíóóäßí ò°º°°º°º 3 ÆàíŒíß
ıóâüä ıŁØæýí Æîºíî. Ñîíªîí àâæàí ªóðâàí ÆàíŒíß ıóâüä çàªâàðä àłŁªºàªäàı 2018 îíß IV
óºŁðºßí ‡ç‡‡ºýºò‡‡äŁØª Õ‡æíýªò 2.1-ä ıàðóóºàâ. Ýíä MSn íü ÆàíŒíß æŁæòåìŁØí íŁØò
çýýºŁØí ‡ºäýªäýºä æîíªîí àâæàí ÆàíŒóóäßí ýçºýı çàı çýýºŁØí ıóâü îðîºöîî, L n íü öýâýð
çýýºŁØí ‡ºäýªäýº, K n íü °°ðŁØí ı°ð°íª°, K n=Ln íü °°ðŁØí ı°ð°íª° çýýºŁØí ıàðüöàà,
CAR% íü ýðæäýºýýð æŁªíýæýí àŒòŁâßí °°ðŁØí ı°ð°íª°ä ýçºýı ıóâü, RWA íü °°ðŁØí
ı°ð°íªŁØª Ý˘À%-ä ıóâààæ òîäîðıîØºîªäæîí ýðæäýºýýð æŁªíýæýí àŒòŁâßí ä‡í, � i;n íü
çýýºŁØí ı‡‡ªŁØí îðºîªßí íŁØò çýýºŁØí ‡ºäýªäýºä ýçºýı ıóâü, en íü ı‡‡ªŁØí Æóæ îðºîªî,
ı‡‡ªŁØí Æóæ çàðäºßí ÿºªàâàðßª öýâýð çýýºä ıàðüöóóºæàí ıàðüöàà.

Õ‡æíýªò 4.1: Ñîíªîí àâæàí 3 ÆàíŒíß 2018 îíß IV óºŁðºßí æàíı‡‡ªŁØí ‡ç‡‡ºýºò‡‡ä, æàÿ
USD

MSn L n K n K n=Ln CAR% RWA � i;n en
Bank 1 18.4% 1,176.3 197.1 16.76% 14.60% 1,350.3 10.58% 1.50%
Bank 2 9.1% 663.2 78.7 11.87% 15.63% 503.8 11.80% 3.17%
Bank 3 2.5% 145.2 30.6 21.10% 17.41% 176.0 12.12% 2.09%

˛äîî çàªâàðßí æóóðü ïàðàìåòð‡‡äŁØª òîäîðıîØºœ…. Ñîíªîæîí ÆàíŒóóäßí çýýºŁØí Æàª-
ößí òàºààð ìýäýýºýº ÆàØıª‡Ø òóº íŁØò çýýºŁØí ‡ºäýªäºŁØí s1 = 30%-ª BBB çýðýªºýºòýØ,
s2 = 40%-ª BB çýðýªºýºòýØ, s3 = 30%-ª B çýðýªºýºòýØ çýýºäýª÷Łä òóæ òóæ Æ‡ðä‡‡ºíý ªýæ
òààìàªºàæàí. `àíŒóóäßí °°ðŁØí ı°ð°íªŁØª ‡ðæŁı òîªòìîºßª K = 1 -ýýð, çýýºäýª÷äŁØí
ÆàíŒóóäßí æàíàº Æîºªîæ ÆóØ çýýºŁØí ı‡‡íä ‡ç‡‡ºýı ìýäðýìæŁØí ŒîýôôŁöåíò‡‡äŁØª Æ‡ı
ÆàíŒóóäßª ıóâüä � 1;n = 4 :5, � 2;n = 4 , � 3;n = 3 -ààð àâæàí. ˙àðäºßí ıóâŁØª Õ‡æíýªò 4.1-ŁØí
7-äóªààð Æàªàíß óòªààð àâæàí. �/ı e1 = 1 :50%, e2 = 3 :17%, e3 = 2 :09%. Õóªàðºßí öýªŁØí
ı‡‡ª Õ‡æíýªò 4.1-ŁØí 6-äóªààð Æàªàíß óòªààð àâæàí. �/ı � i; 1 = 10:58%, � i; 2 = 11:80%,
� i; 3 = 12:12%, i = 1 ; 2; 3:

ÝäŁØí çàæªŁØí í°ıöºŁØí ıóâüæàª÷ 	 -ŁØí ıóâüä æóóðü òîıŁîºäîºä ıàðªàºçàı óòªßª
íü ò‡‡íŁØ í°ıö°ºò ìàªàäºàºßí óòªà íü í°ıö°ºò Æóæ ìàªàäºàºòàØ òýíö‡‡ ÆàØı óòªààð
àâæàí. ¨òªýı ò‡âłŁí Æîºîí äåôîºò Æîºæîí í°ıö°ºä çýýºýýæ àºäàı àºäàªäºßí ıóâŁóäßª
� = 99:9%, � i = 40%; i = 1 ; 2; 3-ààð àâæàí. `‡ı ÆàíŒ, Æ‡ı çýýºŁØí çýðýªºýºŁØí ıóâüä
ıàðªàºçàı çýýºŁØí ı‡‡í‡‡äŁØª çààªºàºòª‡Ø ªýæ ‡çæýí. Ýíý òîıŁîºäîºä, òóıàØºÆàº, ES-
ŁØí ıóâüä n, n = 1 ; 2; 3-ä‡ªýýð ÆàíŒíß æòðàòåªŁØí îºîíºîª X 3

n = f xn 2 RR j g3
n (xn ) � 0g.

Ñóóðü òîıŁîºäîºä ıàðªàºçàı Æ‡ı ïàðàìåòðŁØí óòªóóäßª Õ‡æíýªò 4.2-ŁØí ýıíŁØ Æàªàíàíä
ıàðóóºàâ.

Õ‡æíýªò 4.2-ŁØí BIS-II 1 Æàªàíàíä æóóðü òîıŁîºäîºä ıàðªàºçàı ˝ýłŁØí òýíöâýðŁØª
ıàðóóºæàí. Ýíä x �

i;n íü n-ä‡ªýýð ÆàíŒíß i -ä‡ªýýð çýýºŁØí çýðýªºýºòýØ çýýºŁØí ı‡‡ªŁØí
˝ýłŁØí òýíöâýðŁØª ŁºýðıŁØºíý. `‡ı çýýºŁØí çýðýªºýº‡‡äŁØí ıóâüä LGD 50%-ààð °ææ°í
‡åä ıàðªàºçàı çýýºŁØí ı‡‡ªŁØí òýíöâýðŁØª BIS-II 2 Æàªàíàíä ıàðóóºàâ. BIS-II 2-òýØ BIS-II 1-
ŁØª ıàðüöóóºÆàº BIS-II 2 Æàªàíßí ˝ýłŁØí òýíöâýð °ææ°í íü ıàðàªäàíà. BIS-II 3 Æàªàíàíä
1-ä‡ªýýð ÆàíŒíß çàðäàº 1%-ààð °ææ°í 2-äóªààð ÆàíŒíß çàðäàº 1%-ààð Æóóðæàí ‡åŁØí
òýíöâýðò ıóðààìæŁØª ‡ç‡‡ºæýí. BIS-II 4 Æàªàíàíä Æ‡ı ÆàíŒíß ıóâüä BBB çýðýªºýºòýØ
çýýºŁØí ı‡‡ªŁØí ìýäðýìæ 1-ýýð B çýðýªºýºòýØ çýýºŁØí ı‡‡ªŁØí ìýäðýìæ 0.5-ààð Æóóðàı
‡åŁØí ‡ð ä‡íª ıàðóóºæàí. Õýðýâ æóóðü òîıŁîºäºßí ıóªàðºßí öýªŁØí ı‡‡ª 1%-ààð °æª°â°º
(ÆóóðóóºÆàº) BIS-II 5 (BIS-II 6) Æàªàíà ªàðíà. Õ‡æíýªò 4.2-ŁØí Æ‡ı ‡ð ä‡íª‡‡ä Òåîðåì 2-
òýØ íŁØöòýØ ÆàØíà. `óæàä ïàðàìåòð‡‡äŁØí ìýäðýìæŁØí łŁíæŁºªýý Æîºîí ES, Basel I
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ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòóóäàä ıàðªàºçàı ìýäðýìæŁØí łŁíæŁºªýýª äŁææåðòàößí
àæºààæ ıàðæ Æîºíî.

Õ‡æíýªò 4.2: BIS-II Ò°ºÆ°ðŁØí ÷àäâàðßí çààªºàºòòàØ ˝ýłŁØí òýíöâýðò ı‡‡
BIS-II 1 BIS-II 2 BIS-II 3 BIS-II 4 BIS-II 5 BIS-II 6

s1-s2-s3% 30-40-30 30-40-30 30-40-30 30-40-30 30-40-30 30-40-30
K 1 1 1 1 1 1
� 4.5-4-3 4.5-4-3 4.5-4-3 5.5-4-2.5 4.5-4-3 4.5-4-3
e% 1.5-3.2-2.1 1.5-3.2-2.1 2.5-2.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1
� 0 0 0 0 1% -1%
	 base base base base base base
� 99.9% 99.9% 99.9% 99.9% 99.9% 99.9%
� 40% 60% 40% 40% 40% 40%
x �

1;1 0.1716 0.1722 0.1754 0.1628 0.1845 0.1587
x �

2;1 0.1819 0.1843 0.1857 0.1819 0.1952 0.1685
x �

3;1 0.2267 0.2400 0.2304 0.2526 0.2417 0.2117
x �

1;2 0.1827 0.1833 0.1789 0.1739 0.1955 0.1698
x �

2;2 0.1929 0.1953 0.1891 0.1929 0.2062 0.1796
x �

3;2 0.2375 0.2508 0.2338 0.2633 0.2525 0.2225
x �

1;3 0.1798 0.1804 0.1798 0.1710 0.1926 0.1669
x �

2;3 0.1900 0.1924 0.1900 0.1900 0.2033 0.1767
x �

3;3 0.2347 0.2480 0.2347 0.2605 0.2497 0.2197
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`‡ºýª 5

˝ŁØºìýº ˝ýªýí Ò°ðºŁØí `óæ
ˇóàææîíß ˇðîöåææ ˜ýýð ÑóóðŁºæàí
ÑòîıàæòŁŒ DDM

5.1 Àðªà÷ºàº: ˝ŁØºìýº ˝ýªýí Ò°ðºŁØí `óæ ˇóàææîíß ˇðî-
öåææ

[0; 1 ) äýýð òîäîðıîØºîªäæîí f ôóíŒöŁØí ıóâüä ÆŁä äàðààı òýìäýªºýªýýª îðóóºœÿ:

f (s; t] := f (t) � f (s); 0 � s < t < 1 :

N (t) íü � (t) äóíäæŁØí ôóíŒöòýØ ˇóàææîíß ïðîöåææ (Mikosch [ ?]) Æà Y ( j )
1 ; Y ( j )

2 ; : : : ,
j = 1 : : : ; n + 1 íü íýªýí ŁæŁº òàðıàºòòàØ æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í‡‡äŁØí äàðààºàº
ÆàØª. Ýíä Y (1)

1 ; Y (1)
2 ; : : : ; Y (n+1)

1 ; Y (n+1)
2 ; : : : æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í‡‡ä íü °°ð ıîîðîí-

äîî ıàìààðàºª‡Øªýýæ ªàäíà ˇóàææîíß ïðîöåææ N (t)-ýýæ ì°í ıàìààðàºª‡Ø. ¨ðýýä‡Øí öàª
ıóªàöàà n + 1 ‡åä ıóâààªäæàí Æà ıóâààºòóóä íü t0 = 0 < t 1 < t 2 < � � � < t n < t n+1 = 1
ÆàØª. Ýíý òîıŁîºäîºä ýıíŁØ ‡å 0� t1, ıî…ðäóªààð ‡å (t1+1) � t2, ªýı ìýò ‡ðªýºæºýı Æà (n+1)
ä‡ªýýð ‡å (tn + 1) -ýýæ ò°ªæª°ºª‡Ø ıóªàöààª ıàìàðíà.

5.1.1 ˝îîªäîº àłŁª

˚îìïàíŁ °°ðŁØí àìüäðàºßí ì°÷º°ªŁØíı°° ıóªàöààíä ÿíç Æ‡ðŁØí àìæŁºò óíàºòßª äàØ-
ðàí ªàðàı Æà ýíý ıóªàöààíä íîîªäîº àłŁª ÷ ì°í ÿíç Æ‡ðŁØí °æ°ºòŁØí ÷Łª ıàíäºàªßª
‡ç‡‡ºíý. Õýðýâ ŒîìïàíŁØí íîîªäîº àłªŁØí ò°ºÆ°ðŁØª ªðàôŁŒààð ä‡ðæºýâýº (1) íîîªäîº
àłŁª òîªòìîº ò‡âłŁíä ıàäªàºàªäàı ıóªàöàà æàíàìæàðª‡Ø (2) íîîªäîº àłªŁØí ‡æðýºòŁØí
ıýìæýý æàíàìæàðª‡Ø Æîºîı íü ıàðàªääàª. ¨Øìä Łðýýä‡Øí íîîªäîº àłªŁØí äŁíàìŁŒŁØª
íŁØºìýº íýªýí ò°ðºŁØí ˇóàææîíß ïðîöåææîîð çàªâàð÷ºàı íü ‡íäýæºýºòýØ çàªâàð÷ºàº Æîº-
íî.

j -ä‡ªýýð ‡åä ıàðªàºçàı íŁØºìýº íýªýí ò°ðºŁØí Æóæ ˇóàææîíß ïðîöåææ äàðààı òýªłŁò-
ªýºýýð °ª°ªä°í°:

Q( j ) (t) :=
N (t )X

i =1

Y ( j )
i ; j = 1 ; 2; : : : ; n + 1 :

ÕýäŁØªýýð Q( j ) (t) äýı ‡æðýºò N (t)-òýØ çýðýª ıóªàöààíä ÿâàªäàı Æîºîâ÷ N (t) äýı ‡æðýºòŁØí
ıýìæýý ‡ðªýºæ 1 ÆàØäàª Æîº Q( j ) (t) äýı ‡æðýºòŁØí ıýìæýý æàíàìæàðª‡Ø ÆàØíà. Q( j ) (t)-
ŁØí ıóâüä ýıíŁØ ‡æðýºòŁØí ıýìæýý Y ( j )

1 , ıî…ð äàıü ‡æðýºòŁØí ıýìæýý Y ( j )
2 ªýı ìýò. `Łä

t j � 1 < t � t j í°ıöºŁØª ıàíªàæàí t-ª Æýıýºüå. `Łä j -ä‡ªýýð ‡åŁØí ıóâüä s ıóªàöààíààæ
t ıóªàöààíß ıîîðîíäîı íîîªäîº àłªŁØí °æ°ºòŁØª äàðààı íŁØºìýº íýªýí ò°ðºŁØí Æóæ
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ˇóàææîíß ïðîöåææîîð çàªâàð÷Łºœÿ:

dt � ds = Q( j ) (s; t] =
N (t )X

i = N (s)+1

Y ( j )
i ;

ýíä j = 1 ; : : : ; (n + 1) , a; b2 Z+ , a < b ıóâüä
P a

i = b Y ( j )
i =0 ªýæ ‡çíý. Òýªâýº t ıóªàöààíäàı

íîîªäîº àłŁª äàðààı òýªłŁòªýºýýð °ª°ªä°í°:

dt = d0 + Q(1) (t1) + Q(2) (t1; t2] + � � � + Q( j � 1)(t j � 2; t j � 1] + Q( j ) (t j � 1; t]

= d0 +
N (t1 )X

i =1

Y (1)
i +

N (t2 )X

i = N (t1 )+1

Y (2)
i + � � � +

N (t j � 1 )X

i = N (t j � 2 )+1

Y ( j � 1)
i +

N (t )X

i = N (t j � 1 )+1

Y ( j )
i :

5.1.2 ˜åôîºò Æîºîı ìàªàäºàº

Ýíý ıýæýªò ÆŁä ŒîìïàíŁ äåôîºò Æîºîı æàíàìæàðª‡Ø ıóªàöàà Æîºîí ı°ð°íª° ªåîìåòð `ðîó-
íß ı°ä°ºª°°íä çàıŁðàªäæàí, °ð ò°ºÆ°ð äåôîºò Æîæªî òîıŁîºäîºä Æ‡òöŁØí çàªâàð (Merton
[1974] àíıíß àæŁº) àłŁªºàí äåôîºò Æîºîı ìàªàäºàºßª îØðîºöîîªîîð ŁºýðıŁØºýı Æîºíî.

� 2 N íü ŒîìïàíŁ äåôîºò Æîºîı ıóªàöàà Æà Y (1)
1 ; Y (1)

2 ; : : : ; Y (n+1)
1 ; Y (n+1)

2 ; : : : æàíàìæàð-
ª‡Ø ıýìæŁªäýı‡‡í‡‡ä Æîºîí ˇóàææîíß ïðîöåææ N (t)-ýýæ ‡º ıàìààðàı ÆàØª. t i ; 1 � i � N
íü äŁæŒðåò÷ºýºŁØí ıóªàöàà Æà t0 = 0 , � i = t i � t i � 1, 1 � i � N ÆàØª. Ì°í B i íü t i
ıóªàöààíäàı äåôîºò Æîæªî Æóþó °ð ò°ºÆ°ð Æà V (t) íü t ıóªàöààíäàı ı°ð°íª° ÆàØª. `Łä
t i ıóªàöààí äàıü ı°ð°íª° V (t i ) °ð ò°ºÆ°ð B i -ýýæ Æàªà Æîºîı ìàªàäºàº Æóþó äåôîºò Æî-
ºîı ìàªàäºàºßª îØðîºöîîªîîð ŁºýðıŁØºíý. V (t) äàðààı òýªłŁòªýºýýð °ª°ªä°ı ªåîìåòð
`ðîóíß ı°ä°ºª°°íä çàıŁðàªääàª ÆàØª:

dV (t) = �V (t)dt + �V (t)dW (t)

ýíä � 2 R and � > 0. Ýíý òîıŁîºäîºä t1 ıóªàöààíä äåôîºò Æîºîı ìàªàäºàº

q1 = Pr(V (t1) � B1) = �
�

ln(B1=V(0)) � (� � 1
2 � 2)� 1

�
p

� 1

�
;

ýíä � íü íîðìàº òàðıàºòßí ôóíŒö. t1; : : : ; tN � 1 ıóªàöààíä ŒîìïàíŁ äåôîºò Æîºîîª‡Ø
Æîºîâ÷ tN ıóªàöààíä äåôîºò Æîºîı ìàªàäºàº

qN = Pr(V (t1) > B 1; V (t2) > B 2; : : : ; V (tN � 1) > B N � 1; V (tN ) � BN )

=
Z 1

B N � 1

�
�

ln(BN =u) � (� � 1
2 � 2)� N

�
p

� N

�
f N � 1(u)du;

ýíä

f N (x) =
Z 1

B N � 1

f N � 1(u)
1

x�
p

2�� N
exp

�
�

[ln(x=u) � (� � 1
2 � 2)� N ]2

2� 2� N

�
du

Æà

f 1(x) =
1

x�
p

2�� 1
exp

�
�

[ln(x=V (0)) � (� � 1
2 � 2)� 1]2

2� 2� 1

�
:

V (t) `ðîóíß ı°ä°ºª°°íä çàıŁðàªäàíà ªýæýí òîıŁîºäîºä Hull and White [ ?] íàð äýýðıòýØ
ò°æòýØ ‡ð ä‡íª ªàðªàí àâæàí ÆàØäàª. Õóâààºòßí öýª‡‡ä Æîºîı t i ; 1 � i � N -ª Łıýæªýı
çàìààð äåôîºò Æîºîı ìàªàäºàºßª ıàíªàºòòàØ îØðîºöîîªîîð ŁºýðıŁØºæ Æîºíî. K íü ı‡-
ðýºöýýòýØ Łı òîî, N � 1 = ( s � 1)K , t1 = 1=K; t 2 = 2=K; : : : ; t N � 1 = s � 1; tN = s, s; K 2 N
ÆàØª. Òýªâýº äåôîºò Æîºîı ìàªàäºàº äàðààı ÆàØäºààð îØðîºöîîªîîð ŁºýðıŁØºýªäýíý:

Pr(� = s) � Pr(V (1=K ) > B 1; V (2=K ) > B 2; : : : ; V (s � 1) > B (s� 1)K ; V (s) < B (s� 1)K +1 ):
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5.1.3 Õóâüöààíß æàíàìæàðª‡Ø ‡íý

Ýíý ıýæýªò ÆŁä ıóâüöààíß æàíàìæàðª‡Ø ‡íŁØª çàªâàð÷ºàı Æîºíî. �‡íŁØªýý àłŁªºàí ıóâü-
öààíß æàíàìæàðª‡Ø ‡íŁØí í°ıö°ºò Æîºîí í°ıö°ºò Æóæ òàðıàºòßí ôóíŒößí òîìœ…îª ªàð-
ªàíà. Ýäªýýð òàðıàºòßí ôóíŒöóóäßí òîìœ…î íü ïðàŒòŁŒò łóóä àłŁªºàıàä ıýò ò°â°ªòýØ
ó÷ðààæ òàðıàºòßí ôóíŒöóóäßª îØðîºöîîªîîð ŁºýðıŁØºýıŁØí òóºä ıóâüöààíß æàíàìæàð-
ª‡Ø ‡íŁØí ìîìåíòŁØª òîìœ…îíóóäßª ªàðªàı Æîºíî. Ýíý łàºòªààíààð äàðààı òýìäýªºýªýýª
àłŁªºàÿ:

F (s) :=
1

k(1 + k)s� t � 1 ;

ýíä k ıóâüöààíààæ łààðäàæ ÆóØ °ª°°æ. `Łä t ıóªàöààíààæ °ìí° äåôîºò Æîºîîª‡Ø ªýæ
‡çüå. Òýªâýº ıóâüöààíß æàíàìæàðª‡Ø ‡íŁØí ıóâüä äàðààı °ª‡‡ºÆýð ÆŁåºíý.

�ª‡‡ºÆýð 4 Õýðýâ äåôîºò i ä‡ªýýð ‡åä Æîºæîí (°°ð°°ð ıýºÆýº t i � 1 < � � t i ;) Æîº t
ıóªàöààí äàıü ıóâüöààíß æàíàìæàðª‡Ø ‡íý äàðààı òîìœ…îªîîð °ª°ªä°í°:

Pt = F (�; t + 1]dt +
t jX

m= t+1

F (�; m ]Q( j ) (m � 1; m]

+
t j +1X

m= t j +1

F (�; m ]Q( j +1) (m � 1; m] + � � � +
� � 1X

m= t i � 1_ t+1

F (�; m ]Q( i ) (m � 1; m];

ýíä a _ b = max( a; b):

Òàðıàºòßí ÔóíŒöóóä

˜àðààªŁØí àºıàìä ÆŁä ıóâüöààíß æàíàìæàðª‡Ø ‡íŁØí òàðıàºòßí ôóíŒöŁØª òîîöîîºíî.
Òàðıàºòßí ôóíŒö ìýäýªäýæ ÆóØ ‡åä ÆŁä ıóâüöààíß îíîºßí ‡íý, ıóâüöààíß ıàíłŁØí
Łòªýı çàâæàð ªýı ìýò ‡ç‡‡ºýºò‡‡äŁØª òîîöîîºîı ÆîºîìæòîØ. ˜àðààı òýìäýªºýªýýí‡‡äŁØª
îðóóºæ Łðüå: a � b, a; b2 Z+ , ‘ = j + 1 ; : : : ; i ıóâüä

Q( ‘ )
s (za : zb] :=

bX

m= a+1

F (s; m]
zmX

i = zm � 1+1

Y ( ‘ )
i ;

Rs[zt1 ; zt2 ; : : : ; zt j � 1 ; zt ] := F (s; t+1]
�

d0+
zt 1X

i =1

Y (1)
i +

zt 2X

i = zt 1 +1

Y (2)
i + � � �+

zt j � 1X

i = zt j � 2 +1

Y ( j � 1)
i +

ztX

i = zt j � 1 +1

Y ( j )
i

�
:

Òýªâýº ıóâüöààíß æàíàìæàðª‡Ø ‡íŁØí í°ıö°ºò òàðıàºòßí ıóâüä äàðààı òîìœ…î ÆŁåºíý

FPt j� (x jt) = Pr(Pt � x j� > t ) =
1X

s= t+1

� X

zt 1 =0 ;:::;z t j = zt j � 1 ;zt +1 = zt ;:::;zs � 1= zs � 2

Pr
�

Rs[zt1 ; zt2 ; : : : ; zt j � 1 ; zt ]

+ Q( j )
s (zt : zt j ] + Q( j +1)

s (zt j : zt j +1 ] + � � � + Q( i )
s (zt i � 1_ t : zs� 1] � x

�
e� � (s� 1)

�
� (t1)zt 1

zt1 !
� (t1; t2]zt 2 � zt 1

(zt2 � zt1 )!
: : :

� (t j � 1; t]zt � zt j � 1

(zt � zt j � 1 )!

s� 1Y

m= t+1

� (m � 1; m]zm � zm � 1

(zm � zm � 1)!

�
Pr

�
� = sj� > t

�

ÕàðŁí í°ıö°ºò Æóæ òàðıàºòßí ıóâüä äàðààı òîìœ…î ÆŁåºíý:

FPt (x) = Pr(Pt � x) = lim
s!1

� X

zt 1 =0 ;:::;z t j = zt j � 1 ;zt +1 = zt ;:::;zs = zs � 1

Pr
�

R1 [zt1 ; zt2 ; : : : ; zt j � 1 ; zt ]

+ Q( j )
1 (zt : zt j ] + Q( j +1)

1 (zt j : zt j +1 ] + � � � + Q(n+1)
1 (ztn : zs] � x

�
e� � (s)

�
� (t1)zt 1

zt1 !
� (t1; t2]zt 2 � zt 1

(zt2 � zt1 )!
: : :

� (t j � 1; t]zt � zt j � 1

(zt � zt j � 1 )!

sY

m= t+1

� (m � 1; m]zm � zm � 1

(zm � zm � 1)!

�
:
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Õóâüöààíß æàíàìæàðª‡Ø ‡íŁØí òàðıàºòóóäßí äýýðı òîìœ…îíîîæ ýäªýýð òîìœ…îíóóäßª
ïðàŒòŁŒò łóóä àłŁªºàıàä Łıýýıýí ı‡íäðýºòýØ Æîºîı íü ŁºýðıŁØ ÆàØíà. Õýðýâ æàíàìæàð-
ª‡Ø ıýìæŁªäýı‡‡íŁØ Æ‡ı ìîìåíòóóä ò°ªæª°º°ª Æà ýäªýýð ìîìåíòóóä äýýð ‡íäýæºýæýí çý-
ðýªò öóâàà òýªŁØª àªóóºæàí çàäªàØ çàâæàð äýýð òîäîðıîØºîªääîª Æîº ìîìåíòóóä íü òóıàØí
æàíàìæàðª‡Ø ıýìæŁªäýı‡‡íŁØ òàðıàºòßª íýªýí óòªàòàØªààð òîäîðıîØºäîª. ¨Øìä òîäîð-
ıîØ ýðýìÆŁØí ìîìåíò ò°ªæª°º°ª Æîº ÆŁä ìîìåíò äýýð ‡íäýæºýæýí ıóâüöààíß æàíàìæàðª‡Ø
‡íý Pt -ŁØí òàðıàºòßí ôóíŒöŁØª îØðîºöîîªîîð ŁºýðıŁØºæ ÷àäíà. ¨Øìä ÆŁä ıóâüöààíß
Łðýýä‡Øí æàíàìæàðª‡Ø ‡íŁØí ìîìåíòŁØª òîîöîîºîı łààðäºàªàòàØ þì.

Ìîìåíòóóä

� Y ( j ) (u) := E(eiuY ( j )
1 ), j = 1 ; : : : ; n + 1 ÆàØª, ýíä i íü ıóóðìàª íýªæ. Òýªâýº t � s ıóâüä,

Q( j ) (t; s] æàíàìæàðª‡Ø ıýìæŁªäýı‡‡íŁØ ıàðàŒòåðŁæòŁŒ ôóíŒöŁØí ıóâüä äàðààı òîìœ…î
(Mikosch [2009]) ÆŁåºíý

� Q( j ) (t;s ](u) = E(eiuQ ( j ) (t;s ]) = exp f � (t; s](� Y ( j )
1

(u) � 1)g:

Y (1)
1 ; Y (1)

2 ; : : : ; Y (n+1)
1 ; Y (n+1)

2 ; : : : æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í‡‡ä íü °°ð ıîîðîíäîî ‡º ıà-
ìààðàıààæ ªàäíà ˇóàææîíß ïðîöåææ N (t)-ýýæ ‡º ıàìààðàı òóº Q(1) , Q(2) , : : : , Q( i ) æà-
íàìæàðª‡Ø ıýìæŁªäýı‡‡í‡‡ä íü ‡º îªòºîºöîı ıóªàöààíß Łíòåðâàºßí ıóâüä ‡º ıàìààðàı
ÆàØíà. ¨Øìä � = s í°ıö°º äýı t ıóªàöààíß ıóâüöààíß æàíàìæàðª‡Ø ‡íý Pt -ŁØí í°ıö°ºò
ıàðàŒòåðŁæòŁŒ ôóíŒö äîîðı òîìœ…îªîîð °ª°ªä°í°.

E
�
eiuP t

�� � = s
�

= exp
�

ht (ujs)
	

ýíä

ht (ujs) := iuF (s; t + 1]d0 + � (t1)
�
� Y (1)

1

�
uF (s; t + 1]

�
� 1

�
+ : : :

+ � (t j � 2; t j � 1]
�
� Y ( j � 1)

1

�
uF (s; t + 1]

�
� 1

�
+ � (t j � 1; t]

�
� Y ( j )

1

�
uF (s; t + 1]

�
� 1

�

+
t jX

m= t+1

� (m � 1; m]
�
� Y ( j )

1

�
uF (s; m]

�
� 1

�
+

t j +1X

m= t j +1

� (m � 1; m]
�
� Y ( j +1)

1

�
uF (s; m]

�
� 1

�

+ � � � +
s� 1X

m= t i � 1_ t+1

� (m � 1; m]
�
� Y ( i )

1

�
uF (s; m]

�
� 1

�
:

ht (ujs) íü Æ‡ı s > t ıóâüä ı‡ðýºöýýòýØ óäàà äŁôôåðåíöŁàº÷ºàªääàª ôóíŒö Æà Æýıºýªä-
æýí p-ŁØí ıóâüä Y ( j )p

1 ; j = 1 ; : : : ; n + 1 æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í‡‡ä Łíòåªðàº÷ºàªääàª
ÆàØª. Òýªâýº ıýðýâ ÆŁä ıàðàŒòðŁæòŁŒ ôóíŒöŁØí � (p)

Y ( j )
1

(0) = i pE(Y ( j )p
1 ) òîìœ…îª àłŁªºàâàº

ht (ujs) ôóíŒöŁØí u = 0 öýª äýýðı p ä‡ªýýð ýðýìÆŁØí äŁôôåðåíöŁàº äàðààı ıýºÆýðòýØªýýð
îºäîíî.

h(p)
t (0js) = i p

�
d0I f 1g(p)F (s; t + 1] + E

�
Y (1)p

1
�
� (t1)F (s; t + 1] p + : : :

+ E
�
Y ( j � 1)p

1
�
� (t j � 2; t j � 1]F (s; t + 1] p + E

�
Y ( j )p

1
�
� (t j � 1; t]F (s; t + 1] p

+ E
�
Y ( j )p

1
� t jX

m= t+1

� (m � 1; m]F (s; m]p + E
�
Y ( j +1) p

1
� t j +1X

m= t j +1

� (m � 1; m]F (s; m]p + : : :

+ E
�
Y ( i )p

1
� s� 1X

m= t i � 1_ t+1

� (m � 1; m]F (s; m]p
�

;

ýíä I f 1g(p) íü ŁíäŁŒàòîð ôóíŒö. �°ð°°ð ıýºÆýº, ıýðýâ p = 1 Æîº I = 1 ýæðýª òîıŁîºäîºä
I = 0 .

29



Õýðýâ ÆŁä Faa di Bruno-ŁØí òîìœ…îª (Johnson [2002]-ª ıàðàı) àłŁªºàâàº t ıóªàöààí
äàıü ıóâüöààíß ‡íŁØí p ä‡ªýýð ýðýìÆŁØí í°ıö°ºò ìîìåíò ( � > t í°ıö°ºä°ı) äàðààı
òîìœ…îªîîð °ª°ªä°í°.

E
�
Pp

t j� > t
�

=
1
i p

dp

dup

�
E

�
eiuP t j� > t

� � ����
u=0

=
1
i p

1X

s= t+1

dp

dup

�
expf ht (ujs)g

� ����
u=0

P (� = sj� > t ) (5.1)

=
1
i p

1X

s= t+1

� X p!
b1!b2! : : : bp!

�
h0

t (0js)
1!

� b1 �
h00

t (0js)
2!

� b2

: : :
�

h(p)
t (0js)

p!

� bp �
P (� = sj� > t );

ýíä äýýðı íŁØºÆýð b1 + 2b2 + � � � + pbp = p òýªłŁòªýºŁØí æ°ð°ª Æóæ Æ‡ıýº b1; : : : ; bp łŁØ-
ä‡‡äýýð àâàªäàíà. ˛äîî ÆŁä äåôîºò ıýçýý ÷ Æîºîıª‡Ø Æóþó ŒîìïàíŁ íîîªäîº àłªàà ıó-
ªàöààª‡Ø òàðààíà ( P (� = 1 ) = 1 ) ªýæ ‡çüå. Ýíý òîıŁîºäîºä ıóâüöààíß t ıóªàöààí äàıü
‡íŁØí p ä‡ªýýð ýðýìÆŁØí ìîìåíò äîîðı òýªłŁòªýºýýð °ª°ªä°í°.

E
�
Pp

t
�

=
1
i p

X p!
b1!b2! : : : bp!

�
h0

t (0j1 )
1!

� b1 �
h00

t (0j1 )
2!

� b2

: : :
�

h(p)
t (0j1 )

p!

� bp

; (5.2)

ýíä äýýðı íŁØºÆýð ì°í b1 + 2b2 + � � � + pbp = p òýªłŁòªýºŁØí æ°ð°ª Æóæ Æ‡ıýº b1; : : : ; bp
łŁØä‡‡äýýð àâàªäàı Æà

h(p)
t (0j1 ) = i p

�
d0I f 1g(p)F (t + 1) + E

�
Y (1)p

1
�
� (t1)F (t + 1) p + � � � + E

�
Y ( j � 1)p

1
�
� (t j � 2; t j � 1]F (t + 1) p

+ E
�
Y ( j )p

1
�
� (t j � 1; t]F (t + 1) p + E

�
Y ( j )p

1
� t jX

m= t+1

� (m � 1; m]F (m)p + : : :

+ E
�
Y (n)p

1
� tnX

m= tn � 1+1

� (m � 1; m]F (m)p + E
�
Y (n+1) p

1
� 1X

m= tn +1

� (m � 1; m]F (m)p
�

:

¨ðýýä‡Øí öàª ıóªàöàà 1 ‡åýæ ( n = 0 ) Æ‡ðäýı Æà ˇóàææîíß ïðîöåææŁØí äóíäæŁØí ôóíŒö
� (t) = �t; t � 0 ªýæ ‡çüå. Ýíý òîıŁîºäîºä íŁØºìýº íýªýí ò°ðºŁØí Æóæ ˇóàææîíß ïðî-
öåææ åðäŁØí íŁØºìýº ˇóàææîíß ïðîöåææ Æîºîı Æà (5.5)-ààæ 1 ýðýìÆŁØí ìîìåíò Æîºîí 2-4
ýðýìÆŁØí ò°âŁØí ìîìåíòóóä äàðààı òîìœ…îªîîð °ª°ªä°í°.

E(Pt ) =
1
k

�
d0 + � E(Y1)

�
t +

1 + k
k

��

Var(Pt ) =
� E(Y 2

1 )
k2

�
t +

(1 + k)2

(1 + k)2 � 1

�

E(Pt � E(Pt ))3 =
� E(Y 3

1 )
k3

�
t +

(1 + k)3

(1 + k)3 � 1

�

E(Pt � E(Pt ))4 = 3
�

� E(Y 2
1 )

k2

�
t +

(1 + k)2

(1 + k)2 � 1

�� 2
+

� E(Y 4
1 )

k4

�
t +

(1 + k)4

(1 + k)4 � 1

�
:

˜ýýðı 1 ýðýìÆŁØí ìîìåíòŁØí òîìœ…îíîîæ ˇóàææîíß ïðîöåææŁØí ýð÷Łì 1-òýØ òýíö‡‡ ( � =
1) ‡åä °ìí°ı æóäàºªààíß àæºóóäàä ªàðªàæàí ıóâüöààíß æàíàìæàðª‡Ø ‡íŁØª òîªòîîı àä-
äŁòŁâ çàªâàðóóä íü ÆŁäíŁØ çàªâàðßí òóıàØí òîıŁîºäîº Æîºîı íü łóóä ıàðàªäàíà (Hurley
íàð [ ?, ?], Yao [?], Hurley [?]).

5.1.4 ˇàðàìåòð‡‡äŁØí ıàìªŁØí Łı ‡íýíŁØ ıóâü Æ‡ıŁØ ‡íýºýºò

`Łä Æîºîâæðóóºæàí çàªâàðßíıàà ıàìªŁØí Łı ‡íýíŁØ ıóâü Æ‡ıŁØ ‡íýºýºòŁØª (Õ¨�Õ`�)
îºîıßí òóºä ÆŁäýíä T + 1 òîîíß ıóâüöààíß ‡íý, íîîªäîº àłªŁØí àæŁªºàºòßí óòªóóä
Æîºîí íîîªäîº àłªŁØí ‡æðýºòŁØí ìýäýýº ÆàØªàà ªýæ ‡çüå. �°ð°°ð ıýºÆýº, ÆŁäýíä ÆàØªàà

30



°ª°ªä°º Æîº f d0; P0; N (0); : : : ; dT ; PT ; N (T )g, ýíä t = 0 ; : : : ; T ıóâüä, dt íü t ıóªàöààíäàı
íîîªäîº àłŁª, Pt íü t ıóªàöààíäàı ıóâüöààíß ‡íý Æà N (t) íü t ıóªàöàà ı‡ðòºýı íîîªäîº
àłŁªä ªàðæàí íŁØò ‡æðýºòŁØí òîîª ŁºýðıŁØºæýí t ıóªàöààíäàı íîîªäîº àłªŁØí ‡æðýºòŁØí
ìýäýýºýº. ˇàðàìåòðŁØí ‡íýºýºòŁØª îºîıßí òóºä ÆŁä t ıóªàöààíäàı ıóâüöààíß ‡íý °°-
ðŁØí îíîºßí ‡íýýæ æàíàìæàðª‡Ø ut ıýìæýýªýýð ç°ðí°, Æ‡ı ‡å‡‡äýä ‡æðýºòŁØí æàíàìæàðª‡Ø
ıýìæŁªäýı‡‡í‡‡ä íýªýí ŁæŁº òàðıàºòòàØ, °/ı Y ( j )

i
d= Y1 ªýæ òààìàªºœÿ. Ýíý òîıŁîºäîºä

ìàíàØ çàªâàð äàðààı æŁæòåìýýð °ª°ªä°í°:
8
>>>>><

>>>>>:

Pt = (1 + k)Pt � 1 � dt + ut

dt = dt � 1 + Q(t � 1; t]

Q(t � 1; t] =
N (t )X

i = N (t � 1)+1

Yi

; t = 1 ; : : : ; T:

`Łä ut , Yt æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í‡‡äŁØª
�

ut
Y1

�
� N

� �
0

� Y

�
;

�
� 2

u 0
0 � 2

Y

� �
;

ıàìòßí íîðìàº òàðıàºòòàØ ªýæ ‡çüå. Ì°í

p� 1 = ( P0; : : : ; PT � 1)T ; p = ( P1; : : : ; PT )T ; and d = ( d1; : : : ; dT )T ;

ªýæýí òýìäªýºªýýí‡‡ä îðóóºÆàº íýªýí ò°ðºŁØí íŁØºìýº ˇóàææîíß ïðîöåææŁØí ıóâüä çàª-
âàðßí ïàðàìåòð‡‡äŁØí Õ¨�Õ`�-‡‡ä äàðààı ÆàØäºààð îºäîíî:

k̂ =
pT

� 1(p + d)
pT

� 1p� 1
� 1; �̂ 2

u =
eT e
T

; �̂ =
N (T )

T
; �̂ Y =

Q(T )
N (T )

=
dT � d0

N (T )
(5.3)

Æà

�̂ 2
Y =

X

t2I

N (t � 1; t]
N (T )

�
Q(t � 1; t]
N (t � 1; t]

�
Q(T )
N (T )

� 2
(5.4)

ýíä e = p+ d � (1+ k̂)p� 1. ˇàðàìåòðŁØí ‡íýºýºò‡‡äŁØí òàºààð äŁææåðòàöààæ ıàðæ Æîºíî.
Õýðýâ k > 0, Æîº ‡íŁØí ïðîöåææ Pt -ŁØí ıóªàöààí öóâàà äýºÆýðíý (explosive). ¨Øìä łààð-
äàæ ÆóØ °ª°°æŁØí ïàðàìåòðŁØí ‡íýºýºòŁØí ıóâüä åðäŁØí t òåæòŁØª àłŁªºàæ ÷àäàıª‡Ø.
ˆýâ÷ ıýðýâ H0 : k = k� òààìàªºàº ‡íýí Æîº k ïàðàìåòðŁØí �Õ` ıàðüöààíß òåæòŁØí ıóâüä
äàðààı ‡ð ä‡í ÆŁåºýıŁØª ıàðóóºæ Æîºíî:

LR(k� ) = T ln
�

1 +
eT

� e� � eT e
eT e

�
= T ln

�
1 +

(k̂ � k� )2pT
� 1p� 1

eT e

�
d�! � 2(1);

ýíä e� = p + d � (1 + k� )p� 1 Æà � 2(1)-ààð íýª ÷°º°°íŁØ çýðýªòýØ ıŁ-Œâàäðàò òàðıàºòßª,
d-ýýð òàðıàºòààðı íŁØºýºòŁØª òóæ òóæ òýìäªýºæýí. Øààðäàæ ÆóØ °ª°°æ k-ŁØí (1 � � )
Łòªýı ò‡âłŁíä ıàðªàºçàı Łòªýı çàâæàð äàðààı òîìœ…îªîîð °ª°ªää°ª Æîºîıßª Coles [ ?]-ýýæ
ıàðæ Æîºíî:

C� = f k 2 R j LR(k) � c� g;

ýíä c� íü (1 � � ) Łòªýı ò‡âłŁíä ıàðªàºçàı � 2(1) òàðıàºòßí ŒâàíòŁºßí óòªà. `ŁäíŁØ
çàªâàðßí ıóâüä óª Łòªýı çàâæàð äàðààı òîìœ…îªîîð °ª°ªä°í°:

k̂ �
eT e

p
expf c� =Tg � 1
pT

� 1p� 1
� k � k̂ +

eT e
p

expf c� =Tg � 1
pT

� 1p� 1
: (5.5)

˙àªâàðßí Æóæàä ïàðàìåòð‡‡äŁØí ıóâü äàıü ò‡‡âðŁØí òàðıàºò Æîºîí Łòªýı çàâæðßí òîìœ-
…îíóóäßª äŁææåðòàößí àæºààæ ıàðæ Æîºíî.
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5.2 Òîîí òóðłŁºò

`Łä ýıºýýä °°ðæäŁØí Æîºîâæðóóºæàí Õ¨�Õ` àðªààð çàªâàðßí ïàðàìåòð‡‡äýý ‡íýºíý.
˙àªâàðßí íŁØöºŁØª łàºªàıßí òóºä S&P 500 ŁíäåŒæýä Æ‡ðòªýºòýØ 5 ŒîìïàíŁØª æîíªîí
ıàðªàºçàı °ª°ªäº‡‡äŁØª Thomson Reuters Eikon-îîæ òàòàæ àâæàí. Ñîíªîæîí ŒîìïàíŁóäßí
îðößí ïàðàìåòð‡‡äŁØí Õ‡æíýªò 5.1-ä ‡ç‡‡ºæýí. Õ‡æíýªò 5.1-ßí 2-äóªààð ì°ð íü Œîìïà-
íŁóäßí íýªæ ıóâüöààíäàà òàðààæàí íîîªäîº àłŁª (àì.äîººàðààð) ıàðªàºçàíà. Õ‡æíýª-
òŁØí 3-äóªààð ì°ð íü ŒîìïàíŁóäßí Łðýýä‡Øí íîîªäîº àłªóóäßí ıÿìäðóóºàºòàä àłŁª-
ºàªäàı łààðäàæ ÆóØ °ª°°æŁØª ŁºýðıŁØºíý. Ýíä ÆŁä Bank of America-ŁØí łààðäàæ ÆóØ
°ª°°æŁØí öýªýí ‡íýºýºòŁØª °°ð÷Łºæ°í. Ñàíı‡‡ªŁØí ıÿìðàºóóäààæ łàºòªààºæ Bank of
America-ŁØí łààðäàæ ÆóØ °ª°°æ 2.65% ªàðæàí Æà ÆŁä óª ‡ð ä‡íª ‡íýí łààðäàæ ÆóØ
°ª°°æŁØª ò°º°°ºæ ÷àäàıª‡Ø ªýæ ‡çæýí. Õýðýâ ÆŁä ıÿìðàºßí äàðààı °ª°ªäºŁØª (2009-
2019) àłŁªºàâàº, ïàðàìåòðŁØí ‡íýºýºò 11.25%, 99%-ŁØí Łòªýı çàâæàð íü (7.72%,14.79%)
ªàðæàí. Õýðýâ 2008 îíß ıÿìðàºààæ °ìí°ı °ª°ªäºŁØª (1979-2007) àłŁªºàâàº ïàðàìåòðŁØí
‡íýºýºò 7.50%, 99%-ŁØí Łòªýı çàâæàð íü (5.36%,9.64%) ªàðæàí. ¨Øìä ÆŁä Bank of America-
ŁØí çàªâàðä àłŁªºàªäàı łààðäàæ ÆóØ °ª°°æŁØª 8.00%-ààð æîíªîæîí. Ýíýı‡‡ 8.00% 2008
îíß ıÿìðàºààæ °ìí°ı Æîºîí ıîØłıŁ 99%-ŁØí Łòªýı çàâæàðä àªóóºàªäàæ ÆàØªààª àíıààðàı
ıýðýªòýØ.

Õ‡æíýªò 5.1: ˙àªâàðßí ïàðàìåòð‡‡ä
Row Parameters Johnson &

Johnson
Bank of
America

PepsiCo Boeing Avery
Dennison

2. d0;i 3.750 0.660 3.792 8.220 3.210
3. ki 9.65% 8.00% 9.66% 13.82% 8.36%
4. � (1)

i =� Y;i 1.250 1.462 1.555 2.436 1.442
5. � (2)

i =� Y;i 2.219 2.397 2.827 5.394 2.379
6. � (3)

i =� Y;i 11.753 8.260 6.927 19.162 8.540
7. � (2)

i =� (1)
i 2.0 2.0 2.0 2.0 2.0

8. � (3)
i =� (1)

i 3.0 3.0 3.0 3.0 3.0
9. Credit Rating AAA A A A BBB

`Łä æîíªîæîí ŒîìïàíŁóäßí Łðýýä‡Ø 3 ‡åýæ òîªòîı Æà ‡å Æîºªîíä ıàðªàºçàı íîîªäîº
àłªŁØí ‡æðýºòŁØí æàíàìæàðª‡Ø ıýìæŁªäýı‡‡íŁØª íîðìàº òàðıàºòòàØ ªýæ òààìàªºàæàí.
1-ä‡ªýýð ‡å 0�3 æŁº‡‡äŁØª ( t0 = 0 � t < t 1 = 4 ), 2-äóªààð ‡å 4�10 æŁº‡‡äŁØª ( t1 = 4 � t <
t2 = 10), 3-äóªààð ‡å 11 Æîºîí ò‡‡íýýæ ıîØłıŁ æŁº‡‡äŁØª ( t2 = 11 � t) ıàìðàíà ªýæ ‡çæýí.
`Łä ŒîìïàíŁóäßí t-ä‡ªýýð ‡åŁØí ‡æðýºòŁØí æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í‡‡äŁØí äóíäàæ
Æîºîí æòàíäàðò ıàçàØºòßª ıàðªàºçàí � (t )

i , � (t )
i , t = 1 ; 2; 3, i = 1 ; : : : ; 5-ààð òýìäªýºüå.

1-ä‡ªýýð ‡å (0�3 æŁº‡‡ä) : `Łä 1-ä‡ªýýð ‡åŁØí ‡æðýºòŁØí æàíàìæàðª‡Ø ıýìæŁªäý-
ı‡‡íŁØ æòàíäàðò ıàçàØºò 2010-2019 îíß íîîªäîº àłªŁØí °ª°ªäºŁØª àłŁªºàæ ‡íýºæýí
‡íýºýºòòýØ òýíö‡‡ ªýæ ‡çæýí. Ñîíªîæîí ŒîìïàíŁóäßí 1-ä‡ªýýð ‡åä ıàðªàºçàı æŁªíýæýí
‡ðæ‡‡ºýª÷ŁäŁØª Õ‡æíýªò 5.1-ßí 4-ä‡ªýýð Æàªàíàíä ‡ç‡‡ºýâ. ¨Øìä Johnson & Johnson-
íß 1-ä‡ªýýð ‡åä ıàðªàºçàı íîîªäîº àłªŁØí ‡æðýºòŁØí æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í‡‡ä
Y (1)

1 � N
�
1:250� 0:182; 0:0252�

= N
�
0:228; 0:0252�

ªýæ çàªâàð÷ºàªäàíà. Öàª ıóªàöàà óðò-
æàı òóæàı ıóâüöààíß íîîªäîº àłªŁØí ıýìæýýíŁØ òîäîðıîØª‡Ø ÆàØäàº Łıæýíý. ¨Øìä ÆŁä
2 Æîºîí 3 äóªààð ‡å‡‡äŁØí æòàíäàðò ıàçàØºòßª 1 ä‡ªýýð ‡åŁØí æòàíäàðò ıàçàØºòòàØ ıàðü-
öóóºàıàä ıàðªàºçàí 2 Æîºîí 3 äàıŁí Łıýæªýæýí (Õ‡æíýªò 5.1-ßí 7-8 äóªààð ì°ð).

2-äóªààð ‡å (4�10 æŁº‡‡ä) : 2-äóªààð ‡åä ıàðªàºçàı ŒîìïàíŁóäßí æŁªíýæýí ‡ðæ‡‡-
ºýª÷ŁäŁØª Õ‡æíýªò 5.1-ßí 5-äóªààð ì°ð°íä ıàðóóºæàí. ¨Øìä Bank of America-ŁØí 2-
äóªààð ‡åä ıàðªàºçàı íîîªäîº àłªŁØí ‡æðýºòŁØí æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í‡‡ä Y (2)

2 �
N

�
2:397� 0:103; (2 � 0:029)2

�
= N

�
0:248; 0:0592�

òàðıàºòòàØ.
3-äóªààð ‡å (3 Æîºîí ò‡‡íýýæ ıîØłıŁ æŁº‡‡ä) : `Łä ‡ºäýªäýº ıÿìäðóóºàºòßí ı‡÷Łí

ç‡ØºŁØí í°º°°ª °°ðò°° òóæªàæàí äóíäàæ ‡ðæ‡‡ºýª÷äŁØí òîîª m = 3 -ààð æîíªîí àâæàí.
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Õ‡æíýªò 3-ßí 6-äóªààð Æàªàíàíä æîíªîæîí ŒîìïàíŁóäßí 3-äóªààð ‡åä ıàðªàºçàı æŁªíý-
æýí ‡ðæ‡‡ºýª÷äŁØª ıàðóóºæàí. ÒóıàØºÆàº, PepsiCo-ŁØí 3-äóªààð ‡åä ıàðªàºçàı íîîªäîº
àłªŁØí ‡æðýºòŁØí æàíàìæàðª‡Ø ıýìæŁªäýı‡‡í‡‡ä Y (3)

3 � N
�
6:927� 0:211; (3 � 0:093)2

�
=

N
�
1:464; 0:2792�

ªýæ çàªâàð÷ºàªäàíà.

Õ‡æíýªò 5.2: ˜åôîºò ıýçýý ÷ Æîºîıª‡Ø òîıŁîºäîº
Row Parameters Johnson &

Johnson
Bank of
America

PepsiCo Boeing Avery
Dennison

2. E(P0;i ) 154.306 62.452 136.627 384.859 144.450
3. P12=31=19

0;i 145.870 35.220 136.670 325.760 130.820
4. PMC

0;i 153.886 62.477 136.442 385.302 144.003
5. LB MC

i 114.656 42.692 103.666 264.279 103.552
6. UBMC

i 196.468 85.237 171.903 522.207 190.125
7. � i 29.668 10.425 19.758 193.773 24.266
8. b3;i 0.088 0.326 0.163 0.009 0.195
9. � 4;i 0.018 0.108 0.038 0.001 0.056

ˇàðàìåòð‡‡äŁØª æîíªîæîíß äàðàà æîíªîæîí ŒîìïàíŁóäßí 0 ıóªàöààíß îíîºßí ‡íŁØª
òîîöîîºœ…. Õ‡æíýªò 5.2-ä ÆŁä Æ‡ı ŒîìïàíŁóä Łðýýä‡Øä äåôîºò Æîºîıª‡Ø ªýæ òààìàªºàæàí.
Õ‡æíýªòŁØí ıî…ðäóªààð ì°ð°íä æîíªîæîí ŒîìïàíŁóäßí îíîºßí ‡íŁØª °°ðæäŁØí çàªâàðßª
àłŁªºàí òîîöîîºæîí ‡ð ä‡íª, ªóðàâäóªààð ì°ð°íä ŒîìïàíŁóäßí 12/31/2019 °äðŁØí ıààº-
òßí ÆîäŁò ıàíłŁØª ıàðóóºæàí. 4-6 ì°ð°íä Monte-Carlo æŁìóºÿöŁØí ‡ð ä‡íª ‡ç‡‡ºýâ. Ýíä
ÆŁä 5000 óäàà æŁìóºÿöŁ ıŁØæýí. 4 ä‡ªýýð ì°ð°íä æŁìóºÿöŁØí ‡ð ä‡íªŁØí äóíäæŁØª ıà-
ðóóºæàí Æîº 5, 6 äóªààð ì°ð‡‡ä íü ŒîìïàíŁóäßí æàíàìæàðª‡Ø ‡íŁØí 95%-ŁØí Monte-Carlo
æŁìóºÿöŁØí äîîä, äýýä Łòªýı ıŁº‡‡äýä ıàðªàºçàíà. ˜îîä, äýýä ıŁºýýæ Bank of America-ŁØí
ÆîäŁò ıàíł Łòªýı çàâæàðò îðłŁıª‡Ø Æîºîı íü ıàðàªäàæ ÆàØíà. Õ‡æíýªò 5.2-ßí 7-9 ì°ð°íä
ŒîìïàíŁóäßí òýª ıóªàöààí äàıü ıàíłŁØí æòàíäàðò ıàçàØºò, skewness, kurtosis-ŁØª òîî-
öîæ ıàðóóºàâ. Skewness Æîºîí kurtosis-ŁØí ‡ð ä‡íªýýæ ıàðàıàä æîíªîæîí ŒîìïàíŁóäßí
ıóâüöààíß ıàíłŁØí òàðıàºò Õ‡æíýªò 5.3-ŁØí ıàðªàºçàı ‡ð ä‡íòýØ ıàðüöóóºàıàä Łº‡‡
íîðìàº òàðıàºòòàØ îØðîºöîî ÆàØíà.

Õ‡æíýªò 5.3: ˜åôîºòßª íýªýí ò°ðºŁØí ÌàðŒîâßí ıýºıýýªýýð çàªâàð÷Łºæàí òîıŁîºäîº
Row Parameters Johnson

&Johnson
Bank of
America

PepsiCo Boeing Avery
Dennison

2. E(P0;i ) 145.717 53.338 123.353 356.269 113.170
3. P12=31=19

0;i 145.870 35.220 136.670 325.760 130.820
4. PMC

0;i 146.061 53.427 124.165 357.645 113.630
5. LB MC

i 71.383 9.252 43.403 109.269 12.898
6. UBMC

i 194.580 82.247 171.023 512.757 183.824
7. � i 35.357 17.397 31.199 194.638 46.425
8. b3;i -0.461 -0.769 -0.997 0.137 -0.583
9. � 4;i 0.865 0.559 1.528 -0.168 -0.392

Õ‡æíýªò 5.3-ä äåôîºò Æîºîı ìàªàäºàºßª íýªýí ò°ðºŁØí ÌàðŒîâßí ıýºıýýªýýð çàª-
âàð÷Łºæàí ‡åŁØí ‡ð ä‡íª‡‡äŁØª ‡ç‡‡ºýâ. ˜åôîºò Æîºîı ìàªàäºàºßª òîîöîîºîıäîî ÆŁä
Standard&Poors [?]-ŁØí íýª æŁºŁØí łŁºæŁºòŁØí ıóâŁØª àłŁªºàæàí. Õ‡æíýªò 5.3-ŁØí 2
ì°ð°°æ ŒîìïàíŁóäßí òýª ıóªàöààíäàı îíîºßí ‡íý Õ‡æíýªò 5.2-ŁØí îíîºßí ‡íýýæ Æàªà
ÆàØªàà íü ıàðàªäàæ ÆàØíà. ˚îìïàíŁ äåôîºò Æîºæîí ‡åä ı°ð°íª° îðóóºàª÷Łä öààłäßí
íîîªäîº àłªàà àâ÷ ÷àäàıª‡Øä ı‡ðýı ó÷ðààæ Õ‡æíýªò 5.3-ŁØí îíîºßí ‡íý Õ‡æíýªò 5.2-ßí
îíîºßí ‡íýýæ Æàªà ÆàØíà. Õ‡æíýªò 5.3-ŁØí ıóâüä Monte-Carlo 95%-ŁØí Łòªýı çàâæàð °ð-
ª°æ°í ç‡‡í òàºðóó łŁºææýí Æ°ª°°ä îäîî Æ‡ı ÆîäŁò ıàíł Łòªýı çàâæðßí äîòîð ÆàØðłæàí
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ÆàØíà. ˚îìïàíŁóäßí ıàíłŁØí æòàíäàðò ıàçàØºò, kurtosis-ŁØí ìîäóº Õ‡æíýªò 5.2-ßíıààæ
Łı Æ°ª°°ä Boeing-îîæ Æóæàä ŒîìïàíŁóäßí ıóâüä ç‡‡í òàºðóó ıýºÆŁØæýí ÆàØíà. ¨Øìä ýíý
òîıŁîºäîºä Johnson & Johnson, Bank of America and PepsiCo ŒîìïàíŁóäßí ıàíłŁØí òàð-
ıàºò Õ‡æíýªò 5.2-ßí ‡ð ä‡íòýØ ıàðüöóóºàıàä °ðª°í æ‡‡ºòýØ ÆàØíà.

5.3 Õàâæðàºòóóä
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Abstract 
This paper deals with an extension of the one-period model in non-life in-
surance markets (cf. [1]) by using a transition probability matrix depending 
on some economic factors. We introduce a multi-period model and in each 
period the solvency constraints will be updated. Moreover, the model has the 
inactive state including some uninsured population. Similar results on the ex-
istence of premium equilibrium and sensitivity analysis for this model are 
presented and illustrated by numerical results.  
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Nash Equilibrium Model, Variational Inequalities, Transition Matrix, 
Non-Life Insurance Markets 

 

1. Introduction 

We consider I insurers competing in a market of n policyholders or insureds. 
Assume that the policyholders can decide either to renew the policy with the 
present insurer or switch to one of the competitors. 

According to Dutang et al. in [1], there are two non-cooperative game theory 
models in insurance markets: the Bertrand oligopoly, where insurers set premiums 
and Cournot oligopoly, where insurers choose optimal values of insurance 
coverage. Some extensions of these models have been investigated by various 
authors (see [1] and references therein). The game theoretic approach has 
received a great deal of attention by many authors, who contributed in various 
ways (see [2] [3] [4] and references therein). 

By considering a lapse and an aggregate loss models for policyholders, the 
Bertrand model of Rees et al. (cf. [5]) has been extended in [1]. They showed the 
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5. Conclusion 

In this paper, we aim to investigate an extension of the one-period model in 
non-life insurance markets (cf. [1]) by introducing a transition probability 
matrix depending on some economic factors. In the future, we concentrate on 
alternative ways of the extension including generalized Nash equilibrium (see, 
for instance [11] and [12]) formulations. Moreover, it would be interesting to 
investigate in more detail about economic factors that influence in our model. 
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1. Çàãâàðûí òîìú¼îëîë

Çàãâàðûí òàâèë

max
xj 2 Xj

Oj (x); j = 1 ; :::; N :

Çàãâàðûí ïàðàìåòð³³ä

N - Çàõ çýýëä çýý ëèéí õ³³ãýýðýý °ðñ°ëää°ã áàíêóóäûí òîî;

R - Çý ýëèéí çýðýãëýëèéí (AAA, AA+ ãýõ ìýò) òîî;
pi (	) - Ý ðñäýëèéí õ³÷èí ç³éë (ý/ç-èéí õ³÷èí ç³éë) 	 í°õö°ëä i -ð çýý ëèéí

çýðýãëýëòýé çýýë äåôîëò áîëîõ ìàã àäëàë, pi (�) ýðñ °ñä°ã ôóíêö;
� i - i -ð çý ðýãëýëòýé çýýë äåôîëò áîëñîí í°õö°ëä òóõàéí çýýëýýñ áàíêèíä ó÷ðàõ
àëäàãäàë (LGD), � i 2 (0; 1];

Li ;n - n-ð áàíêíû õóâüä i -ð çý ýëèéí çýðýãëýëòýé çýýëèéí íèéò ³ëäýãäýë;
xi ;n - n-ð áàíêíû i -ð çýðýãëýëòýé çýýëèéí õ³³;
� i ;n - n-ð áàíêíû i -ð çýýëèéí çýðýãëýëä õàðãàëçàõ õóãàðëûí öýãèéí õ³³.
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Òîõèðãîî õèéñíèé äà ðààõ öýâýð õ³³ãèéí îðë îãî

On(x) =
RX

i=1

Li ;n
�
1 � � L

i ;n(xi ;n � m(xi ;n))
�
(xi ;n � � i ;n) (1)

� L
i ;n > 0 - õ³³ãèéí ìýäðýìæèéí ïàðàìåòð;

x = ( xT
1 ; : : : ; xT

N )T - íèéò òîãëîã÷äûí çýýëèéí õ³³;

xn = ( x1;n; : : : ; xR;n)T - n-ð áàíêíû çýýëèéí çýðýãëýëòýé õîëáîîòîé õ³³í³³ä;
m(zi ;n) = 1

N � 1

P

k6= n
zi ;k - áóñàä òîãëîã÷äûí ñàíàë áîëãîæ áóé çýýëèéí õ³³í³³äèéí

äóíäàæ.
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n-ð áàíêèíä ó÷ðàõ ñàíàìñàðã³é çýýëèéí àë äà ãäàë

Qn :=
RX

i=1

mi ; nX

k=1

ei ;k ;n� i Yi ;k ;n:

mi ;n - n-ð áàíêíû õóâüä i -ð çýýëèéí ðåéòèíãòýé çýýëäýã÷èéí òîî;
Yi ;k ;n - k -ð çýýëäýã÷ äåôîëò áîëñîí áîë 1, äåôîëò áîëîîã³é áîë 0-èéã àâàõ äåôîëò

èíäèêàòîðûí ñàíàìñàðã³é õýìæèãäýõ³³í;

ei ;k ;n - ç ýýëèéí ³ëäýãäýë.

Ýðñäýëèéí õ³÷èí ç³éë 	 ³åèéí äóíäàæ àëäàãäëûí õýìæýý

E(Qnj	) :=
RX

i=1

mi ; nX

k=1

ei ;k ;n� i E(Yi ;k ;nj	) =
RX

i=1

Li ;n� i pi (	)

pi (	) = P(Yi ;k ;n = 1 j	) k = 1 ; : : : ; mi ;n - k -ð ç ýýëäýã ÷ äåôîëò áîëîõ ìàãàäëàë;

Li ;n =
mi ; nP

k=1
ei ;k ;n - íèéò çýýëèéí ³ëäýãäýë.
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Qn -èéí � ýðýìáèéí êâàíòèëèéí õóâüä îéðîëöîî òîìú¼î

q� (Qn) �
RX

i=1

Li ;n� i pi (q� (	)) ;

q� (X ) = VaR � (X ) = inf f x 2 R : P(X � x) � � g íü X ñàíàìñàðã³é
õýìæèãäýõ³³íèé � ýðýìáèéí êâàíòèëü.

�°ðèéí õ°ð°íãèéí çààãëàëòûí ñòðàòåãèéí îëîíëîã: Basel I I

X 1
n : =

�
xn 2

RY

i=1

[x i ; x i ]
�� Kn +

RX

i=1

Li ;n(xi ;n � � i ;n)(1 � en) (2)

�
RX

i=1

Li ;n� i pi (	) �
RX

i=1

Li ;n� i pi (q� (	))
�

en - áàíêíû çàðäàë;

Kn - n-ð áàíêíû êàïèòàëûí ( °°ðèéí õ°ð°íãèéí) õýìæ ýý.
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�°ðèéí õ°ð°íãèéí çààãëàëòûí ñòðàòåãèéí îëîíëîã: Basel I

X 2
n : =

�
xn 2

RY

i=1

[x i ; x i ]
�� Kn +

RX

i=1

Li ;n(xi ;n � � i ;n)(1 � en) (3)

�
RX

i=1

Li ;n� i pi (	) � c
RX

i=1

Li ;nwi

�

c - ý ðñäýëýýð æèãíýñýí àêòèâûí õóâü, c íü Basel I- 8%, Ìîíã îëáàíê- 14%;
wi - i -ð çý ýëèéí ðåéòèíãòýé çýýëèéí õóâüä ýðñäýëèéí æèí.

Exp ected Shortfall

ES � (X ) =
1

1 � �

Z 1

�
qu(X )du

ES � (X ) - óÿëäñàí (coherent) ýðñäýëèéí õýìæýýñ;
VaR � (X ) - ñóáàääèòèâ í°õöëèéã õàíãàãäàãã³é.
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Çýýëèéí áàãöûí ES-èéí õóâüä îéðîëö îî òîìú¼î

ES � (Qn) �
1

1 � �

RX

i=1

Li ;n� i

Z 1

�
pi

�
qu(	)

�
du;

hi (� ) = 1
1� �

R1
� pi [qu(	)] du íü òàñðàëòã³é, ³ë áóóðàõ ôóíê ö.

�°ðèéí õ°ð°íãèéí çààãëàëòûí ñòðàòåãèéí îëîíëîã: ES

X 3
n : =

�
xn 2

RY

i=1

[x i ; x i ]
�� Kn +

RX

i=1

Li ;n(xi ;n � � i ;n)(1 � en) (4)

�
RX

i=1

Li ;n� i pi (	) �
1

1 � �

RX

i=1

Li ;n� i

Z 1

�
pi

�
qu(	)

�
du

�
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2. Îíîëûí ³ð ä³í

�ã³³ëáýð

(1)-ýýð òîäîðõîéëîãäîõ çîðèëãûí ôóíêö, (2) ýñâýë (3) ýñâýë (4)-°°ð òîäîðõîéëîãäîõ
ò°ëá°ðèéí ÷àäâàðûí çààãëàëòóóäòàé N òîãëîã÷òîé áàíêíû òîãëîîì íü øèéäòýé
á°ã°°ä öîð ãàíö Íýøèéí õ³³ãèéí òýíöâýðèéí öýãòýé áàéíà.

�ã³³ëáýð

x � íü N òîãëîã÷òîé Basel I I áàíêíû òîãëîîìûí òýíöâýðò çýýëèéí õ³³í³³ä áàéã.
Òýãâýë,
1 Basel I I °°ðèéí õ°ð°íãèéí õ³ðýëöýýíèé çààãëàëòûí í°õö°ëä n-ð òîãëîã÷èä
õàðãàëçàõ çýýëèéí òýíöâýðò õ³³ x �

k ;n 2 ]xk ; xk [ íü çàãâàðûí ïàðàìåòð³³äýýñ äîîðõ
áàéäëààð õàìààðíà:
(i) òýíöâýðò çýýëèéí õ³³ áàíêíû çàðäàë en , äåôîëò áîëîõîä áàíêèíä ó÷ðàõ
àëäàãäëûí õóâü � i , ýðñäýëèé í õ³÷è í ç³éë 	 áà èòãýõ ò³âøèí � °ñ°õ°ä (áóóðàõàä)
äàãàæ °ñ°õ (áóóðàõ) áîë

(ii) ìýä ðýìæèéí ïàðàìåòð � L
i ;n áîëîí Kn êà ïèòàë °ñ°õ°ä (áóóðàõàä) áóóðíà (°ñí°).

2 Õýðýâ °°ðèéí õ°ð°íãèéí õ³ðýëöýýíèé çààãëàëò èäýâõèã³é áîë òýíöâýðò õ³³ íü
äàðààõ ñèñòåì òýãøèòãýëèéí øèéä áàéíà:

M � x � = v;
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Ñàíàìæ

Áàíêíû çàõ çýýëä íèéò S òîîíû õàäãàëàìæèéí á³òýýãäýõ³³í (õàðèëöàõ, õóãàöààã³é
õàäãàëàìæ ãýõ ìýò) ñàíàë áîëãîäîã, j -ð õàäãàëàìæèéí á³òýýãäýõ³³íèé õýìæýý Dj ;n

áà õàðãàëçàõ õ³³ íü yj ;n áàéã. Òýãâýë òîõèðãîî õèéñíèé äàðààõ öýâýð õ³³ãèéí îðëîãî
äàðààõ õýëáýðòýé:

On(x; y) =
RX

i=1

Li ;n
�
1 � � L

i ;n(xi ;n � m(xi ;n))
�
xi ;n �

SX

j =1

Dj ;n
�
1 + � D

j ;n(yj ;n � m(yj ;n))
�
yj ;n;

� L
i ;n > 0, � D

j ;n > 0 íü õàðãàëçàí çýýëèéí áîëîí õàäãàëàìæèéí õ³³íèé
ìýäðýìæèéí ïàðàìå òð³³ä;

y = ( yT
1 ; : : : ; yT

N )T íü íèéò òîãëîã÷äûí õàäãàëàìæèéí õ³³;

yn = ( y1;n; : : : ; yS;n)T íü n-ä³ãýýð áàíêíû õàäã àëàìæèéí á³òýýãäýõ³³íä õàðãàëçàõ
õ³³í³³ä.
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Òóõàéëáàë, Basel I I ò°ëá°ðèéí ÷àäâàðûí çààãëàëò äàðààõ õýëáýðòýé áè÷èãäýíý:

g1
n (xn; yn) = Kn +

RX

i=1

Li ;nxi ;n(1 � eL
n ) �

SX

j =1

Dj ;nyj ;n(1 + eD
n )

�
RX

i=1

Li ;n� i pi (	) �
RX

i=1

Li ;n� i pi (q� (	)) ;

eL
n - çýýëòýé õîëáîîòîé çàðäàë;

eD
n - õàäãàëàìæòàé õîëáîîòîé çàðäàë.
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Ñàíàìæ

1 Basel I, ES °°ðèéí õ°ð°íãèéí õ³ðýëöýý íèé çààãëàëòòàé áàíêíû Íýøèéí
òîãëîîìûí õóâüä èæèë ³ð ä³íã òîìú¼îëæ áîëíî.

2 Çîðèëãûí ôóíêöýä òîõèðãîî õèéñíèé äàðààõ çýýëýýñ õ³ëýýãäýæ áóé àëäàãäëûã
íýìáýë äàðààõ áàéäëààð áè÷èãäýíý:

On(x; y) =
RX

i=1

Li ;n
�
1 � � L

i ;n(xi ;n � m(xi ;n))
�
(xi ;n � � i ;n � � i pi (	))

Ýíý òîõèîëäîëä °°ðèéí õ°ð°íãèéí çààãëàëò èäýâõã³é áàéñàí ÷ òýíöâýðò õ³³
äåôîëò áîëîõ ìàãàäëàë pi (	) áîëîí LGD � i -ýýñ õàìààðíà.
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3. Òîî í òóðøèëò

Õ³ñíýãò : Ñîíãîí àâñàí áàíêóóäûí ãîë ³ç³³ëýëò³³ä

Çýýë �Õ �Õ/Çýýë ÝÆÀ% ÝÆÀ ÇÕÎ% ÕÇ% Çàðä

Áàíê1 3109.8 521.2 16.76% 14.60% 3569.7 11.78% 10.58% -1.57%

Áàíê2 1753.3 208.2 11.87% 15.63% 1331.8 14.77% 11.80% 6.46%

Áàíê3 383.9 81.0 21.10% 17.41% 465.3 14.26% 12.12% 26.04%

2018 îíû IV óëèðëûí ³ç³³ëýëò³³ä

Õ³ñíýãò: Ïàðàìåòðèéí ³íýëýëò

� i � i � i � 2
i � i

BBB -3.089 0.428 0.226% 0.002% 0.602%

BB -2.534 0.390 0.911% 0.020% 1.253%

B -1.831 0.396 4.436% 0.340% 3.385%

"2017 Annual Global Corp orate Default Study and Rating Transiti ons"

1981-2017 îíû äåôîëò õóâèéã àøèãëàñàí

pi (	) = �( � i + � i 	) -Probit Normal çàãâàð
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Õ³ñíýãò: Ýäèéí çàñãèéí í°õöë³³ä äýõ äåôîëò áîëîõ ìàãàäëàëóóä

	 -2 -1 0 1 2 3 4 q0:999 = 3 :09
BBB 0.00% 0.02% 0.10% 0.39% 1.28% 3.55% 8.42% 3.86%

BB 0.05% 0.17% 0.56% 1.60% 3.97% 8.62% 16.48% 9.18%

B 0.44% 1.30% 3.36% 7.57% 14.93% 25.99% 40.21% 27.16%
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Õ³ñíýã ò: Òýíöâýðò õ³³ãèéí òîîöîîëîë

Bis-I I 1 Bis-I I 3 Bis-I I 4 Bis-I I 5 Bis-I I 6 Bis-I I 7 Bis-I I 8 Bis-I I 10

s1 30% 30% 30% 30% 30% 30% 30% 30%

s2 40% 40% 40% 40% 40% 40% 40% 40%

s3 30% 30% 30% 30% 30% 30% 30% 30%

K 1 1 1 1 1 1 1 1.5

� 30 30 30 30 30 30 40 30

� 0% 0% 0% 0% -1% 1% 0% 0%

	 0 4 4 4 4 4 0 4

� 99.9% 99.9% 99.0% 99.0% 99.9% 99.9% 99.9% 99.9%

� 60% 60% 60% 40% 60% 60% 60% 60%

x �
1;1 0.1447 0.1649 0.1544 0.1447 0.1549 0.1749 0.1363 0.1447

x �
2;1 0.1447 0.1649 0.1544 0.1447 0.1549 0.1749 0.1363 0.1447

x �
3;1 0.1447 0.1649 0.1544 0.1447 0.1549 0.1749 0.1363 0.1447

x �
1;2 0.1495 0.2103 0.1787 0.1495 0.2003 0.2203 0.1412 0.1495

x �
2;2 0.1495 0.2103 0.1787 0.1495 0.2003 0.2203 0.1412 0.1495

x �
3;2 0.1495 0.2103 0.1787 0.1495 0.2003 0.2203 0.1412 0.1495

x �
1;3 0.1508 0.1711 0.1605 0.1508 0.1610 0.1811 0.1425 0.1508

x �
2;3 0.1508 0.1711 0.1605 0.1508 0.1611 0.1811 0.1425 0.1508

x �
3;3 0.1508 0.1711 0.1605 0.1508 0.1610 0.1811 0.1425 0.1508
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Õ³ñíýã ò: Òýíöâýðò õ³³ãèéí òîîöîîëîë

Bis-I I 13 Bis-I I 14 Bis-I I 15 Bis-I I 16 ES 1 ES 2 ES 3 ES 4

s1 98% 1% 30% 30% 30% 30% 30% 30%

s2 1% 1% 40% 40% 40% 40% 40% 40%

s3 1% 98% 30% 30% 30% 30% 30% 30%

K 1 1 1 1 1 1 1 1

� 30 30 50-40-20 50-40-20 30 30 50-40-20 50-40-20

� 0% 0% 0% 0% 0% 0% 0% 0%

	 0 4 0 4 0 4 0 4

� 99.9% 99.9% 99.9% 99.9% 99.9% 99.9% 99.9% 99.9%

� 60% 60% 60% 60% 60% 60% 60% 60%

x �
1;1 0.1447 0.3367 0.1313 0.1449 0.1447 0.1699 0.1313 0.1481

x �
2;1 0.1446 0.3367 0.1363 0.1533 0.1447 0.1699 0.1363 0.1573

x �
3;1 0.1446 0.3367 0.1613 0.1952 0.1447 0.1699 0.1613 0.2032

x �
1;2 0.1495 0.4172 0.1362 0.1769 0.1495 0.2252 0.1362 0.1865

x �
2;2 0.1495 0.4172 0.1412 0.1921 0.1495 0.2252 0.1412 0.2041

x �
3;2 0.1495 0.4172 0.1662 0.2679 0.1495 0.2252 0.1662 0.2920

x �
1;3 0.1508 0.3745 0.1375 0.1510 0.1508 0.1760 0.1375 0.1542

x �
2;3 0.1507 0.3745 0.1425 0.1594 0.1508 0.1760 0.1425 0.1634

x �
3;3 0.1507 0.3745 0.1675 0.2014 0.1508 0.1760 0.1675 0.2094
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Õ³ñíýã ò: Òýíöâýðò õ³³ãèéí òîîöîîëîë

Bis-I 14%
1 Bis-I 14%

2 Bis-I 14%
3 Bis-I 14%

4 Bis-I 12%
5 Bis-I 12%

6 Bis-I 8%
7 Bis-I 8%

8
s1 30% 30% 30% 30% 30% 30% 30% 30%

s2 40% 40% 40% 40% 40% 40% 40% 40%

s3 30% 30% 30% 30% 30% 30% 30% 30%

K 1 1 1 1 1 1 1 1

� 50-40-20 50-40-20 30 30 50-40-20 30 50-40-20 30

� 0% 0% 0% 0% 0% 0% 0% 0%

	 0 4 0 4 4 4 4 4

� 99.9% 99.9% 99.9% 99.9% 99.9% 99.9% 99.9% 99.9%

� 60% 60% 60% 60% 60% 60% 60% 60%

x �
1;1 0.1313 0.1861 0.1447 0.2272 0.1712 0.2041 0.1413 0.1588

x �
2;1 0.1363 0.2048 0.1447 0.2272 0.1861 0.2041 0.1488 0.1588

x �
3;1 0.1613 0.2982 0.1447 0.2272 0.2609 0.2041 0.1863 0.1588

x �
1;2 0.1362 0.1965 0.1495 0.2407 0.1860 0.2244 0.1651 0.1919

x �
2;2 0.1412 0.2166 0.1495 0.2407 0.2035 0.2244 0.1773 0.1919

x �
3;2 0.1662 0.3170 0.1495 0.2407 0.2908 0.2244 0.2384 0.1919

x �
1;3 0.1375 0.1946 0.1508 0.2371 0.1735 0.2043 0.1472 0.1649

x �
2;3 0.1425 0.2139 0.1508 0.2371 0.1875 0.2043 0.1546 0.1649

x �
3;3 0.1675 0.3104 0.1508 0.2371 0.2575 0.2043 0.1918 0.1649
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Õ³ñíýãò: Çîðèëãûí ôóíêöýä çýýëèéí àëäàãäëûã íýìñýí ³åèéí çýýëèéí õ³³ãèéí òîîöîîëîë

Bis-I I 1 Bis-I I 2 Bis-I I 3 Bis-I I 4 Bis-I I 5 Bis-I I 6

s1 30% 30% 30% 30% 30% 30%

s2 40% 40% 40% 40% 40% 40%

s3 30% 30% 30% 30% 30% 30%

K 1 1 1 1 1 1

� 30 30 30 30 30 30

� 0% 0% 0% 0% 0% 0%

	 0 2 -2 0 2 -2

� 99.9% 99.9% 99.9% 99.9% 99.9% 99.9%

� 60% 60% 60% 30% 30% 30%

x �
1;1 0.1453 0.1523 0.1447 0.1450 0.1485 0.1447

x �
2;1 0.1480 0.1685 0.1449 0.1463 0.1566 0.1448

x �
3;1 0.1648 0.2343 0.1473 0.1547 0.1895 0.1460

x �
1;2 0.1501 0.1572 0.1496 0.1498 0.1534 0.1495

x �
2;2 0.1529 0.1733 0.1498 0.1512 0.1614 0.1497

x �
3;2 0.1697 0.2391 0.1522 0.1596 0.1943 0.1508

x �
1;3 0.1514 0.1585 0.1508 0.1511 0.1546 0.1508

x �
2;3 0.1542 0.1746 0.1511 0.1525 0.1627 0.1510

x �
3;3 0.1710 0.2404 0.1534 0.1609 0.1956 0.1521
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Ä³ãíýëò

Áàíêíû çàõ çýýëä °°ðèéí õ°ð°íãèéí çààãëàëòûí ñòðàòåãèéí îëîíëîã á³õèé
òîãëîîìûí îíîëûí çàãâàðûã àíõ óäàà òîìú¼îëæ, îíîëûí ³ð ä³íã òóðøèëòààð
áàòàëãààæóóëñàí.

Ýäèéí çàñàã ñàéí áóþó õýâèéí (	 � 0) ³åä Basel I, Basel I I, ES çààãëàëòòàé
çàãâàðóóä èæèë ³ð ä³íã °ã÷ áàéíà.

Ýäèéí çàñàã ýðñ ìóóäñàí 	 = 4 > q0:999(	) = 3 :09 ³åä áàíêóóä °°ðèéí õ°ð°íã°°
íýìýãä³³ëýýã³é ³åä ò°â áàíêíààñ øààðäñàí °°ðèéí õ°ð°íãèéí õ³ðýëöýýã
õàíãàõûí òóëä çýýëèéí õ³³ã ýý °ñã°õ°°ñ °°ð àðãàã³éä õ³ð÷ áàéíà.

Ýäèéí çàñàã ýðñ ìóóäñàí ³åä áàíêóóäûí õóâüä õàíãàõàä õàìãèéí õýö³³ °°ðèéí
õ°ð°íãèéí çààãëàëò íü 14%-èéí Basel-I, óäààõ çààãëàëò íü E S, õàðèí õàìãèéí
ãàéã³é çààãëàëò íü Basel-I I áàéíà.

Çýýëèéí õ³³ã áóóðóóëàõûí òóëä çýýëèéí õ³³ãèéí çàðäàë áóþó õàäãàëàìæèéí
õ³³ã áóóðóóëàõ øààðäëàãàòàé.

Çýýë, õàäãàëàìæèéí õ³³íèé °ðñ°ëä°°íèé çàãâàðûí õóâüä õàäãàëàìæèéí õ³³íä
äýýä çààã òàâèõ çàìààð áàíêóóäûí òýíöâýðò çýýëèéí õ³³ã òîäîðõîéëæ áîëíî.
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1. Introduction

The GNEP is the extension of the classical Nash equilibrium problem
(NEP) in which each player’s strategy set depends on the rival player’s
strategies. Since the mid-1990s many e�orts have been devoted to the
investigation of GNEP (see [4; 9; 11; 13]), because it has many interesting
applications in the �elds of economics, operational research and engineering.
For instance, Wei and Smeers [15] formulated oligopolistic electricity models
as GNEPs. Pang and Fukushima [10] considered a GNEP from multi-
leader-follower games.

It is well-known that in the classic NEP to each player corresponds
convex programming problem, and it can be reduced to a variational in-
equality problem (VIP). This formulation provides a powerful theoretical
and computational framework [8] for the solution of the classical NEP. On
the other hand, the GNEP can be reduced to a quasi-variational inequality
problem (QVI) ( see [12]). Unfortunately, comparing the VIP, there are
few methods available for solving a QVI e�ciently.

In recent years, the penalty function methods which are based on elim-
inating the di�cult coupling constraints in the GNEP have been attracted
by many researchers. Recently, Fukushima and Pang [10] proposed a se-
quential penalty approach to GNEP, which is reduced the GNEP to smooth
NEP’s for values of penalty parameter increasing to in�nity. Facchinei and
Pang [6] proposed the exact penalization techniques whereby the GNEP is
reduced to the solution of a single nonsmooth NEP with a �nite value of the
penalty parameter. More recently, Facchinei and Lampariello [7] proposed
the partial penalization techniques to GNEP with coupling constraints.

On the other hand, from a practical point of view, it is important to
�nd possible many solutions of GNEP (see [1] and [14]).

In this paper, we consider the GNEP with coupling and shared con-
straints, and aim to show how an exact penalty approach can be related
to conjugate duality in convex optimization for GNEP. After penalizing
only the coupling constraints, the problem reduces to the penalized GNEP
with shared constraints. Analyzing special perturbation function and the
formulating optimality conditions for corresponding dual problem, one gets
the parameterized variational inequality problem which allows us to �nd
possible many solutions for GNEP.

This paper is organized as follows. The next section deals with an exact
penalty approach for GNEP with coupling and shared constraints. In Sec-
tion 3,4 we obtain the parameterized variational inequality problem based
on necessary optimality conditions for primal-dual problems for solving
GNEP and show some numerical results.

¨çâåæòŁÿ ¨ðŒóòæŒîªî ªîæóäàðæòâåííîªî óíŁâåðæŁòåòà.
2020. Ò. 32. ÑåðŁÿ ¾ÌàòåìàòŁŒà¿. Ñ. 3�16



GENERALIZED NASH EQUILIBRIUM PROBLEMS WITH CONSTRAINS 5

2. Problem formulation and penalty function approach

The GNEP consists ofN players, and each player’s strategy set depends
on rival players’ strategies. Let xk 2 Rnk ; nk 2 N be a player k’s strategy

and x := ( x1; x2; ::::; xN ) 2 Rn ; n :=
NP

k=1
nk : By x � k denotes all players’

strategies except those of playerk; i.e., x � k := ( xk0)N
k0=1 ;k06= k 2 Rn � k ; and

n� k := n � nk : Let � k : Rn ! R; k = 1; N; be continuously, di�erentiable
functions such that � k is convex with respect tok-th variable. Assume that
functions hk : Rn ! Rmk ; k = 1; N; are vector-valued convex with respect
to k-th variable, and g : Rn ! Rl is a vector-valued convex function. We
consider the GNEP which consists in �nding �x = (�x1; :::; �xN ) 2 Rn such
that each player’s strategy �xk 2 Rnk ; k = 1; N is a solution to the problem

Pk (�x � k ) inf
xk

� k (xk ; �x � k )

s.t. hk (xk ; �x � k ) �
mk

0;

g(xk ; �x � k ) �
l

0;

which is the GNEP with coupling and shared constraints. For any x; y 2
Rs; x �

s
y means

y � x 2 Rs
+ := f z = ( z1; :::; zs) 2 Rsj zi � 0; i = 1; sg:

Using the notation l+ = max( l; 0) for a given function l : Rs ! R; the exact
penalty function is de�ned by

kc+ (x)k :=
sX

i =1

c+
i (x);

where c : Rn ! Rs; c(x) = ( c1(x); :::; cs(x)) ; and x 2 Rn . Then the
GNEP reduces to the problem GNEPpen which consists in �nding �x =
(�x1; :::; �xN ) 2 Rn such that each player’s strategy �xk 2 Rnk ; k = 1; N is a
solution to the penalized problem

Pk;p(�x � k ) inf
xk

�
� k (xk ; �x � k ) + � k � kh+

k (xk ; �x � k )k
�

s.t. g(xk ; �x � k ) �
l

0;

which turns out to the penalized GNEP with shared constraints and nons-
mooth cost functions (see [1]), where� k � 0; k = 1; N; are parameters.
Introducing auxiliary variables y = ( y1; :::; yN ); yk 2 Rmk ; k = 1; N; let us
consider the problem GNEPaux consists in �nding (�x; �y) 2 Rn � Rm ; m =
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m1 + � � � + mN such that (�xk ; �yk ) 2 Rnk � Rmk ; k = 1; N is a solution to
the problem (cf. [3])

ePk;p(�x � k ) inf
(xk ;yk )

�
� k (xk ; �x � k ) + � k

mkX

j =1

yk;j
�

s.t. g(xk ; �x � k ) �
l

0;

hk (xk ; �x � k ) � yk �
mk

0;

0 �
mk

yk ;

where yk := ( yk;1; :::; yk;m k )T 2 Rmk :

Proposition 1. For a �xed x � k 2 Rn � k ; k = 1; N; it holds

v(Pk;p(x � k )) = v( ePk;p(x � k )) ;

where byv(P ) we denote the optimal value of the problem(P ):

Proof. Let x � k 2 Rn � k be �xed and xk 2 Rnk be feasible to the problem
Pk;p(x � k ): Denoting yk;j = h+

k;j (xk ; x � k ) implies that yk;j � hk;j (xk ; x � k )
and yk;j � 0; j = 1; mk : Whence (xk ; yk ) is feasible to the problem
ePk;p(x � k ); where yk = ( yk;1; :::; yk;m k ) and

hk (xk ; x � k ) = ( hk;1(xk ; x � k ); :::; hk;m k (xk ; x � k )) :

Consequently, we have

� k (xk ; x � k ) + � kkh+
k (xk ; x � k )k

= � k (xk ; x � k ) + � k

mkX

j =1

h+
k;j (xk ; x � k )

= � k (xk ; x � k ) + � k

mkX

j =1

yk;j � v( ePk;p(x � k )) :

Taking the in�mum over all ( xk ; yk ) in the left side of the inequality, one
gets v(Pk;p(x � k )) � v( ePk;p(x � k )) :

Conversely, let (xk ; yk ) be feasible to problem ePk;p(x � k ): Sincexk is feasible
to Pk;p(x � k ); we obtain that

v(Pk;p(x � k )) � � k (xk ; x � k ) + � k

mkX

j =1

h+
k;j (xk ; x � k )

� � k (xk ; x � k ) + � k

mkX

j =1

yk;j :

¨çâåæòŁÿ ¨ðŒóòæŒîªî ªîæóäàðæòâåííîªî óíŁâåðæŁòåòà.
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Taking the in�mum over all ( xk ; yk ) in the right side of the inequality, one
gets v(Pk;p(x � k )) � v( ePk;j (x � k )) : In conclusion, we have

v(Pk;p(x � k )) = v( ePk;p(x � k )) :

3. Parameterized variational inequality via duality and
optimality conditions

Duality theory plays important role in convex optimization. For the
excellent comprehensive survey dealing with conjugate duality we refer to
[2]. Before go into detail, let us give a short summary about conjugate
duality. Let X � Rn be a nonempty set andf : Rn ! R; g = ( g1; :::; gm )T :
Rn ! Rm be given functions. Let us consider the optimization problem

(P ) inf
x2 G

f (x); G = f x 2 X j g(x) �
m

0g:

We consider the function � : Rn � Rm ! R ful�lling �( x; 0) = f (x) for
all x 2 Rn : The function � is the so-called perturbation function of the
problem (P ). One can obtain so-called perturbed problem

(Py) inf
x2 Rn

�( x; y):

The conjugate dual problem to (Py) can be now formulated as being

(D ) sup
p2 Rm

n
� � � (0; p)

o
;

where � � : Rn � Rm ! R is the conjugate function of � : The conjugate
function of a given function h : Rl ! R is de�ned by

h� (p) := sup
x2 Rl

[pT x � h(x)]:

Between the primal and the dual problems weak duality always holds, i.e.,

�1 < sup(D ) � inf(P ) < + 1 :

In [2], di�erent dual problems based on special perturbation functions have
been investigated. Moreover, the strong duality results and optimality
conditions have been proved.
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Let us now consider a dual problem to Pk (x � k ) for a �xed x � k 2
Rn � k ; k = 1; N: In association with problem ePk;p(x � k ); one can introduce
the perturbation function by

� k (xk ; x � k ; yk ) =

8
>>>>><

>>>>>:

� k (xk ; x � k ) + � k
mkP

j =1
ykj ; if g(xk ; x � k ) �

l
0;

hk (xk ; x � k ) � yk �
mk

0;

+ 1 ; otherwise.

Then the corresponding conjugate function becomes

� �
k (pk ; x � k ; qk ) = sup

xk 2 Rn k
yk 2 Rm k

[pT
k xk + qT

k yk � �( xk ; x � k ; yk )]

= sup
g(xk ;x � k ) �

l
0

hk (xk ;x � k ) � yk �
m k

0

[pT
k xk + qT

k yk � � k (xk ; x � k ) � � k

mkX

j =1

ykj ];

where pk ; qk 2 Rk are the perturbation variables. Taking zk instead of yk ;
by zk = hk (xk ; x � k ) � yk ; and using the notation ek = (1 ; :::; 1)T 2 Rmk ; we
have

� �
k (pk ; x � k ; qk ) = sup

g(xk ;x � k ) �
l

0

zk �
m k

0

[pT
k xk + qk

T hk (xk ; x � k ) � qk
T zk

� � k (xk ; x � k ) � � kek
T hk (xk ; x � k ) + � kek

T zk ]
= sup

g(xk ;x � k ) �
l

0
[pT

k xk + qk
T hk (xk ; x � k ) � � k (xk ; x � k )

� � kek
T hk (xk ; x � k )] + sup

zk �
m k

0
(� kek � qk )T zk :

Taking the �rst variable by zero, it holds

� �
k (0; x � k ; qk ) = sup

g(xk ;x � k ) �
l

0
[qk

T hk (xk ; x � k )

� � k (xk ; x � k ) � � kek
T hk (xk ; x � k )] + sup

zk �
m k

0
(� kek � qk )T zk :

Since

sup
zk �

m k
0
(� kek � qk )T zk =

(
0; � kek � qk �

mk
0;

+ 1 ; otherwise,

¨çâåæòŁÿ ¨ðŒóòæŒîªî ªîæóäàðæòâåííîªî óíŁâåðæŁòåòà.
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the dual problem for Pk (x � k ) can be written as

Dk (x � k ) sup
qk 2 Rm k

[� � �
k (0; x � k ; qk )]

= sup
� k ek � qk �

m k
0

n
� sup

g(xk ;x � k ) �
l

0
[qk

T hk (xk ; x � k ) � � k (xk ; x � k )

� � keT
k hk (xk ; x � k )]

o

= sup
� k ek � qk �

m k
0

inf
g(xk ;x � k ) �

l
0
[� k (xk ; x � k ) + ( � kek � qk )T hk (xk ; x � k )]:

Remark 1. Since the perturbation in the objective function is linear, it
turns out to be the Lagrange duality with penalty parameters.

Now we formulate the su�cient condition for the primal-dual pair Pk (x � k )
and Dk (x � k ) as follows (cf. [2]):

Proposition 2. Let x � k 2 Rn � k ; k = 1; N be �xed. If �xk 2 Ck (�x � k ) :=
f xk 2 Rnk j g(xk ; �x � k ) �

l
0g; ( �� k ; �qk ) 2 R+ � Rmk such that �� kek � �qk �

mk
0

and satisfy conditions
(i)

� k (�xk ; �x � k ) + (�� kek � �qk )T hk (�xk ; �x � k )
= inf

xk 2 Ck (�x � k )
[� k (xk ; �x � k ) + (�� kek � �qk )T hk (xk ; �x � k )];

(ii) ( �� kek � �qk )T hk (�xk ; �x � k ) = 0 ;
then �xk is an optimal solution to Pk (x � k ); �qk is an optimal solution to
Dk (x � k ); respectively.

Proof. Let �x � k 2 Rn � k be �xed. By ( i ) and (ii ); we obtain that

v(Dk (�x � k )) � inf
xk 2 Ck (�x � k )

[� k (xk ; �x � k ) + (�� kek � �qk )T hk (xk ; �x � k )]

= � k (�xk ; �x � k ) � v(Pk (�x � k ))

and taking into account the weak duality, the strong duality is ful�lled
which leads to the expected conclusion.

Remark that the condition ( i ) in Proposition 2 can be rewritten as

� k (�xk ; �x � k ) + (�� kek � �qk )T hk (�xk ; �x � k ) + � Ck (�x � k ) (�xk )

= inf
xk 2 Rn k

[� k (xk ; �x � k ) + (�� kek � �qk )T hk (xk ; �x � k ) + � Ck (�x � k ) (xk )];



10 L. ALTANGEREL, G. BATTUR

where the indicator function of a set D � Rs is de�ned by

� D : Rs ! R; � D (x) =
n 0; ifx 2 X

+ 1 ; otherwise:

Let the functions � k ; hk ; k 2 f 1; :::; N g be di�erentiable. Then for each
k 2 f 1; :::; N g the above condition becomes equivalently

0 2 @(� k (�xk ; �x � k ) + (�� kek � �qk )T hk (�xk ; �x � k ) + � Ck (�x � k ) (�xk ))

= r � k (�xk ; �x � k ) + (�� kek � �qk )T � r hk (�xk ; �x � k ) + NCk (�x � k ) (�xk );

where the subdi�erential of a function h : Rs ! R at x 2 Rs is the set

@h(x) =
n

p 2 Rsj f (y) � f (x) � pT (y � x); 8y 2 Rs
o

and ND = @�D which is called a normal cone of a given setD � Rs:
On the other hand, the above inclusion reduces into the following vari-

ational inequality problem for k 2 f 1; :::; N g :

(V I k
�;q )hr � k (�xk ; �x � k )+(�� kek � �qk )T r hk (�xk ; �x � k ); xk � �xk i � 0; 8xk 2 Ck (�x � k ):

Introducing the function F�;q : Rn ! Rn by

F�;q (x) :=
�

r � k (�xk ; �x � k ) + (�� kek � �qk )T r hk (�xk ; �x � k )
� N

k=1
;

we have the following parameterized variational inequality problem of �nd-
ing �x 2 G such that

(V I �;q ) hF�;q (�x); x � �x i � 0; 8x 2 G;

where x 2 Rn and G := f x 2 Rn j g(xk ; x � k ) �
l

0g:

The following assertion deals with relationships between problems (V I k
�;q )

and (V I �;q ):

Proposition 3. Let �� k � and �qk 2 Rmk ; k = 1; N be �xed. For each
k = 1; N and for a �xed �x � k 2 Rn � k ; �xk is a solution to the problemV I k

��; �q
if and only if �x = (�x1; :::; �xN ) is a solution to V I ��; �q:

Proof. If for each k = 1; N and for a �xed �x � k 2 Rn � k ; �xk is a solution to
the problem V I k

��; �q; then summing all variational inequalities, it holds

NX

k=1

hr � k (�xk ; �x � k ) + (�� kek � �qk )T r hk (�xk ; �x � k ); xk � �xk i � 0;

8x = ( x1; :::; xN ) 2
NY

k=1

Ck (�x � k ) = G:

¨çâåæòŁÿ ¨ðŒóòæŒîªî ªîæóäàðæòâåííîªî óíŁâåðæŁòåòà.
2020. Ò. 32. ÑåðŁÿ ¾ÌàòåìàòŁŒà¿. Ñ. 3�16
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In other words, �x = (�x1; :::; �xN ) is a solution of V I ��; �q:

Conversely, let �x be a solution of V I ��; �q: Assume that 9j 2 f 1; :::; N g and
ex j 2 Rn j such that

hr � j (�x j ; �x � j ) + (�� j ek � �qj )T r hj (�x j ; �x � j ); ex j � �x j i < 0:

Setting ex = (�x1; :::; �x j � 1; ex j ; �x j +1 ; :::; �xN ) in V I ��; �q; it holds

hr � j (�x j ; �x � j ) + (�� j ek � �qj )T r hj (�x j ; �x � j ); ex j � �x j i � 0;

which leads to a contradiction. Therefore for eachk 2 f 1; :::; N g; �xk is a
solution of V I k

��; �q:

Theorem 1. Let �q = (�q1; �q2; � � � ; �qN ) 2 Rm be �xed, and choose �� =
(�� 1; :::; �� N ) such that �� k � max

j =1 ;m k
�qkj : If �x = (�xk ; �x � k ) 2 Rn is a solution to

the problem(V I ��; �q) and for eachk = 1; N; the conditions

hk (xk ; x � k ) � qmk 0; and ( �� kek � �qk )T � hk (�xk ; �x � k ) = 0 ; (3.1)

are ful�lled, then �x is a generalized Nash equilibrium point, i.e., for each
k = 1; N; �xk solves the problemPk (�x � k ):

Proof. According to the choice of �� k ; and by assumptions for eachk = 1; N;
�xk and �qk are feasible to problemsPk (�x � k ) and Dk (�x � k ); respectively. On
the other hand, since �x 2 Rn is a solution to the problem (V I ��; �q); the
conditions (i ) � (ii ) are ful�lled, and this means that by Proposition 2, for
eachk = 1; N; �xk solves the problemPk (�x � k ):

Based on the above theorem, let us summarize how to �nd a solution of
GNEP with coupling and shared constraints.

Let �q = (�q1; �q2; � � � ; �qN ) 2 Rm be a �xed parameter.

1) Choose �� = (�� 1; :::; �� N ) such that �� k � max
j =1 ;m k

�qkj :

2) Solve the variational inequality problem (V I ��; �q) and let �x be the solu-
tion of (V I ��; �q):

3) If the conditions (3.1) are ful�lled, then �x is GNE point, otherwise,
choose parameter �q and Goto 1.

Remark 2. If we choose �� = (�� 1; :::; �� N ) such that �� k = max
j = 1;m k

�qkj ; then

it is obvious that the second condition in (3.1) is ful�lled.
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4. Numerical Results

In order to solve the variational inequality ( V I ��; �q); we use the hyperplane
projection method and numerical results were tested by using Matlab tools
on a Toshiba L305D 2.0Ghz processor with 3.0 GB RAM.

Example 1. ( [7]) We consider the following two players game, where
the �rst player controls the variable x 2 R and the secondy 2 R.

min
x

(x2 � 2xy)
0 � x � 1

x + y �
3
2

� 0

min
y

� 1
2

y2 + ( x � 1)y
�

0 � y � 1

We penalize the coupled constraint only for the �rst player.

minx

�
x2 � 2xy + � 1(x + y �

3
2

)+

�

0 � x � 1

miny

� 1
2

y2 + ( x � 1)y
�

0 � y � 1;

where h+ is an exact penalty function. Applying results in Section 3, we
obtain the following parameterized VIP.

hF�;q (x � ); x � x � i � 0; 8x 2 G;

where

F�q (x; y) =
�

2x � 2y + � 1 � q1
y + x � 1

�

G = f (x; y) 2 R2j 0 � x � 1; 0 � y � 1g:

We choose a penalty parameter as� 1 � q1, whereq1 is uniformly distributed
in (0; 1] and the starting point is (x0; y0) = (1 ; 3)T :

¨çâåæòŁÿ ¨ðŒóòæŒîªî ªîæóäàðæòâåííîªî óíŁâåðæŁòåòà.
2020. Ò. 32. ÑåðŁÿ ¾ÌàòåìàòŁŒà¿. Ñ. 3�16
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n time(sec) iter � 1=q1 GNE
1 0.5313 36 0/0 (0:50003; 0:500039)
2 0.5 35 1.09283/0.606843 (0:378536; 0:621536)
3 0.4844 34 1.6534/0.891299 (0:309508; 0:690575)
4 0.4844 35 0.474971/0.456468 (0:49541; 0:504682)
5 0.5000 35 1.26611/0.821407 (0:388856; 0:611217)
6 0.5313 34 1.40737/0.615432 (0:302048; 0:698035)
7 0.5313 34 1.66002/0.921813 (0:315481; 0:684603)
8 0.5156 34 0.581972/0.176266 (0:398608; 0:601471)
9 0.5156 34 1.85237/0.93547 (0:270805; 0:729275)
10 0.5625 33 1.30392/0.41027 (0:276619; 0:723462)

Table 1: Some GNE points by Parameterized VIP.

Example 2. (see [5]) Now we consider the internet switching model. There
are N players, each player having a single variablexk 2 R: The utility
functions are given by

� k (x) =
� xk

x1 + : : : + xN

�
1 �

x1 + : : : + xN

B

�
; k = 1 ; :::; N

for some constantB: The constraints are

x1 + : : : + xN � B; x k � lk

for some lower boundslk � 0: We also take the lower boundslk = 0 :01; k =
1; :::; N and N = 10; B = 1. We know that in this case the problem has a

solution �x =
� 9

100
; � � � ;

9
100

� T
: For each player, we penalize the constraints

hk (x) = � xk + 0 :01 � 0 and have the parameterized VIP with

F�q (x) = ( r xk � k (x) � (� k � qk ))10
k=1 ;

G = f x j x1 + : : : + x10 � 1g;

where

r xk � k (x) = 1 �
1

x1 + : : : + x10
+

xk

(x1 + : : : + x10)2 ;

� = ( � 1; :::; � 10); q = ( q1; :::; q10); � k > qk

and qk ; k = 1 ; :::; 10 are uniformly distributed in (0 ; 1]. We choose the
starting point as x0 = (0 ; :::; 0)T .
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n time(sec) iter �=q GNE

1 0.3750 9 � = (0 ; :::; 0)T ; q = (0 ; :::; 0)T

0

BBBBBBBBBBBBBBBBB@

0:0899953
0:0899953
0:0899953
0:0899953
0:0899953
0:0899953
0:0899953
0:0899953
0:0899953
0:0899953

1

CCCCCCCCCCCCCCCCCA

2 0.4844 14 � =

0

BBBBBBBBBBBBBBBBB@

1:21352
0:878855
0:542837
0:458195
0:982805
0:634084
1:65256
1:6656

0:711841
1:06865

1

CCCCCCCCCCCCCCCCCA

; q =

0

BBBBBBBBBBBBBBBBB@

0:561196
0:77268

0:00107337
0:00685779
0:195662
0:618563
0:890854
0:907035
0:38073
0:504078

1

CCCCCCCCCCCCCCCCCA

0

BBBBBBBBBBBBBBBBB@

0:134652
0:01

0:0241183
0:01

0:269438
0:01

0:244004
0:24087

0:01
0:0469175

1

CCCCCCCCCCCCCCCCCA

Table 2: Some GNE points by Parameterized VIP.

5. Conclusion

In this paper, we have examined a generalized Nash equilibrium problem
with coupling and shared constraints. Based on the exact penalty and
conjugate duality techniques, we reduced this problem to a parameterized
variational inequality problem which allows to �nd many GNEs. Numerical
results are given.
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Òî÷íßå łòðàôß Ł æîïðÿæåííàÿ äâîØæòâåííîæòü äºÿ
îÆîÆøåííßı çàäà÷ ðàâíîâåæŁÿ ˝ýłà æî æâÿçàííßìŁ Ł
îÆøŁìŁ îªðàíŁ÷åíŁÿìŁ

¸. Àºòàíªåðåº 1, .̂ `àòòóð 2

1˝åìåöŒî-ìîíªîºüæŒŁØ ŁíæòŁòóò ðåæóðæîâ Ł òåıíîºîªŁØ, ˝àºàØı, ÌîíªîºŁÿ
2ÌîíªîºüæŒŁØ íàöŁîíàºüíßØ óíŁâåðæŁòåò, Óºàí-`àòîð, ÌîíªîºŁÿ

ÀííîòàöŁÿ . ˛ÆîÆøåííßå çàäà÷Ł ðàâíîâåæŁÿ ˝ýłà (GNEP) Łæïîºüçóþòæÿ â
òåîðŁŁ Łªð, îïåðàöŁîííßı ŁææºåäîâàíŁÿı, òåıíŁŒå, ýŒîíîìŁŒå, à òàŒæå òåºåŒîììó-
íŁŒàöŁÿı â ïîæºåäíŁå äâà äåæÿòŁºåòŁÿ. ˛äíŁì Łç íàŁÆîºåå âàæíßı Œºàææîâ çàäà÷
GNEP ÿâºÿåòæÿ Œºàææ çàäà÷ æ æîâìåæòíî âßïóŒºßìŁ ŁºŁ îÆøŁìŁ îªðàíŁ÷åíŁÿìŁ,
ŒîòîðßØ łŁðîŒî Łçó÷àåòæÿ. ÝòŁ çàäà÷Ł æ÷Łòàþòæÿ îäíŁìŁ Łç æàìßı æºîæíßı çàäà÷
â ýòîØ îÆºàæòŁ. ˚ðîìå òîªî, äîæòàòî÷íî ìàºî ŁææºåäîâàíŁØ GNEP æ æîïðÿæåííßìŁ
Ł îÆøŁìŁ îªðàíŁ÷åíŁÿìŁ. Öåºüþ äàííîØ æòàòüŁ ÿâºÿåòæÿ ŁææºåäîâàíŁå âçàŁìîæâÿçŁ
ìåæäó ŁæïîºüçîâàíŁåì ìåòîäà òî÷íßı łòðàôîâ Ł æîïðÿæåííîØ äâîØæòâåííîæòüþ â
çàäà÷å âßïóŒºîØ îïòŁìŁçàöŁŁ äºÿ GNEP æî æâÿçàííßìŁ Ł îÆøŁìŁ îªðàíŁ÷åíŁÿìŁ.
Àâòîðß æòàòüŁ æ ïîìîøüþ íåîÆıîäŁìßı óæºîâŁØ îïòŁìàºüíîæòŁ ïîºó÷ŁºŁ ïàðàìåò-
ðŁçîâàííßå çàäà÷Ł âàðŁàöŁîííîªî íåðàâåíæòâà. —àææìîòðåííßå çàäà÷Ł ïîìîªàþò
Łææºåäîâàòü ìíîªŁå äðóªŁå îÆîÆøåííßå çàäà÷Ł ðàâíîâåæŁÿ ˝ýłà. ´ æòàòüå òàŒæå
ïðåäæòàâºåíß íåŒîòîðßå ÷Łæºåííßå ðåçóºüòàòß.

˚ºþ÷åâßå æºîâà: îÆîÆøåííßå çàäà÷Ł ðàâíîâåæŁÿ ˝ýłà, òî÷íàÿ ôóíŒöŁÿ
łòðàôà, æîïðÿæåííàÿ äâîØæòâåííîæòü, æâÿçàííßå Ł îÆøŁå îªðàíŁ÷åíŁÿ.

¸ıàìæóðýí Àºòàíªåðåº , ïðîôåææîð, ˝åìåöŒî-ìîíªîºüæŒŁØ ŁíæòŁ-
òóò ðåæóðæîâ Ł òåıíîºîªŁØ, ÌîíªîºŁÿ, ˝àºàØı, òåº.: 976-99031692,
e-mail: altangerel@gmit.edu.mn , ORCID iD https://orcid.org/0000-0001-
5521-2439

î̂ìïŁº `àòòóð , äîöåíò, ÌîíªîºüæŒŁØ íàöŁîíàºüíßØ óíŁâåðæŁòåò,
ÌîíªîºŁÿ, Óºàí-`àòîð, òåº.: 976-91017812,
e-mail: battur@seas.num.edu.mn, ORCID iD https://orcid.org/0000-0002-
0618-1071

ˇîæòóïŁºà â ðåäàŒöŁþ 09.11.2019

¨çâåæòŁÿ ¨ðŒóòæŒîªî ªîæóäàðæòâåííîªî óíŁâåðæŁòåòà.
2020. Ò. 32. ÑåðŁÿ ¾ÌàòåìàòŁŒà¿. Ñ. 3�16



Mongolian Mathematical Journal
23 (2020) 13{19

On Characterizations of Weak Sharp Minima in
Optimization Problems with Applications to

Variational Inequalities

L. Altangerel

Abstract
This paper aims to study characterizations based on conjugate functions for weak
sharp minima in convex optimization problems. Additionally, applications to variational
inequalities are presented.

1. Introduction

In association with the convergence analysis of algorithms in optimization Cromme [8],
and Polyak [14] �rst introduced the notion of sharp or strongly unique local minima in
the late 1970’s. A function f : S ! R; S � Rn is said to have a sharp minimum at �x 2 S
if there exists an � > 0 such that

f (x) � f (�x) � � kx � �xk; 8x 2 S;

where k � k is a norm in Rn :
In the case where the solution set is not necessarily a singleton, the notion of a

strongly unique solution to optimization problems was extended by Burke and Ferris [4]
in �nite-dimensional Euclidean spaces.

�S is called a set of weak sharp minima for the functionf relative to the set S � Rn

where �S � S if there exists � > 0 such that

f (x) � f (y) + �d �S (x); 8x 2 S and y 2 S;

where d �S (x) = inf
z2 �S

kx � zk: It is clear that �S is a set of global minima for f over S: Let
us also mention that the notion of weak sharp minima speci�es �rst-order growth of the
objective function away from the set of optimal solutions and has been used to unify
a number of important concepts in mathematical programming such as subdi�erential,
generalized and contingent directional derivative, tangent, and normal cone and so on.
Moreover, many optimization algorithms, such as proximal point algorithm exhibit �nite
termination at weak sharp minima. For the recent development in this direction, we refer
to [5{7,18,19].

Di�erent characterizations and their relationships for weak sharp minima in optimiza-
tion problems have been investigated by using directional derivatives, tangent cones,
and subdi�erentials. To the best of our knowledge, Z�alinescu ( [17]) used �rst conjugate
functions in order to give necessary and su�cient conditions for weak sharp minima.

2010 Mathematics Subject Classi�cation 90C25 (primary), 49J40 (secondary) .
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This approach is based on well known the Fenchel-Moreau theorem and recently applied
to the investigation of error bounds of convex inequality systems ( [3]) and weak sharp
minima in optimization problems ( [20]).

This work deals with the investigation of characterizations using conjugate func-
tions for weak sharp minima in convex optimization with applications to variational
inequalities.

The paper is structured as follows. Section 2 provides some preliminary results and
de�nitions. In section 3, we consider about weak sharp minima in optimization problems.
Section 4 presents characterizations of weak sharp minima via dual and primal gap
functions in variational inequalities.

2. Preliminaries

For a nonempty subsetS � Rn ; we denote the closure and interior ofS by cl(S) and
int( S); respectively.

The indicator function of a given set S is de�ned by � S (x) = 0 ; for x 2 S and � S (x) =
+ 1 ; for x =2 S and the conjugate function of a function h : Rn ! B = R [ f�1g is
de�ned by h� : Rn ! B; h� (p) = sup

x 2 Rn
[pT x � h(x)]; p 2 Rn : For x 2 Rn ; by dA (x) we

denote the distance fromx to A; i.e., dA (x) = inf
a2 A

kx � ak:
The tangent and normal cones to a nonempty closed convex setS at x 2 S are de�ned

by

TS (x) = cl
h [

t> 0

t(S � x)
i

and NS (x) = ( TS (x)) � ; where S� denotes the polar set ofS � Rn ; that is

NS (x) =
�

f p 2 Rn j pT (y � x) � 0; 8y 2 Sg; ; if x 2 S;
? ; otherwise:

The subdi�erential of f at x and the directional derivative of f at x in the direction d
are denoted by@f(x) and f 0(x; d) respectively.

The e�ective domain and the epigraph of a function h are dom h := f x 2 X j h(x) <
1g and epi h := f (x; r ) 2 X � Rj h(x) � r g:

{ A function h : X ! B is called proper if h(x) > �1 ; 8x 2 X and dom h 6= ? :
{ A function h : X ! B is called lower semi-continuous if epih is closed.
{ The in�mal convolution of the functions hi : X ! B; i = 1 ; :::; m; is the function

h1� � � � � fhm : X ! B de�ned by

h1� � � � � hm (x) := inf
n mX

i =1

hi (x i )j x i 2 X;
mX

i =1

x i = x
o

:

Let us recall some well-known results from convex analysis.

Proposition 1 Fenchel-Moreau. Let h : X ! B be a proper function. Thenh = h��

if and only if h convex and lower semi-continuous, whereh�� is a biconjugate ofh:
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Proposition 2. Let hi : X ! B; i = 1 ; :::; m; be proper, convex and lower semi-
continuous functions such that

mT

i =1
dom hi 6= ? : Then it holds

� mX

i =1

hi

� �
= h�

1� � � � � h�
m ;

where �h is the lower semicontinuous hull of a given functionh : X ! B; i.e., the greatest
lower semicontinuous function less than or equal toh:

3. Weak Sharp Minima in Optimization Problems

Assume that f : Rn ! B is a proper, lower semi-continuous, convex function and
G � X is a nonempty closed convex set. LetG \ dom(f ) 6= ? : We consider the following
optimization problem

(P ) inf
x 2 G

f (x):

Let us denote the solution set of problem (P ) by SP :

Definition 1. The set SP is said to be a set of weak sharp minima with modulus
� > 0 if

f (y) + � d SP (x) � f (x) 8x 2 G and y 2 SP : (3.1)

Remark 1. Let f be di�erentiable. Then SP is set of weak sharp minima if and
only if

�r f (x) 2 int
\

y2 SP

h
TG (y) \ NSP (y)

i �
; 8x 2 SP :

Lemma 1. Let f : Rn ! B be a proper, lower semi-continuous, convex function and
G be a nonempty, closed convex set. Then, it holds

f � � � G (p) + �f � � SP (p); 8p 2 Rn ;

where � S is the support function of S � Rn :

Proof: By Young’s inequality, we have

(f + � G ) � (p) + f (x) � pT x; 8p 2 Rn ; 8x 2 Sp;

or, equivalently
f � � � G (p) + f (x) � pT x; 8p 2 Rn ; 8x 2 Sp:

Taking the supremum in both sides overallx 2 Sp; one gets the desired result. �

Theorem 1. Let f : Rn ! B be a proper, lower semi-continuous, convex function
and G be a nonempty, closed convex set. Then, the following statements are equivalent.
(i) Sp is a set of weak sharp minima.
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(ii) 9� > 0 such that
f � � � G (p) + �f = � SP (p); 8p 2 � B0;

where by B0 denotes an unit ball in Rn and �f = inf
x 2 G

f (x):

Proof: Remark that under assumptions of the theorem, the solution setSp is closed
and convex (cf. [9]). (3.1) can be equivalently written as

�f + �d SP (x) � f (x) + � G (x); 8x 2 Rn : (3.2)

Since the functions �f + �d SP and f + � G are lower-semicontinuous and convex, according
to the Fenchel-Moreau theorem (3.2) is ful�lled if and only if (see [2] and cf. [20])

( �f + �d SP ) � (p) � (f + � G ) � (p); 8p 2 Rn

, � (k � k� � SP ) � � �f � f � � � G (p); 8p 2 Rn

, � (� B0 + � SP )
� p

�

�
� �f � f � � � G (p); 8p 2 Rn

, � SP (p) � �f + f � � � G (p); 8p 2 � B0:

On the other hand, by using Lemma 1, we obtain equality. �

4. Applications to Variational Inequalities

Let K � Rn be a nonempty closed convex subset. For given a mappingF : Rn ! Rn

we consider the following variational inequality problem that consists in �nding x 2 K
such that

(V I ) F (x)T (x � y) � 0; 8y 2 K:

We denote by SV I the solution set of (V I ):

Definition 2.
(i) A mapping F : Rn ! Rn is said to be monotone onK if

(F (x) � F (y))T (y � x) � 0; 8x; y 2 Rn :

(ii) A mapping F : Rn ! Rn is said to be pseudomonotone on K if for anyx; y 2 K

F (x)T (y � x) � 0 ) F (y)T (y � x) � 0:

The so-called Minty variational inequality problem is closely related to (V I ) that
consists in �nding a vector x 2 K such that

(MV I ) F (y)T (x � y) � 0; 8y 2 K:

Under assumptions that F is continuous and pseudomonotone onK; the solution sets
of (V I ) and (MV I ) coincide and in this case the setSV I can be represented as the
intersection of half-spaces, and it is closed and convex (cf. [10], [12], [15]).

In association with [12] and [13] the notion of weak sharpness was extended to the
solution set of the problem (V I ): Moreover, the weak sharpness of the solution set of
(V I ) has been investigated in Hilbert [15] and Banach spaces [10], respectively. The
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solution set SV I of the problem (V I ) is said to be weakly sharp if ( [13], cf. also Remark
1)

� F (x) 2 int
\

y2 SV I

h
TK (y) \ NSV I (y)

i �
; 8x 2 SV I :

Before we consider the characterization of weak sharp minima in variational inequalities,
let us �rst mention the de�nition of a gap function for variational inequalities.

Definition 3. A function 
 : K ! B is said to be a gap function for(V I ) if
(i) 
 (x) � 0; 8x 2 K ;

(ii) 
 (�x) = 0 if and only if �x 2 SV I :

4.1. Characterization by dual gap function

The so-called dual gap function of the problem (V I ) is de�ned by (see [10], [12])


 V I
d (x) := sup

y2 K
F (y)T (x � y); x 2 Rn ;

which is lower semi-continuous, proper convex.

Definition 4.
(i) A function f : Rn ! B is said to be Gâteaux di�erentiable at x if 9f 0(x; d); 8d 2 Rn

and it holds
f 0(x; d) = r f (x)T d; 8d 2 Rn :

(ii) f is said to be Lipschitz continuous onS if there exists a constantK > 0 such that

kf (x) � f (y)k � K kx � yk; 8x; y 2 S:

(iii) f is said to be locally Lipschitz continuous onS if for each x0 2 S there exists a
neighbourhoodU of x0 such that f restricted to U is Lipschitz continuous.

Proposition 3. (cf. [10]) Assume that F is pseudomonotone, continuous and
 V I
d

is Gâteaux di�erentiable and Lipschitz continuous on SV I : Then SV I is weakly sharp if
and only if 9� > 0 such that


 V I
d (x) � �d SV I (x); 8x 2 K:

Theorem 2. Let F : Rn ! Rn be pseudomonotone, continuous andK � Rn be a
nonempty closed convex set. Then9� > 0 such that


 V I
d (x) � �d SV I (x); 8x 2 K (4.1)

if and only if
(
 V I

d ) � � � K (p) � � SV I (p); 8p 2 � B0:

Proof: By using the indicator function, (4.1) can be rewritten as


 V I
d (x) + � K (x) � �d SV I (x); 8x 2 Rn : (4.2)



18 L. ALTANGEREL

Because of the function
 V I
d + � K is lower semi-continuous and convex, we can apply

the Fenchel-Moreau theorem and (4.2) holds if and only if

(
 V I
d + � K ) � (p) � � (k � k� � SV I ) � (p); 8p 2 Rn :

Consequently, we obtain the desired assertion. �

4.2. Characterization by primal gap function

The primal gap function of the problem (V I ) de�ned by


 V I (x) := sup
y2 K

F (x)T (x � y); x 2 Rn :

Let
�( x) := f y 2 K j F (x)( x � y) = 
 V I (x)g; x 2 Rn :

Proposition 4. (cf. [11]) Let F : Rn ! Rn be monotone and constant on�( x � ) for
somex � 2 SV I : Suppose that 
 V I is Gâteaux di�erentiable, locally Lipschitz on SV I ;
and 
 V I (x) < + 1 ; 8x 2 Rn : Then SV I is weakly sharp if and only if 9� > 0 such that


 V I (x) � � � dSV I (x); 8x 2 K:

Theorem 3. Let F be a�ne, monotone, continuous on Rn and constant on �( x � ) for
somex � 2 SV I : Suppose that
 V I is Gâteaux di�erentiable, locally Lipschitz continuous
on SV I ; and 
 V I (x) < + 1 ; 8x 2 Rn : Then 9� > 0 such that


 V I (x) � � � dSV I (x); 8x 2 K

if and only if
(
 V I ) � � � K (p) � � SV I (p); 8p 2 � B0:

Conclusions

This paper attempts to show characterizations dealing with weak sharp minima in
convex optimization using conjugate functions. The same approach was applied to
variational inequalities regarding gap functions. In the future, it would be interesting to
investigate relationships between characterizations based on di�erent concepts such as
conjagate functions, directional derivatives, and tangent cones.
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ABSTRACT
This paper attempts to study loan interest rate Nash game mod-
els in the banking sector under regulatory solvency constraints. By
taking solvency constraints as Basel I, Basel II, and Expected Short-
fall (ES), we obtain results regarding the existence of loan interest
rate equilibrium. A sensitivity analysis for solvency models and some
numerical results are presented. Numerical results show that the
weighted loan interest rate of the Mongolian banking system is con-
sistent with the base case of the theoretical weighted loan interest
rate corresponding to the Nash equilibrium.
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1. Introduction

The competition among banks regarding interest rates depends on the loan demands of
lenders. For lenders, if consumer loan demand is low, banks start to compete on loans
as these are the banks� primary source of income. van Leuvensteijn et al. [16] analysed
the impact of loan market competition on the interest rates applied by European banks to
loans and deposits using a novel measure called the Boone indicator. They found evidence
that stronger competition is associated with signi�cantly lower spreads between banks and
market interest rates for most loan market products.

In the insurance industry, di�erent game theory models have been investigated. Dutang
et al. [7] �rst introduced a model with solvency constraints when studying the Nash and
Stackelberg equilibrium. They also included a sensitivity analysis. Boonen et al. [5] intro-
duced two di�erent models for the rate of selling new policies, and they used continuous
time-optimal control theory to obtainNash equilibriumpremiums. Recently, Battulga et al.
[4] extended the one-period (cf. [7]) model to a multi-period one by using a transition
probability matrix dependent on several economic factors. Under the assumption that the
solvency constraints will be updated each period, they provided similar results regarding
the existence of premium equilibrium and sensitivity analysis to those of [7].

By considering the impact of capital, some e�orts have been devoted to the banking
sector. For instance, Kim and Santomero [14] considered the mean-variance portfolio
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problem with equity to asset ratio and investigated the impact of this variable. Keeley and
Furlong [13] showed that the conditional expected capital return expressed in terms of the
option value of deposit insurance. The sensitivity analysis of the option value depending
on deposits and asset portfolio risk was investigated. Fur�ne [11] developed the bank�s
dynamic asset allocation model by considering factors such as assets, deposits, and some
costs, including risk-based capital cost. By using the US real data, he showed that the reg-
ulatory standard is a signi�cant impact on optimal asset allocation. Pantelous [18] also
developed the bank�s dynamic asset allocation model which includes risk-based capi-
tal cost, and by using linearization techniques, he investigated linear quadratic control
problem.

In case of weak loan demand, if the bank wishes to expand its loan portfolio, then the
bank may weaken its current credit requirements to accept more applicants. Thus loan
interest rate will increase as the credit risk of the bank increases. On the other hand, in
case of strong loan demand, if the bank wishes to shrink its loan portfolio, then the bank
also may face costs (see [11]). Thus loan demand is one of the triggers of the loan interest
rate.

The capital impact in the composition of the asset side of the bank balance sheet was
studied in [11,14,18]. Moreover, it would be interesting to analyse the capital impact on
loan interest rates of the banking industry. Drumond and Jorge [6] obtained the equi-
librium loan interest rates which correspond to perfect and imperfect competition in the
banking industry under Basel I and risk-based capital requirements. However, they did not
take into account solvency constraints which guarantee bank still having solvency after its
lending business.

Following the idea of Dutang et al. [7] and Battulga et al. [4], this paper deals with the
loan interest rate Nash game models with solvency constraints. To the best of our knowl-
edge, this is the �rst attempt to introduce a game theorymodel with solvency constraints in
the banking sector. By taking solvency constraints as Basel I, Basel II, and ES, we obtained
results regarding the existence of loan interest rate equilibrium and sensitivity analysis and
include illustrations with numerical results.

The rest of the paper is structured as follows. Section 2 provides introduction to Nash
equilibrium problems and variational inequalities. In Section 3, we investigate the Nash
gamemodels with solvency constraints and assertions related to the existence of loan inter-
est rate equilibrium. A sensitivity analysis is also presented. Numerical results based on the
data from three Mongolian banks are given in Section 4.

2. Nash equilibrium problems and variational inequalities

This section gives an overview of the Nash equilibrium model and its connection
to the variational inequality [8,20]. Assume that there are N players, each control-
ling the variables xi � Rni . We denote by x the overall vector for all variables x :=
(xT1 , x

T
2 , . . . , x

T
N)T , and by x�i the vector of all players� variables except that of player

i : x�i := (xT1 , . . . , x
T
i�1, x

T
i+1, . . . , x

T
N)T . Given other players� strategies x�i, the player i

aims to choose xi � Xi that minimizes his payo� function fi(xi, x�i), i.e.
minimize fi(xi, x�i)
subject to xi � Xi � Rni .
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ANash equilibrium or simply a solution of the NEP, is point x� = (x�T
1 , x�T

2 , . . . , x�T
N )T ,

x�
i � Xi � Rni , i = 1, . . . ,N such that

fi(x�
i , x

�
�i) � fi(xi, x�

�i), �xi � Xi. (1)

Let us assume that the following conditions are true for each player i:

(i) The strategy set Xi is closed and convex;
(i) The payo� function fi(xi, x�i) is continuously di�erentiable and convex in xi for every

�xed x�i.

Then, for each player, we have a convex optimization problem and the optimality
condition for the solution becomes

��xi fi(x
�), xi � x�

i 	 
 0, �xi � Xi, (2)

where �zg(z) is a gradient vector of g with respect to variable z and �x, y	 =
n�

i=1
xiyi, x =

(x1, . . . , xn)T , y = (y1, . . . , yn)T is a dot product of two n-dimensional vectors.
Introducing F(x) := (�x1 f1(x), . . . ,�xN fn(x)), the problem (1) can be reduced to the

variational inequality problem that consists in �nding x� � � := X1 × X2 × • • • × XN
such that

�F(x�), x � x�	 
 0, �x � �. (3)

3. Nash models with solvency constraints

In this section, we introduce the loan interest rate Nash game models with solvency con-
straints. The similar models were investigated in the non-life insurance market [4,7]. Let
us consider in detail how the model is constructed.We assume that in the market,N banks
are competing on loan interest rates and that there are R credit ratings for loans. For the
loan with credit rating i, let pi(�) be its default probability, which is conditional on mix-
ing random variable � , and let �i be the percentage loss given that default occurs. For
1 � i � R, we assume that the percentage losses �i have values in (0, 1] and that pi(•) is a
strictly increasing function for its argument. For the nth bank, let Li,n be an amount of loan
portfolio with a ith credit rating. Let xi,n be a loan interest rate of bank n corresponding
to a ith credit rating. Then, taking into account the approach in [7] (see also [4]), the nth
bank maximizes the net income before tax de�ned as

On(x) =
R�

i=1
Li,n

�
1 � �L

i,n

�
xi,n

m(xi,n)
� 1

�� �
xi,n � �i,n � en � �ipi(�)

�
, (4)

where for the nth bank with a ith credit rating, �L
i,n > 0 is the loan interest rate

elasticity parameter, �i,n is the break-even interest rate, en is the expense rate, x =
(xT1 , . . . , x

T
N)T , xn = (x1,n, . . . , xR,n)T , n = 1, . . . ,N andm(zi,n) = 1

N�1
�

k�=n
zi,k is themar-

ket interest proxy, i.e. for the nth bank with a ith credit ratingm(zi,n) is the average of the
loan interest rates of other banks with a ith credit rating.
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The solvency constraint aims to require banks to hold a certain amount of capital in
order to protect depositors against adverse economic conditions. Therefore, in addition to
maximizing an objective function (1), banks must satisfy a solvency constraint imposed by
the regulator. In this paper, we consider three di�erent solvency constraints, namely, Basel
I, Basel II, and ES constraints, and they are key features of our model.

For the nth bank, we assume that there are mi,n loans with credit rating i and for the
kth lender, its corresponding default indicators are Yi,k,n, and its exposures are ei,k,n. Let

P(Yi,k,n = 1|�) = pi(�), k = 1, . . . ,mi,n, i = 1, . . . ,R and
mi,n�

k=1
ei,k,n = Li,n. Then, for the

nth bank, the random loss from the loan portfolio is given by

Qn :=
R�

i=1

mi,n�

k=1

ei,k,n�iYi,k,n,

and the expected loss conditional on mixing random variable � becomes

E
�
Qn|�

	
:=

R�

i=1

mi,n�

k=1

ei,k,n�iE
�
Yi,k,n|�

	
=

R�

i=1
Li,n�ipi(�).

(i) According to Frey and McNeil [9] (see also [17]), if the loan portfolio size is su�-
ciently large the �-quantile of the loan loss random variableQn can be approximated
by

q�(Qn) �
R�

i=1
Li,n�ipi(q�(�)),

where q�(X) = inf{x � R : P(X � x) 
 �} is the �-quantile of the X random vari-
able. For the portfolio loss ratio, a similar result was given by Gordy in [12]. This is
one of the most in�uential works in the area of capital charges in the Basel II pro-
posal on credit risk. In this case, for the nth bank, the Basel II solvency constraint
conditional on � can be de�ned as

g1n(xn) = Kn +
R�

i=1
Li,n

�
xi,n � �i,n � en � �ipi(�)

�
�

R�

i=1
Li,n�ipi(q�(�)).

(ii) Basel I was issued in 1988 and focused mainly on credit risk by creating a bank asset
classi�cation system. According to Basel I, banks are required to keep capital of at
least 8% of their determined risk pro�le on hand. As claimed by FSI Survey [10],
there are some countries in which no decision has been taken on the implementation
of Basel II including Mongolia. That is the reason why we included Basel I to our
investigation.
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The Basel I solvency constraint conditional on � can be de�ned as

g2n(xn) = Kn +
R�

i=1
Li,n

�
xi,n � �i,n � en � �ipi(�)

�
� c

R�

i=1
Li,nwi,

where c is a percentage of a risk-weighted asset, and wi is the risk weight for a loan
with credit rating i.

(iii) Artzner et al. [3] �rst introduced a coherent risk measure in �nancial risk manage-
ment. It is easy to show from the de�nition of the quantile of the random loss variable
that VaR is translation invariant, positively homogeneous, and monotone. The sub-
additivity property is not valid for VaR in general, and however, therefore VaR is not
a coherent risk measure. Let us mention an example of the coherent risk measure,
which is the expected shortfall (see [1]). For the random variableX with E(|X|) < 
,
the expected shortfall at the con�dence level � � (0, 1) is de�ned as

ES�(X) =
1

1 � �



E

�
XI{X
q�(X)}

	
+ q�(X)

�
1 � � � P(X 
 q�(X))

	�
,

where IA is the indicator random variable of event A.
If we use the formula of the expected shortfall (see [1]):

ES�(X) =
1

1 � �

� 1

�
qu(X) du

to an approximation of a quantile of the loan loss portfolio, then the approximate
formula for the nth bank�s expected shortfall at con�dence level � � (0, 1) turns out
to be

ES�(Qn) �
1

1 � �

R�

i=1
Li,n�i

� 1

�
pi

�
qu(�)

	
du.

It is not di�cult to show (see [1]) that

hi(�) :=
1

1 � �

� 1

�
pi[qu(�)] du, i = 1, . . . ,R

are continuous increasing functions. Then, for the nth bank, the ES solvency con-
straint conditional on � can be de�ned as

g3n(xn) = Kn +
R�

i=1
Li,n

�
xi,n � �i,n � en � �ipi(�)

�

�
1

1 � �

R�

i=1
Li,n�i

� 1

�
pi

�
qu(�)

	
du.

Therefore, the strategy set of the nth player, n � {1, . . . ,N} in cases of Basel II, Basel I,
and ES can be given as follows:
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� Basel II:

X1
n : =



xn �

R�

i=1
[xi, xi]

�� g1n(xn) 
 0
�

=


xn �

R�

i=1
[xi, xi]

��Kn +
R�

i=1
Li,n

�
xi,n � �i,n � en � �ipi(�)

�



R�

i=1
Li,n�ipi(q�(�))

�
, (5)

� Basel I:

X2
n : =



xn �

R�

i=1
[xi, xi]

�� g2n(xn) 
 0
�

=


xn �

R�

i=1
[xi, xi]

��Kn +
R�

i=1
Li,n

�
xi,n � �i,n � en � �ipi(�)

�


 c
R�

i=1
Li,nwi

�
, (6)

ES:

X3
n : =



xn �

R�

i=1
[xi, xi]

�� g3n(xn) 
 0
�

=


xn �

R�

i=1
[xi, xi]

��Kn +
R�

i=1
Li,n

�
xi,n � �i,n � en � �ipi(�)

�



1

1 � �

R�

i=1
Li,n�i

� 1

�
pi

�
qu(�)

	
du

�
, (7)

where for i = 1, . . . ,R, xi, and xi represent minimum, and maximum loan interest rate
of loan with ith credit rating. The minimum and maximum loan interest rates could be
set by a regulators (some countries have loan interest rate ceiling). For equations (5)�(7),
R�

i=1
Li,n(xi,n � �i,n � en � �ipi(�)) expresses capital increment of nth bank, which guar-

antees that nth bank still has solvency after lending activity.
The loan interest rate Nash game models with solvency constraints consists in �nding

x = (xT1 , . . . , x
T
N)T such that for the player n it holds:

(NEPi) maximizeOn(x)

subject to xn � Xi
n, i = 1, 2, 3, xn = (x1,n, . . . , xR,n)T .

Let us now give some results dealing with the existence of premium equilibrium and
sensitivity analysis (cf. [7], see also [4]).
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Proposition 3.1: The bank game with N players whose objective functions are de�ned by (4)
and solvency constraints are de�ned by (5), or (6), or (7) admits a unique Nash interest rate
equilibrium.

Proof: It is not di�cult to realize that the objective function (4) is concave with respect x
and constraints in (5)�(7) are linear functions which enables us to apply the Theorem 1 in
[19] for the existence of a Nash equilibrium, and the similar way discussed in [7] and [4]
can be used to verify its uniqueness. �

The result is devoted to the sensitivity analysis for the model with solvency constraints
for Basel II, and the similar assertions are true for other models.

Theorem 3.1: Let x� be the loan rates equilibrium of the Basel II bank game with N players.
Moreover, let functions pi(•) and i = 1 . . . ,R be continuous and strictly increasing, and the
distribution function of the � random variable be a strictly increasing function. Then:

(1) For each player n, the corresponding loan rate equilibrium x�
k,n �]xk, xk[ depends on the

parameters in the following way:
(i) it increases with break-even interest rate �i,n, expense rate en, percentage losses �i,

mixing variable �, and con�dence level � and
(ii) it decreases with the sensitivity parameter �L

i,n and capital Kn.
(2) If the solvency constraint function is inactive, then the loan rates equilibrium is a solution

of the linear system of equations

M�x� = v,

where

M� =

�

���
�

A1 0 • • • 0
0 A2 • • • 0
...

...
. . .

...
0 0 • • • AR

�

���
�
,

v =
�
�L
1,1[�1,1 + e1 + �1p1(�)], . . . ,�L

1,N[�1,N + eN + �1p1(�)], . . . ,

�L
R,1[�R,1 + e1 + �RpR(�)], . . . ,�L

R,N[�R,N + eN + �RpR(�)]
�T

and

Ak =
1

N � 1

�

���
�

2(N � 1)�L
k,1 �(1 + �L

k,1) • • • �(1 + �L
k,1)

�(1 + �L
k,2) 2(N � 1)�L

k,2 • • • �(1 + �L
k,2)

...
...

. . .
...

�(1 + �L
k,N) �(1 + �L

i,N) • • • 2(N � 1)�L
k,N

�

���
�
, k = 1, . . . ,R.
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Proof: The KKT conditions for the interest rate equilibrium x�
n of the nth bank has the

following form:
�
���

���

�xnOn(x�) + �n�1 �xng1n(x�
n) + �n�2 � �n�3 = 0,

�n� = (�n�1 , �n�2 , �n�3 )T 
 0, �n�1 � R, �n�2 , �n�3 � RR,
g1n(x�

n) 
 0, x�
i,n � xi 
 0, xi � x�

i,n 
 0, i = 1, . . . ,R,
�n�1 g1n(x�

n) = 0, �n�2i (x
�
i,n � xi) = 0, �n�3i (xi � x�

i,n) = 0, i = 1, . . . ,R.

For the 1 � k � R, kth component from the �rst equation of the system becomes

	
	xk,n

On(x�) + �n�1
	

	xk,n
g1n(x

�
n) + �n�2k � �n�3k = 0. (8)

(1) Let x�
k,n �]xk, xk[. Then �n�2k = �n�3k = 0. We consider two cases.

(i) Let us assume that the solvency constraint is inactive, i.e. g1n(x�
n) > 0. Then,

from (8), the nth bank�s interest rate equilibrium veri�es 	
	xk,n

On(x�) = 0, i.e.

Lk,n


1 �

2�L
k,n

m(x�
k,n)

x�
k,n + �L

k,n

�
1 +

�k,n

m(x�
k,n)

+
en

m(x�
k,n)

+
�kpk(�)
m(x�

k,n)

��
= 0.

(9)
Let xk,n(u) := (x1,n, . . . , xk�1,n, u, xk+1,n, . . . , xk,R; x�n)T . To investigate the sen-
sitivity depending on parameter z, let us de�ne the function Fk,nx as

Fk,nx (z, u) :=
	

	xk,n
On(xk,n(u), z)

and consider the equation of the form Fk,nx (z, u) = 0. Under the assumption
that partial derivatives of Fk,nx exist and are continuous at (z0, u0), and also

that 	Fk,nx
	u (z0, u0) �= 0, by the implicit function theorem there exists a function 


de�ned in the neighbourhood of (z0, y0) such that Fk,nx (z,
(z)) = 0 and 
(z0) =
u0. The derivative of 
 is given by


�(z) = �
	Fk,nx
	z

	Fk,nx
	u

����
u=
(z)

.

In our case, we have

	Fk,nx
	u

(z, u) =
	2On

	u2
= �

2�L
k,nLk,n

m(xk,n)
< 0.

As a consequence, it holds

sign(
�(z)) = sign
�

	Fk,nx
	z

(z,
(z))
�
.

Let us now consider speci�c parameters instead of z.
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� Let z be the sensitivity coe�cient �L
k,n. Then, we have

	Fk,nx
	z

(z, u) = Lk,n



�
2u

m(xk,n)
+ 1 +

�k,n

m(xk,n)
+

en
m(xk,n)

+
�kpk(�)
m(xk,n)

�
.

By using (9), we obtain that

	Fk,nx
	z

(z,
(z)) = Lk,n •
(�1)
z

< 0.

Therefore, the function �L
k,n �� x�

k,n(�
L
k,n) is strictly decreasing.

� Let z = �k,n or en. Then, we get

	Fk,nx
	z

(z,
(z)) = Lk,n
�L
k,n

m(xk,n)
> 0.

Therefore, the functions �k,n �� x�
k,n(�k,n) and en �� x�

k,n(en) are strictly
increasing.

� Let z = �k. Then, we obtain that

	Fk,nx
	z

(z,
(z)) = Lk,n
�L
k,npk(�)
m(xk,n)

> 0.

Therefore, the function �k �� x�
k,n(�k) is strictly increasing.

� Let z = � . As pk(•) is a strictly increasing continuous function, we have

	Fk,nx
	z

(z,
(z)) = Lk,n
�L
k,n�kp�

k(�)
m(xk,n)

> 0.

Therefore, the function � �� x�
k,n(�) is strictly increasing.

(ii) If the solvency constraint is active, then the premium equilibrium satis�es
g1n(x�

n) = 0. Let Gk,n
x (z, u) := g1n(xk,n(u), z) and consider the equation of form

Gk,n
x (z, u) = 0. Then, by the implicit function theorem, there exists a function

� , such that Gk,n
x (z,�(z)) = 0. The derivative of � is given by

� �(z) = �
	Gk,n

x
	z

	Gk,n
x

	u

����
u=�(z)

.

In this case, we get

	Gk,n
x

	u
(z, u) = Lk,n > 0.

As a result, it holds that

sign(� �(z)) = sign
�

�
	Gk,n

x
	z

(z,�(z))
�
.

The similar sensitivity results can be obtained for speci�c parameters of z.
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� Let z = Kn. Then,
	Gk,n

x
	z

(z, u) = 1 > 0.

Therefore, function Kn �� x�
k,n(Kn) is strictly decreasing.

� Let z = Lk,n. It then holds that

	Gk,n
x

	z
(z, u) = u � �k,n � en � �kpk(�) � �kpk(q�(�)).

Its sign depends on other parameters. Thus, a function Lk,n �� x�
k,n(Lk,n) is

not monotone.
� Let z = Li,n, i �= k. Then, we have

	Gi,n
x

	z
(z, u) = xi,n � �i,n � en � �ipi(�) � �ipi(q�(�)).

Again, we can conclude that the function Li,n �� x�
k,n(Li,n) is not monotone.

� Let z = �k,n or en. Then, one has

	Gk,n
x

	z
(z, u) = �Lk,n < 0

Therefore, functions �k,n �� x�
k,n(�k,n) and en �� x�

k,n(en) are strictly
increasing.

� Let z = �k. In this case, we have

	Gk,n
x

	z
(z, u) = �Lk,n

�
pk(�) + pk(q�(�))

�
< 0.

Therefore, function �k �� x�
k,n(�k) is strictly increasing.

� Let z = � . As pi(•) and i = 1, . . . ,R are strictly increasing continuous func-
tions, the following inequality holds

	Gk,n
x

	z
(z, u) = �

R�

i=1
Li,n�ip�

i(�) < 0

Therefore, function � �� x�
k,n(�) is strictly increasing.

� Last, let z = �. As the distribution function of � is strictly increasing and
its quantile is increasing, q(•)(�) is an increasing continuous function (see
[17]). Therefore,

	Gk,n
x

	z
(z, u) = �

R�

i=1
Li,n�ip�

i(q�(�))q�
�(�) � 0,

which means that � �� x�
k,n(�) is increasing.

2. If the solvency constraint is inactive in Nash equilibrium x�, then taking into account

m(zi,n) =
1

N � 1
�

k�=n
zi,k and from (9), it follows that

2�L
k,nx

�
k,n � (1 + �L

k,n)
1

N � 1

�

i�=n

x�
k,i
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= �L
k,n[�k,n + en + �kpk(�)], for k = 1, . . . ,R, n = 1, . . . ,N.

This system can be rewritten in matrix form as M�x = v. As [7] mentioned, we can
see that the matrixM� is strictly diagonally dominant if �L

k,n > 1 as k = 1, . . . ,R and
n = 1, . . . ,N are ful�lled. Under this condition,M� is invertible, and therefore x� =
M�1

� v.

�

Remark 3.1: (i) If x�
k,n = xk or xk, then the loan interest rate equilibrium is independent

of those parameters.
(ii) For the Basel I solvency constraint Nash game, in addition to the Basel II results, its

loan interest rate equilibrium positively depends on the percentage of risk-weighted
asset c and risk weights wi.

(iii) For the Nash game with ES solvency constraints, as hi(�), i = 1, . . . ,R are increasing
and continuous functions, we can prove the same results as from Theorem 3.1.

(iv) If � is an arbitrary random variable and pi(•), i = 1, . . . ,R are increasing functions,
then according to Lebesgue�s theorem for the di�erentiability of monotone functions
(see [15]), q(•)(�) and pi(•) have at most countably many non-di�erentiable points.
Therefore, the loan interest rate equilibrium almost everywhere positively depends
on mixing random variable� and con�dence level �. For other parameters, the loan
interest rate equilibrium depends on a similar way as Theorem 3.1.

(v) Following the idea in [4], all discussed models can be extended to multi-period
models.

Remark 3.2: The bank loan interest rate Nash problem can be extended to the bank loan
deposit interest rateNash game in the followingway. Let us assume that there are Sproducts
for deposits and for the nth bank with the jth deposit product Dj,n is the amount of the
deposit and yj,n is the corresponding interest rate. Then

On(x, y) =
R�

i=1
Li,n

�
1 � �L

i,n

�
xi,n

m(xi,n)
� 1

���
xi,n � en � �ipi(�)

�

�
S�

j=1
Dj,n

�
1 + �D

j,n

�
yj,n

m(yj,n)
� 1

��
yj,n,

where �D
j,n > 0 is the deposit rate elasticity parameter, y = (yT1 , . . . , y

T
N)T and yn =

(y1,n, . . . , yS,n)T for n = 1, . . . ,N. In this case, for example, the Basel II solvency constraint
conditional on � is given by

g1n(xn, yn) = Kn +
R�

i=1
Li,n(xi,n � en � �ipi(�)) �

S�

j=1
Dj,nyj,n �

R�

i=1
Li,n�ipi(q�(�)).

This loan deposit interest rateNash game has a uniqueNash equilibrium and the sensitivity
analysis can be investigated in a similar way. If regulators want to set an interest rate ceiling
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for loans, then they can use this model to obtain the optimal loan and deposit interest rates
of banks under new loan rate ceiling in advance and make decisions about the ceiling.

Remark 3.3: For a game with one leader and N�1 followers with payo� function On and
the strategy setXn, the Stackelberg equilibrium is a problem that consists of �nding a vector
flx = (flxT1 , . . . , flx

T
N)T , flxn = (flx1,n, . . . , flxR,n)T such that flx1 solves the problem

sup
y�X1

O1(y; x2, . . . , xN),

where (xT2 , . . . , x
T
N)T is a Nash equilibrium for the game with N�1 followers and given

strategy x1 for bank 1, which is assumed to be a leader. In this case, it is not di�cult to
show the existence of the Stackelberg equilibrium (cf. [7]).

4. Numerical experiments

In this section, we give some numerical results based on the Mongolian bank data repre-
senting large, medium, and small sized that dealt with the sensitivity analysis presented
in Theorem 3.1 in Section 3. As we mentioned in Section 2, the Nash equilibrium model
can be reduced into the variational inequality problem, which consists of �nding x � � :=
X1 × X2 × • • • × XN such that

(VI) �F(x), y � x	 
 0, �y � �,

where F(x) = (��xnOn(x))Nn=1, which will be solved by the hyperplane projection
algorithm (see [8] and [21]). This algorithm has also been used in [2,4].

In Mongolia, in 2018, there are 14 commercial banks which are actively competing for
�nancial products. Mongolbank (Mongolian central bank) classi�ed Mongolian commer-
cial banks by three large banks, three medium and rests. Three large and three medium
banks composed to 65.0% and 23.2% of total banking system assets, respectively. For
12/31/2018, 1 USD equals 2643.69 MNT (Mongolian tugrik), and by aggregate bank bal-
ance report of Mongolbank, banking system asset was 33,053.27 billion MNT (equals to
12,502.70 million USD). The fourth-quarter �nancial results of these three banks for 2018
are summarized in Table 1. For the capital adequacy ratio, the Mongolian banking system
still uses the Basel I ratio at 14%. From Table 1, one can deduce that the second bank has
low credit risk as compared to others because it�s RWA is signi�cantly lower than it�s net
loan.

Table 1. Main �nancial results of the three banks, Q4, 2018, in million USD.

MSn Ln Kn Kn/Ln CAR% RWA �i,n en

Bank 1 18.4% 1,176.3 197.1 16.76% 14.60% 1,350.3 10.58% 1.50%
Bank 2 9.1% 663.2 78.7 11.87% 15.63% 503.8 11.80% 3.17%
Bank 3 2.5% 145.2 30.6 21.10% 17.41% 176.0 12.12% 2.09%

Notes:MSn is themarket shareof the selectedbanks in thebanking systemtotal assets, Ln is thebank�s net loanandadvances,
Kn is the bank�s capital, Kn/Ln is the ratio between capital and net loan, CAR% is the capital adequacy ratio, RWA is a risk-
weighted asset calculated from banks net loan and advance and CAR%, �i,n is the ratio between interest income and net
loan, and en is the ratio di�erence of non-interest expense (excluding tax expense and loan loss expense) and non-interest
income to net loan.
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Table 2. Parameter estimation and default probabilities.

µi �i �pi � = �2 � = �1 � = 0 � = 1 � = 2 q0.999(�) = 3.09

BBB(1) �3.089 0.428 0.23% 0.00% 0.02% 0.10% 0.39% 1.28% 3.86%
BB(2) �2.534 0.390 0.91% 0.05% 0.17% 0.56% 1.60% 3.97% 9.18%
B(3) �1.831 0.396 4.44% 0.44% 1.30% 3.36% 7.57% 14.93% 27.16%

Note:µi , �i are the Probit-Normal model�s parameter estimations, �pi is the average (unconditional) default probability, and
� is an economic condition.

As we do not know the default probabilities of the three banks� customers, we assume
that their customers� default probabilities are the same as Standard and Poor�s ratings of
BBB, BB, and B. For BBB, BB, and B ratings, we �t a Probit-Normal Bernoulli mixture
model (see [9] and [17] ) to the annual default rate data from Standard and Poor�s for the
period 1981�2017. As Standard and Poor (cf.[22]) only published default rates, we assume
that there were 1,000 customers at the beginning of each year between 1981 and 2017,
some of whom defaulted. The defaulted number of customers can then be calculated by
multiplying the default rates by 1000. We estimated the parameters of the Probit-Normal
models using the maximum likelihood method (see [9] and [17]), the results of which are
listed in Table 2.

From the table, we can see that, for example, the average default probability of a loan
with a BB rating is �p2 = P(Y2 = 1) = E[p2(�)] = E[P(Y2 = 1|�)] = E[
(�2.534 +
0.390�)] = 0.91%, where
 is the standard normal cumulative distribution function, and
� is the standard normal random variable. We can also estimate conditional default prob-
abilities from Table 2. For example, for a loan with a BBB rating, its conditional default
probability is estimated by p1(�) = P(Y1 = 1|�) = 
(�3.089 + 0.428�). Assuming a
single yearly random e�ect represents the state of the economy, columns four to nine
illustrate the default probabilities conditional on economic conditions. For example, if
the economic condition is getting better, say � = �2, then the default probabilities cor-
responding to the fourth column decrease compared to the average default probabilities
corresponding to the third column. In contrast, if the economic condition deteriorates, say
� = 2, then the default probabilities corresponding to the eighth column increase com-
pared to the average default probabilities corresponding to the third column. From the
de�nition of the quantile, we deduce that the probability of an economic condition worse
than� = 3.09 is 0.1%. Therefore, the default probabilities of the last column are related to
the stress scenario.

Now, we de�ne the base case parameters of the model. As we do not know the loan
portfolio structure of the three banks, we assume for all banks that the loan portfolio con-
sists of s1 = 30% BBB-rated loans, s2 = 40% BB-rated loans, and s3 = 30% B-rated loans.
For the capital multiplier, we assume that its value is equal to K = 1 for the base case. For
the interest rate elasticity, we assume that �1,n = 4.5, �2,n = 4 and �3,n = 3 and that it is
the same for all banks. For example, if the nth bank�s interest rate for a BB loan increases
by 1% compared to other banks� average interest rates for a BB loan, then the nth bank
will lose 4.5% of the loan portfolio. For the expense rate, we assume that its value is given
by the seventh column of Table 1, i.e. e1 = 1.50%, e2 = 3.17%, and e3 = 2.09%. For the
break-even interest rate, we assume that the value is given by the sixth column in Table 1,
i.e. �i,1 = 10.58%, �i,2 = 11.80%, and �i,3 = 12.12% for i = 1, 2, 3.
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Table 3. BIS-II solvency constraint Nash equilibrium results.

P/NE BIS-II-1 BIS-II-2 BIS-II-3 BIS-II-4 BIS-II-5 BIS-II-6

2. s% 30-40-30 30-40-30 30-40-30 30-40-30 30-40-30 30-40-30
3. K 1 1 1 1 1 1
4. � 4.5-4-3 4.5-4-3 4.5-4-3 5.5-4-2.5 4.5-4-3 4.5-4-3
5. e% 1.5-3.2-2.1 1.5-3.2-2.1 2.5-2.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1
6. � 0 0 0 0 1% –1%
7. � base base base base base base
8. � 99.9% 99.9% 99.9% 99.9% 99.9% 99.9%
9. � 40% 60% 40% 40% 40% 40%
10. x�

1,1 0.1716 0.1722 0.1754 0.1628 0.1845 0.1587
11. x�

2,1 0.1819 0.1843 0.1857 0.1819 0.1952 0.1685
12. x�

3,1 0.2267 0.2400 0.2304 0.2526 0.2417 0.2117
13. x�

1,2 0.1827 0.1833 0.1789 0.1739 0.1955 0.1698
14. x�

2,2 0.1929 0.1953 0.1891 0.1929 0.2062 0.1796
15. x�

3,2 0.2375 0.2508 0.2338 0.2633 0.2525 0.2225
16. x�

1,3 0.1798 0.1804 0.1798 0.1710 0.1926 0.1669
17. x�

2,3 0.1900 0.1924 0.1900 0.1900 0.2033 0.1767
18. x�

3,3 0.2347 0.2480 0.2347 0.2605 0.2497 0.2197

Notes: s% is a loan portfolio composition, K is a capital multiplier, � is the loan interest rate elasticity, e% is the expense, �
is the increment from base case, break even interest rate, � is an economic condition, � is the con�dence level, � is the
loss given default, and x�

i,j , i, j = 1, 2, 3, are loan interest Nash equilibrium for the three banks.

For economic condition variable � for the base case, we take the value by conditional
default probability, which is equal to the unconditional default. We assume that the con�-
dence level is equal to � = 99.9% and that for LGD it is equal to �i = 40%, i = 1, 2, 3.

Moreover, for all ratings and banks let interest rates be unconstrained, i.e.
R�

i=1
[xi, xi] =

RR. In this case, e.g. for ES, the strategy set of the nth bank, n = 1, 2, 3 is X3
n = {xn �

RR | g3n(xn) 
 0}. All parameters for the base case are given in the �rst column of Table 3.
In the BIS-II-1 column in Table 3, we have Nash equilibriums corresponding to the base

case, where x�
i,n represents a Nash equilibrium for a loan interest rate of the nth bank with

ith credit rating. If for all credit ratings, LGD increased by 50%, the loan rate equilibrium is
given in the BIS-II2 column. By comparing BIS-II-1 with BIS-II-2, we can see that the Nash
equilibrium increases in BIS-II-2. In the BIS-II-3 column, the expense of the �rst bank
increases by 1%, and the cost of the second bank decreases by 1%. In the BIS-II-4 column,
the interest rate elasticity of the loan with a BBB rating increases by 1 and the interest rate
elasticity of the loan with a B rating decreases by 0.5 for all banks. If we increase (decrease)
the base case break-even interest rates by 1%, we get the BIS-II-5 (BIS-II-6) column. From
Table 3, one can deduce that all the results are consistent with Theorem 3.1.

The BIS-II-7 column in Table 4 represents the economic condition that corresponds
to � = �1 and shows a better scenario compared to the base case. In column BIS-II-8,
we have the results that represent the deteriorated economic condition corresponding to
� = 1. In column BIS-II-9, we considered the stress scenario. For the stress scenario, the
stress economic condition that corresponds to � = 4 is worse than the Basel-II economic
condition, which corresponds to q0.999(�) = 3.09, where the Basel-II economic condition
means that the probability of an economic condition worse than � = 3.09 is 0.1%. The
column BIS-II-10 represents the scenario that corresponds to all banks� quality of the loan
portfolio decreased as compared to the base case. In this scenario, for all banks, we suppose
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Table 4. BIS-II solvency constraint Nash equilibrium results (cf. Table 3).

P/NE BIS-II-7 BIS-II-8 BIS-II-9 BIS-II-10 BIS-II-11 BIS-II-12

2. s% 30-40-30 30-40-30 30-40-30 5-5-90 5-5-90 5-5-90
3. K 1 1 1 1 0.75 0.75
4. � 4.5-4-3 4.5-4-3 4.5-4-3 4.5-4-3 4.5-4-3 4.5-4-3
5. e% 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1
6. � 0 0 0 0 0 0
7. � –1 1 4 base base base
8. � 99.9% 99.9% 99.9% 99.9% 99.9% 90.0%
9. � 40% 40% 40% 40% 80% 80%
10. x�

1,1 0.1706 0.1724 0.2137 0.1716 0.1797 0.1728
11. x�

2,1 0.1779 0.1856 0.2649 0.1819 0.1957 0.1867
12. x�

3,1 0.2078 0.2454 0.4413 0.2267 0.2729 0.2533
13. x�

1,2 0.1816 0.1835 0.2248 0.1827 0.1997 0.1838
14. x�

2,2 0.1890 0.1966 0.2759 0.1929 0.2175 0.1977
15. x�

3,2 0.2187 0.2563 0.4522 0.2375 0.3034 0.2641
16. x�

1,3 0.1787 0.1806 0.2219 0.1798 0.1879 0.1809
17. x�

2,3 0.1861 0.1937 0.2730 0.1900 0.2038 0.1948
18. x�

3,3 0.2158 0.2534 0.4493 0.2347 0.2809 0.2613

that the loan portfolio consists of 5% BBB, 5% BB, and 90% B rated loans. In column BIS-
II-11, we assume that for all banks capital decreased by 25%, and LGD increased by 100%
compared to column BIS-II-10. Lastly, column BIS-II-12 represents the scenario that cor-
responds to the con�dence level being equal to � = 90% compared to column BIS-II-11.
One can deduce that all results in Table 4 are in line with Theorem 3.1.

As we can do sensitivity analysis for the Basel I and ES Nash game same as shown in
Tables 3 and 4, we restrict our attention to doing a sensitivity analysis of three scenarios.
In columns ( ES-1)�( ES-3) of Table 5, we give results that correspond to the Nash game
with ES solvency constraints. The ES-1 column represents the base case scenario, and col-
umn ES-2 represents the results dealing with the deteriorated economic condition that
corresponds to � = 1. The ES-3 column shows the bad scenario where we assume that
for all banks, the loan portfolio consists of 5% BBB, 5% BB, and 90% B rated loans and the
capital decreased by 25%, and the LGDdoubled compared to the base case. TheMongolian
banking system uses the Basel I capital adequacy ratio at 14%, therefore, we considered the
Nash game with Basel I solvency constraints.

In columns ( BIS-I14% -1)�( BIS-I14% -3) of Table 5, we give results that correspond to the
Basel I solvency constraint at 14%. Here, we assume that the scenarios are the same as the
scenarios of theNash gamewith ES solvency constraints. From columns BIS-II-1 of Table 3
and ES-1, BIS-I14%-1 of Table 5, one can see all interest rate equilibriums are the same. This
phenomenon also holds for columns BIS-II-8 of Table 4 and ES-2, BIS-I14%-2 of Table 5.
Those phenomena are valid because the Basel I, Basel II, and ES solvency constraints are
all inactive. From columns BIS-II-11 of Table 4 and ES-3, BIS-I14%-3 of Table 5, one can
deduce that for the banks it is di�cult to meet ES solvency constraints compared to the
other two constraints and Basel II solvency constraint is the medium one. It is well known
that for allX � L1(�,F ,P), ES�(X) 
 q�(X). Therefore, it is di�cult for any bank tomeet
the ES solvency constraint compared to the Basel II solvency constraints.
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Table 5. BIS-I and ES Solvency Constraint Nash Equilibrium Results (cf. Table 3.)

P/NE ES-1 ES-2 ES-3 BIS-I14%-1 BIS-I14%-2 BIS-I14%-3

2. s% 30-40-30 30-40-30 5-5-90 30-40-30 30-40-30 5-5-90
3. K 1 1 0.75 1 1 0.75
4. � 4.5-4-3 4.5-4-3 4.5-4-3 4.5-4-3 4.5-4-3 4.5-4-3
5. e% 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1
6. � 0 0 0 0 0 0
7. � base base base base base base
8. � 99.9% 99.9% 99.9% 99.9% 99.9% 99.9%
9. � 40% 40% 80% 40% 40% 80%
10. x�

1,1 0.1716 0.1724 0.1848 0.1716 0.1724 0.1728
11. x�

2,1 0.1819 0.1856 0.2024 0.1819 0.1856 0.1867
12. x�

3,1 0.2267 0.2454 0.2882 0.2267 0.2454 0.2533
13. x�

1,2 0.1827 0.1835 0.2113 0.1827 0.1835 0.1838
14. x�

2,2 0.1929 0.1966 0.2322 0.1929 0.1966 0.1977
15. x�

3,2 0.2375 0.2563 0.3340 0.2375 0.2563 0.2641
16. x�

1,3 0.1798 0.1806 0.1930 0.1798 0.1806 0.1809
17. x�

2,3 0.1900 0.1937 0.2105 0.1900 0.1937 0.1948
18. x�

3,3 0.2347 0.2534 0.2962 0.2347 0.2534 0.2613

Remark 4.1: According to the �Monetary and Financial Statistics of theMongolbank�, the
weighted average loan interest rate for Mongolian banking system, which corresponds to
loans with 10 months to 1 year maturity, was 19.1% in December 2018. From the base case
of the Nash equilibrium loan rates which correspond to the column BIS-II-1 in Table 3 and
columns ES-1 and BIS-I14%-1 in Table 5, one can obtain that the weighted loan interest rate
is 19.65% for the banks. Thus, theweighted loan interest rate forMongolian banking system
is consistent with the base case theoretical weighted loan interest rate which corresponds
to the Nash equilibrium. Since deterioration of economic condition leads to that banks
wishes to shrink their loan portfolio, the weighted average loan rate for banking systemwill
increase. For mild adverse economic condition which corresponds to � = 1 (see column
BIS-II-8 in Table 4 and columns ES-2 and BIS-I14%-2 in Table 5), the weighted loan interest
rate of the banks is 20.38% which is greater than the weighted average loan rate of the
Mongolian banking system and is compatible with previous fact.

5. Conclusion

The purpose of this paper was to investigate loan interest rate Nash game models in the
banking sector under regulatory solvency constraints. According to Theorem 3.1, one
can conclude that if an economic condition is getting worse, then to keep the average
loan interest rate at current level under competitive banking system, the solvency con-
straint should be active and regulators should require to increase capitals from commercial
banks. Numerical results indicate that the weighted loan interest rate of Mongolian bank-
ing system is consistent with the base case theoretical weighted loan interest rate which
corresponds to the Nash equilibrium. The suggested model can be used for other bank-
ing systems. It would be interesting to consider the models in full stochastic environment,
namely stochastic Nash equilibrium problems.
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A B S T R A C T

Mongolia has a small open economy that is growing due to its status as one of the major copper exporters
in the Asian copper market. We used game theory to analyze the Chinese copper market and determine the
competitive strategies used by Mongolian exporters. We show that a variational inequality approach is one
option to prove that game theory is applicable in the analysis of the Chinese copper market, as it is spatial
and concentrated. To solve the profit maximization problem with a concave objective function for each player
and linear strategy set, it can be reduced to variational inequalities. Numerical calculations allow us to predict
the responses of certain parameters against external factors or so-called non-economic shocks, such as changes
in Chinese import policies, strikes in Chile, etc. In the future, if Mongolia builds a new copper smelter, it will
be a competitor within a more concentrated market than that of the current copper concentrate trade. Thus,
the importance of developing such a model is increasing.

1. Introduction

The international copper trade is of great importance to the global
economy, and there is growing interest among researchers in determin-
ing the competitive behavior of red-metal exporters. Currently, China
is the biggest importer of copper (as well as copper concentrate) and
accounts for almost half of the world’s consumption. This demand
is attracting an ever-increasing number of potential suppliers, while
existing incumbents are trying to protect their shares in this growing
market by investing in capacity extension. Thus, it is of significant
interest to determine the competitive strategies of the major exporters
to China and evaluate different options by using game theory. Game
theory has been widely applied in many fields, including economics,
social sciences, engineering, industry policy, international trade, and
negotiating techniques. Recently, the applications of game-theoretical
approaches have expanded to a larger scale than equilibrium models
in the field of economics as well as for research around commodity
markets. Similar studies have been conducted by Lorenczik and Panke
(2016) and Lorenczik et al. (2017), and a great deal of research
work has also been carried out in the energy and coal sectors. One
way to solve the Nash equilibrium problem is to reduce it to vari-
ational inequality problems, as the players’ utility functions need to
be simultaneously optimized for their respective strategy sets. Harker
(1984, 1986) surveyed the general oligopoly theory and general spatial
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equilibrium to understand how they can be reduced into variational
inequalities and links between markets. Recently, the investigations
into the generalized Nash equilibrium have also been intensified (see
for instance Facchinei and Kanzow (2010)). For recent applications of
the Nash equilibrium in insurance and banking, we refer to Battulga
et al. (2018).

We aimed to investigate the applicability of game-theory-based
models in analyzing the market as well as the competitive strategies
of Mongolian (copper) concentrators as agents (players) in the Chinese
market by using the generalized Nash equilibrium model. To solve the
profit maximization problem with a concave objective function for each
player and linear strategy set, the model was reduced to variational
inequalities.

With regard to economics, in this paper, we address the competitive
strategies within the Chinese market that are used by big copper miners
from Chile, Peru, Australia, Indonesia as well as two miners from
Mongolia who represent small suppliers. To the best of our knowledge,
this is the first attempt to use game theory to define such strategies,
especially in the copper market. Although similar work has been carried
out by Lorenczik and Panke (2016) in the international coal market, our
work differs from their study many ways. First, we chose the copper
sector due to its importance for Mongolian macroeconomic stability;
second, we employed a variational inequality approach (see Altangerel

https://doi.org/10.1016/j.resourpol.2020.101931
Received 26 July 2019; Received in revised form 22 May 2020; Accepted 13 November 2020

http://www.elsevier.com/locate/resourpol
http://www.elsevier.com/locate/resourpol
mailto:otgochuluu@board.mik.mn
mailto:altangerel@gmit.edu.mn
mailto:battur@seas.num.edu.mn
mailto:khashchuluun@num.edu.mn
mailto:dorjsundui@gmit.edu.mn
https://doi.org/10.1016/j.resourpol.2020.101931
https://doi.org/10.1016/j.resourpol.2020.101931
http://crossmark.crossref.org/dialog/?doi=10.1016/j.resourpol.2020.101931&domain=pdf


�5�H�V�R�X�U�F�H�V �3�R�O�L�F�\ ���� ������������ ������������

��

Ch. Otgochuluu et al.

Table 1
World copper production by country (in %)
Source: https://www.icsg.org.

Country 1985 1990 1995 2000 2005 2010 2015

Chile 16 18 25 35 36 34 31
China 3 3 4 4 5 8 9
Peru 5 3 4 4 7 7 7
USA 13 18 19 11 8 7 7
Congo 6 4 0 0 0 3 6
Australia 3 3 4 6 6 5 5
Russia 0 0 5 4 4 4 4
Zambia 6 5 3 2 3 4 4
Canada 9 8 7 5 4 3 4

Mongolia 0 0.5 0.9 1 1 2 2

and Battur (2012)); and third, we included a new shared constraint that
represents the import market volume with the aim of capturing policy
shocks.

2. International and Chinese copper market

According to the US Geological Survey, the world had proven
reserves of 770 million tons of copper in 2017. The total installed mine
capacity is around 22 million tons per year. The international copper
study group maintains an up-to-date database of registered mines.
There are over 366 registered mines on the list, and 220 of them are
estimated to be active during any given year. Chile has the highest level
of proven reserves and the largest installed mine capacity. However,
due to a decrease in the copper grade, the main copper deposits are
expected to be depleted over the next few decades. Overall, the trend
toward a supply shortage in the market will continue to increase in the
near future.

2.1. International market and its concentration

Based on the Herfindahl�Hirschman index (HHI),1 The world copper
market can be described as having almost free competition; it has a very
low HHI score of 299.3. The ten largest mines and two in Mongolia
(Oyu Tolgoi2 and Erdenet3) together produce 29% of the world’s total
supply. According to game theory, each country or producer is a ‘‘price
taker’’ in the world copper market. The total copper (concentrate)
exports reached a value of $ 58.5 billion in 2017, with 54% of the
total volume being delivered by mines in South America, especially
Chile and Peru. Mongolia was the second biggest exporter in Asia after
Indonesia. On the other hand, the total import value was $ 58.5 billion
in 2017, and Chinese smelters alone accounted for 43% of this total. If
we include Japan, India, and South Korea, Asian buyers accounted for
77% of the total global imports.

Table 1 shows the trend in the market concentrations of producer
nations, which especially reflects the rise of the Chilean and Chinese
markets.

Chile has mines owned by the Chilean state as well as mines
operated by multinational corporations. Thus, we assumed that not all

1 The HHI is a standard measure of market concentration and is used to
determine market competitiveness. A market with an HHI score of less than
1500 is a competitive marketplace, 1500 to 2500 is a moderately concentrated
marketplace, and 2500 or greater is a highly concentrated marketplace.

2 Oyu Tolgoi, a copper�gold mine in the South Gobi region of Mongolia,
approximately 550 km south of the capital Ulaanbaatar, holds one of the
largest undeveloped high-grade copper deposits in the world. (www.ot.mn).

3 Erdenet Mining Corporation SOE is one of the biggest ore mining and
processing factories in Asia. At present it is a fairly large complex processing
26 million tons of ore per year and producing around 530.0 thousand tons of
copper concentrate and around 4.5 thousand tons of molybdenum concentrates
annually. (https://www.erdenetmc.mn/en).

of the mines in Chile follow the ‘‘nation’s strategy’’, and each of them
participates in the international market as a single player or profit-
maximizing agent. Table 2 shows the market concentration based on
mines (instead of nations), taking the year 2015 as an example.

At the mine level, we can see a more ‘‘free’’ or competitive market.

2.2. Chinese import market as a concentrated and spatial market

Herfindahl (1967) defined spatial markets according to transport
opportunities. Further, Zhang et al. (2017) argued that the Chinese
copper industry can be considered a spatial market. The calculated av-
erage HHI value of the Chinese import market for copper concentrate,
which was around 2300, shows that the market is heavily concentrated.
Thus, as suggested by Luengo (2015), the oligopoly theory accurately
explains this situation. In reality, the Chinese market can be classi-
fied as being between highly and moderately concentrated. Thus, we
considered the Chinese import market as concentrated and, based on
the oligopoly theory, took into account factors such as dominant state-
owned enterprises and state policies on import tariffs, reserves, the
environment, protection, and the security of supplies. In 2007, the total
Chinese import value was $ 8.5 billion, of which miners from South
America contributed 58.9%. The five biggest suppliers were Chile, Peru,
Mongolia, Australia, and the USA. After ten years, in 2017, the import
value increased to $ 25 billion, and South America contributed 57.2%.
The five biggest suppliers at this stage were Peru, Chile, Mongolia,
Australia, and Mexico. The future demand is expected to grow due
to urbanization, investments in infrastructure, and the use of electric
vehicles.

The concentration of the Chinese copper import market is different
from that of the global market due to its spatial characteristics. Further,
Zhang et al. (2017) argued that Chinese smelters have become more
dependent on copper concentrate imports and that this import market
can be described as a spatial market due to the transportation and tariff
constraints present (see Table 3).

3. Cournot-Nash equilibrium models in China’s copper market

Cournot (1838) established the foundation of the oligopoly the-
ory by modeling the competition between two producers (duopoly).
Later, Nash (1951) extended the competition model and provided
a generalized form with n players. As mentioned above, many re-
search studies have been carried out on the equilibrium models of
oligopolistic markets. Hashimoto (1985) and Harker (1986) argued that
variational inequality is suitable for analyzing a spatial market with
a homogeneous product. Dafermos and Nagurney (1987) showed that
game-theory-based oligopolistic game models are applicable in con-
strained spatial markets, which are more concentrated than standard
‘‘free’’ markets. We argue that the natural commodity market (in this
case, that of copper concentrate) is oligopolistic due to bulk trade, the
need for substantial investment, and the dominant Chinese market.

3.1. The classical model and variational inequality formulation

With oligopolistic market equilibrium, we assumed that there are
n firms producing a common homogeneous commodity, and the price

pi of firm i depends on the total quantity � =
n‡

i=1
xi. Let hi.xi/ denote

the cost of the firm i with respect to the production level xi. Then, the
profit of the firm i is given by

fi.x1; x2;§ ; xn/ = xipi
� nÉ

i=1
xi
�

* hi.xi/; i = 1;§ ; n:

Let Xi Ó R; i = 1;§ ; n be the strategy set of the firm i, which
is assumed to be convex. Each firm would aim to maximize its own
profit by simultaneously choosing a production level and point. x< =

https://www.icsg.org
http://www.ot.mn
https://www.erdenetmc.mn/en
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Table 2
Market share of world mines and concentrators, 2015.
Source: https://comtrade.un.org/data.

Country Ownership Production (copper, thous. tn) Market share (%) Rank

Escondida Chile BHP (57.50) 715.2 4.6 1
Grasberg Indonesia Freeport, 539.1 3.5 2

Indonesian Gov
Collahuasi Chile Glencore(44) 493.7 3.2 3

Anglo-American
El Teniente Chile Codelco(100) 464.0 3.0 4
Antamina Peru Glencore(33.75) 438.6 2.8 5

BHP(33.75)
Cerro verde Peru Freeport(53.56) 424.7 2.7 6
KGHM Poland KGHM(100) 417.3 2.7 7
Polska Miedz
Norilsk Russia PJSC(100) 344.7 2.2 8
Los Pelambres Chile Antofagastra(60) 344.0 2.2 9
Oyu Tolgoi Mongolia THR(66) 180.9 1.2 25
Erdenet Mongolia GoM(51) 141.8 0.9 35
Union Section South Africa Anglo-American(85) 0.1 0.0 211

Rest 11,095.9 71.0
TOTAL 15,600.0 100

.x<
1 ; x

<
2 ;§ ; x<

n/ ¸ X = X1 � X2 � 5 � Xn can be said to achieve Nash
equilibrium if

fi.x
<
1 ; x

<
2 ;§ ; x<

i*1; yi; x
<
i+1;§ ; x<

n/ f fi.x
<
1 ; x

<
2 ;§ ; x<

n/; ¯yi ¸ Xi; ¯i: (1)

Moreover, we assumed that each hi is continuously differentiable on
Xi, and concave with respect to xi. Then, for each player, we would
have a convex optimization problem, and the optimality condition for
the solution becomes

* Œ(xifi.x
</; xi * x<

i º g 0; ¯xi ¸ Xi; (2)

where (zg.z/ is a gradient vector of g with respect to variable z and

Œx; yº =
n‡

i=1
xiyi; x = .x1; x2;§ ; xn/: y = .y1; y2;§ ; yn/ is the dot product

of two n-dimensional vectors.
By introducing F .x/ :=

�
*(x1

f1.x/;§ ;*(xnfn.x/
�

, the problem (1)
can be reduced to the variational inequality problem, which consists of
finding x< such that

ŒF .x</; x * x<º g 0; ¯x ¸ X: (3)

3.2. A generalized Nash equilibrium model in the copper market

We assumed that Chile, Peru, Australia, and Mongolia all export
copper concentrate to the Chinese market and considered the Cournot�
Nash competition with four players competing in the Chinese copper
market. As per Lorenczik et al. (2017)’s idea, we introduced the fol-
lowing model for the copper market: Each player makes simultaneously
decisions based on their respective capacities, costs, other players’
outputs, and market demand, price, and investment. All the players are
price takers and try to reach a profit-maximizing goal function. Thus,
the kth player has the following problem: .k = 1;§ ; 4/ (see Tables 4
and 5).

max
.xki ;yki/

ðMkðÉ

i=1

�
xkiPk * Cvarki .xki/ * cinvki yki

�

Xk = ^.xki; yki/ : Pk = .ak * bkQ/;

xki * yki f cap0
ki;

.Zk/ yki f ymaxki ;

Q =
NÉ

k=1
xk; xk =

ðMkðÉ

i=1
xki;

�1x1 + �2x2 + �3x3 + �4x4 f T otal;

xki; yki g 0; i = 1;§ ; ðMkð‘:

Table 3
Share in value in China’s e imports.
Source: www.trademap.org.

Exporters 2007 2011 2017

Chile 33.8 24.4 27.5
Peru 22.4 16.1 29.9
Australia 7.9 10.7 5
Canada 2.6 5.3 2
USA 5.4 4 2.6
Mongolia 10.6 6.7 6.2

Table 4
Model parameters and variables.

Mk Set of copper mines kth country
Cvar
ki .xki/ = .�ki + vki/xki Total variable costs,

(production and transportation)
cinvki yki Investment expenditures
cap0

ki The initial production capacity
ymaxki The maximum capacity expansion
�i ; i = 1; 2; 3; 4 Share of the player i in the Chinese copper market
T otal Total Chinese import (Totalf 1)

Table 5
Selected copper mines.

N Mine Country Company Production
(equity, %) (thous. tn)

1 Escondida CHL BHP Billiton (57.5) 973.2
2 Grasberg IDN Freeport-McMoRan (90.64) 523.6
3 Collahuasi CHL Anglo American (44.00) 509.0
4 El Teniente CHL Codelco (100.00) 448.0
5 Cerro Verde PER Freeport-McMoRan (53.56) 403.1
6 Antamina PER BHP Billiton (33.75) 399.0
7 Las Bambas PER MMG (62.50) 394.7
8 Los Pelambres CHL Antofagasta (60.00) 345.9
9 Olympic Dam AUS BHP Billiton (100.00) 183.3
10 Erdenet MNG Government of Mongolia (51) 140.7
11 Oyu Tolgoi MNG Turquoise Hill Resources (66) 135.6
12 Prominent Hill AUS OZ Minerals (100.00) 105.3

4. Numerical experiments

4.1. Variational inequality formulation

As mentioned in Section 3.1, the Nash equilibrium model can be
reduced to the variational inequality problem (3), and gradient vectors
for each player can be calculated as follows.

https://comtrade.un.org/data
http://www.trademap.org
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Table 6
Input parameters.

Country Mines Export Investment

CHL Escondida x11 y11
Collahuasi x12 y12
EI Teniente y13 y13
Los Pelambres x14 y14

PER Property x21 y21
Antamina x22 y22
Las Bambas x23 y23

AUS Prominent Hill x31 y31
Olympic Dam x32 y32

MNG Erdenet x41 y41
Oyu Tolgoi x42 y42

IDN Grasberg x51 y51

Table 7
Results with four countries, 2018 (thousands of tons)

Mines Export Investment Profit ($, thousand) Actual export

x11 1070.5 97.3 7,251.02 978.8
x12 559.9 50.9 7,251.02 515.9
x13 492.8 44.8 7,251.02 454.1
x14 380.5 34.6 7,251.02 350.8

x21 443.4 40.3 4,282.56 405.4
x22 438.9 39.9 4,282.56 404.7
x23 434.2 39.5 4,282.56 396.6

x31 183.3 0 726.161 184.9
x32 115.8 10.5 726.161 113.7

x41 140.7 0 444.484 149.7
x42 135.6 0 444.484 136.7

Four Chilean exporters:

(f1 =
‘
r
r
p

ak * bkQ * �1i * v1i +
4‡

i=1
x1i.*bk/

*c1i

a
s
s
q

4

i=1

;

Three Peruvian exporters:

(f2 =
‘
r
r
p

ak * bkQ * �2i * v2i +
3‡

i=1
x2i.*bk/

*c2i

a
s
s
q

3

i=1

;

Two Australian exporters:

(f3 =
‘
r
r
p

ak * bkQ * �3i * v3i +
2‡

i=1
x3i.*bk/

*c3i

a
s
s
q

2

i=1

;

Two Mongolian exporters:

(f4 =
‘
r
r
p

ak * bkQ * �4i * v4i +
2‡

i=1
x4i.*bk/

*c4i

a
s
s
q

2

i=1

:

Therefore, the input parameters can be summarized as follows:

.x1;§ ; x8/ : = .x1i; y1i/; i = 1;§ ; 4;

.x9;§ ; x14/ : = .x2i; y2i/; i = 1;§ ; 3;

.x15;§ ; x18/ : = .x3i; y3i/; i = 1;§ ; 2;

.x19;§ ; x22/ : = .x4i; y4i/; i = 1;§ ; 2:

Moreover, using the notations

X = X1 �X2 �X3 �X4; F .x/ = .(fi.x//4
i=1;

we obtain the problem (3).

Table 8
Results with five countries, 2018 (thousands of tons)

Mines Export Investment Profit ($, thousand) Actual export

x11 683.4 97.3 7,252.07 973.2
x12 536.6 50.9 7,252.07 509
x13 504.7 44.8 7,252.07 448
x14 369.7 34.6 7,252.07 345.9

x21 489.6 40.3 4,283.25 403.1
x22 425.1 39.9 4,283.25 399
x23 464.1 39.5 4,283.25 394.7

x31 195.7 0 726.317 183.3
x32 115.6 10.5 726.317 105.3

x41 141.1 0 444.626 140.7
x42 142.9 0 444.626 135.6

x51 500 0 1,957.22 523.6

4.2. Numerical results

The modeled results are similar to the actual data. The significant
differences between some mines can be explained by short-term non-
economic disturbances, such as the strikes in Chile and community
protests in Peru (see Tables 7 and 8).

4.3. Simulation results

The Chinese copper (concentrate) import volume fluctuates between
3 and 5 million tons per year (2016�2018). The total import volume
can sharply decrease for many reasons (supporting domestic miners,
environmental issues, etc.). In addition, the total import volume can
drastically increase, causing reserves to build up, especially if the prices
are down and supply distortions are expected in the future. How can
Mongolian exporters respond to these changes? (See Fig. 1) Similar
simulations can be constructed to predict reactions to other factors such
as increases in competitors’ capacity.

Using this model, we can also predict the impact of certain policy
shocks. For example, there was high fluctuation in the import volume
to China in 2016�2018 (3�5 million tons) due to Chinese policy and
market changes to protect the domestic mines and build up stocks
(strategic reserves). To capture this development, we used the numer-
ical parameter of Total. The response result of this parameter shows
that Mongolian miners should theoretically be able to export copper
if the Chinese import volume exceeds 1.75 tons. If imports are below
that level, Mongolian miners may not be able to conduct any export
business to China; we assume that the high expenses that Mongolian
miners bear explains this result of the model. If the Chinese import
volume surpasses 2.25 million tons, Mongolian exporters can mobilize
to their full capacity.

Fig. 1 depicts a comparison of the modeled results and actual data
using line plots (a, b) as well as quantile plots (c, d) and indicates that
the model is relatively accurate.

With the simulation model being validated, several sensitive and
parametric analyses were carried out. In Fig. 2, the y-axis shows the
simulated export volumes of the Mongolian miners, and the x-axis
shows the numerical input of the Total parameter, indicating the Chi-
nese import volume. In extreme cases, if Chinese imports drop below
1.5 million tons, only Chilean miners would have a non-negative export
value, which can be interpreted to reflect that Chilean miners have
a higher capacity for survival than their Mongolian competitors (see
Fig. 3). We believe that cost advantages play a major role in the same.

Similar simulations can be carried out using other numerical pa-
rameters such as demand elasticity. Paulus et al. (2011) considered the
reaction to a demand side price by computing four-player model runs
for a [*4; 0] bandwidth of elasticities. Peru and Chile’s demands are
stable under China’s viable demand, while Mongolia and Australia’s
productions are sensitive and shown in Fig. 4.
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Fig. 1. A comparison of the modeled results and actual data (in thousands of tons), where 2016 x 11 indicates the value of Escondida’s export in 2016 (cf. Table 6).

Fig. 2. Response of Mongolian mining companies to China’s demand (in thousand tons) ..

Fig. 4 shows the production plan of the four players under viable
elasticity. Mongolian miners are less responsive to price movements if
the elasticity is calibrated to ‘‘free market’’ levels, which means that
these miners would be less competitive if the Chinese import market
moves toward a freer model (see Fig. 5), but the current concentrated
market might provide more opportunities for Mongolian exporters. If

the underground mine expansion of Oyutolgoi is completed, the market

power of this miner could increase, and an updated analysis can be

carried out based on this model. The Erdenet mining operation can

increase its profitability by committing to a long-term cost-optimization

strategy.
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Fig. 3. Dynamic responses of the selected country’s share in varying China’s demand.

Fig. 4. Reactions of countries’ export volumes under viable demand elasticity: four-player model.

5. Conclusion

In this paper, we have presented the current situation of the global
copper market, which involves ‘‘free competition’’. Based on a similar

analysis of the Chinese import market, we have suggested that the

Chinese market is spatial and highly concentrated, allowing for the

application of game-theory-based models. Based on Lorenczik et al.

(2017), we created a simplified model with a single buyer but added
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Fig. 5. Capacity extension of Mongolian miners under viable demand elasticity: four-player model.

a new constraint, namely the Chinese copper concentrate import vol-
ume. Another difference was our suggestion of a variational inequality
approach for solving the model. We chose 12 copper mines from Chile,
Peru, Mongolia, Australia, and Indonesia as competing players in the
Chinese copper market. Altogether, these mines supplied 75 percent
of the Chinese market’s copper demand in 2016�2018. However, five
of them (Escondida, Antamina, Las Bambas, Los Pelambres, Prominent
Hill) are projected to shut down between 2027 and 2040, while the
Chinese demand will continue to increase. On the one hand, this could
provide a tremendous opportunity for Mongolian miners, but on the
other hand, Mongolia might become more dependent on China. The
Mongolian copper mining sector should invest in optimization and
efficiency as well as market research. This paper represents the first
ever attempt to use game theory to analyze the international copper
market. The model used in this paper can be further extended to a
dynamic game or new markets, especially the copper cathode market
if Mongolia builds a new copper smelter.
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I. Summary 

The CIMPA research school ÒData Assimilation, Optimization, and ApplicationsÓ took 
place in hybrid form from July 5 to July 10, 2021, at German-Mongolian Institute for 
Resources and Technology, Mongolia.  Organizers of the research school are  Prof. 
Laurent Dumas, Versailles University, France, and Prof. L.Altangerel, German-
Mongolian Institute for Resources and Technology, Mongolia. The supervisor of the 
school from the CIMPA is Prof. Lidia Fernandez. Originally it was planned to be 
organized fully in the GMIT campus. Because of the COVID pandemic situation and 
after several discussions with CIMPA representatives,  the organizers decided to organize 
the research school in hybrid form. 

 

Optimization problems are encountered in many fields (engineering, finance, economics), 
and they can lead to various mathematical formulations: convex or nonconvex type 
function, black-box function, integer or continuous type, and with various 
constraints.  The objective of this CIMPA school is to present various topics in the field 
of optimization and data assimilation to solve such applied problems.  

Opening ceremony agenda 

14:00 Ð 14:15 Greetings by  
¥ Prof. B.Battsengel (Rector of GMIT) 
¥ Prof. Lidia Fernandez (CIMPA)  
¥ Mr. Philippe Merlin (Ambassador of France) 

 

  
14:15 Ð 14:20 Musical performance (student band) 

  
14:20 Ð 14:30 Brief introduction about the CIMPA research school and 

speakers   

 

 

II. Scientific content 

Six courses took place during this school. They all deal with various aspects of 
optimization and will  often be linked with a particular application (finance, 
energy, É).  
During the first two days of the conference, an introductory course on 
optimization (basic theory in convex analysis, standard numerical tools like 
gradient-based or gradient free methods, etcÉ)  was given. 
Each course is divided into three talks of one hour and a half.  
 
List  of courses: 
 



ONLINE : ÒMulti-leader-follower games: recent theoretical advances and 
applications to the management of energyÓ (Didier Aussel, Perpignan 
University) 
ONSITE:  ÒOptimization Applications in Economics and FinanceÓ (Enkhbat 
Rentsen, National University of Mongolia) 
ONLINE : ÒIntroduction to optimization under uncertaintyÓ (Didier Lucor, LISN 
Lab, Paris Saclay University) 
ONLINE : ÒReformulation and decomposition for integer programmingÓ (Sandra 
Ulrich Ngueveu, Toulouse University) 
ONLINE : ÒBlack-box simulation-based optimization: algorithms and applicationsÓ 
(Delphine Sinoquet, IFPEN agency) 
ONSITE: ÒGlobal optimization with piecewise convex functionsÓ (Ider 
Tseevendorj, Versailles University) 
 

Online classes were organized using Zoom software: 

 
 

 

III. Participants  

The research school organizers created the Google Form for the registration, it was 
integrated with links websites of the school: 

https://lmv.math.cnrs.fr/cimpa-2021/ 

https://docs.google.com/forms/d/e/1FAIpQLSdDMAYiqLS_EcdL9awqfWH1IPNwX52C
2RV6S3X6wtG2jTkOlA/viewform 



https://www.gmit.edu.mn/v/88 

 
We had registered participants from Mongolia, including NUM, MUST, Institute of 
Mathematics and Digital Technology from MAS, GMIT, Khovd University, Shine 
Mongol Institute, France, Italy, Spain, Senegal, Argentina, Morocco, and Pakistan.  
Additionally, 8 young scientists from the Institute of Mathematics and Digital 
Technology and GMIT attended classes at GMIT campus and followed all lectures during 
the research school. Online lectures have been organized using Zoom software and live 
streams to the Facebook page of GMIT to attract more followers during the research 
school. 
 
!  Names Organizatio/University E-mail Status 

1 E.Enkhtsolmon 
Institute of 
Mathematics and 
Digital Technology, 
MAS 
 

enkhtsolmon@mac.ac.
mn 

Local participants 
 

2 J.Davaajargal j.davaajargal@gmail.c
om 

3 G.Gantigmaa gantigsccs@gmail.co
m 

4 Sh.Iderbayar  
5 Ch.Ankhbayar NUM Ankhaa.2020@gmail.

com 
6 S.Baasansuren MUST bsnsm@must.edu.mn 
7 A.Bat-Erdene Institute of 

Mathematics and 
Digital Technology, 
MAS 
 

Bateredene.04021107
@gmail.com 

8 M.Chagdarjav chagdarjavm@mas.ac.
mn 

9 B.Byambakhorol GMIT, master 
student 

b.byambakhorol@gmi
t.edu.mn 

 

 

IV. Financial Report 

Budget for CIMPA research school "Data assimilation, optimization, and 
applications" 

!  Classification Units Quantit
y 

Unit price Amount /"/  Amount 
/Euro/ 

Resource 

1 
Travel costs of 

Prof. Ider 
Tseveendorj 

 1 1000 Euro  1000 Versailles 
University 



 

 

V. Pictures 

 

Links of news broadcasted and published during after the research school:  

 

Eagle TV:   

 

https://www.facebook.com/gmit.edu/videos/505232373911339 

 

On the website of the Ministry of Science and Education of Mongolia: 
 
 https://www.meds.gov.mn/post/70463 
 
The English version of this news from MonTsaME: 
 
https://www.montsame.mn/en/read/270088?fbclid=IwAR0bvyjz5RHuT8c4-
6I7vPbTj42XWdlQRWuNSbIZ2AIH8L-YDgdo2iDJsXU 
 

2 

Accommodation 
and meal costs for 
local speakers and 

participants (5 
days* 4 people) 

day 20 200000 4,000,000.00 1159 

GMIT, Basic 
Research Project 

funded by 
Mongolian 
Foundation  

3 
Transportation (50 

km*2 times*5 
days*7 cars) 

liter 280 1450 406,000.00 118 

4 Coffee break  100 10000 1,000,000.00 290 

5 

Consumables/ 
certificate 

preparation, 
presents 

   1,000,000.00 290 

6 Lunch and meal (6 
days *20 people) day 120 30000 3,600,000.00 1043 

CIMPA 
7 Equipment for 

online teaching    4,257,000.00 1234 

 
Total    14,263,000.00 5134  



 
!

Figure 1: Speech by Ambassador of France Mr. Philippe Merlin during the opening ceremony 

 

 
!

Figure 2: First lecture on Introduction to Optimization and Data Assimilation by Prof. Laurent Dumas 



!
Figure 3: Group photo of participants 

  
 

 
!

Figure 4: Group photo of participants 

 



 
!

Figure 5: Prof. Sandra Ulrich Ngueveu, Toulouse University 

!
Figure 6: Didier Lucor, LISN Lab, Paris Saclay University 

!
 



!
Figure 7: Local speakers and participants in GMIT campus 
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!
Figure 9: Prof. Ider Tseevendorj, Versailles University 

 

 
!

Figure 10: Prof. Enkhbat Rentsen, National University of Mongolia 



!
Figure 7: Small presents to speakers and local participants from GMIT 
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Figure 9: After the closing ceremony 

 
 
 
 
Appendix: registered participants using Google Form 
 

  Title First Name Last Name Institution name 

1 
Dr. 

ABDOULAYE 
ALI  IBRAHIMA  

UNIVERSITE ABDOU MOUMOUNI DE 
NIAMEY  

2 Mr Alejandro Membrilla University of Granada 
3 Mr Ankhbayar Chuluunbaatar National University of Mongolia 
4 Ms Ankhchimeg  Ganzorig  GMIT 
5 Ms Anun Ganbat AND SYSTEMS TECH 
6 Dr. Ariungerel Jargal MUST 
7 Dr. Ariungerel Tsereljav Khovd university 

8 
Mr ARNAULD TUYABA  

Institut de MathŽmatiques et de Sciences 
Physiques (IMSP) de Dangbo-BŽnin 

9 Mr Azjargal Enkhbayar Mongolian National University of Education 
10 Ms Bataa Dulguuntuya Dulguuntuya 
11 Dr. batbileg Sukhee NUM 
12 Mr batsaikhan enkhtuvshin "#$%#& '&()$ *+$,&-. './/$) /0/123+  
13 Dr. Bayanjargal Darkhijav National University of Mongolia 
14 Mr Burenarvijikh Damdinsuren  Khovd university, department of math and 

15 
Ms chadgarjav Munkhdalai 

Institute of Mathematics and Digital 
Technology 

16 Mr Dagvasuren Ganbold National University of Mongolia 
17 Ms Damaris Kilango African Institute for Mathematical Sciences 
18 Mr Davaajargal Jargalsaikhan Mongolian Academy of Science 
19 Ms Davaasuren Bayarmagnai Dawka 
20 Ms Davgadorj Sukhbaatar None 



21 Ms Delgermaa Erkhemjargal "456  
22 Dr. Dultuya Terbish National University of Mongolia 
23 Dr. Enkhbayar Jamsranjav National University of Mongolia 

24 
Ms Enkhtsolmon  Erdeneoldokh institute of mathematics and digital technology 

25 Ms Erdenepvrew Enhtsatsral There is no institution 
26 Ms Erdenetuya Bayandalai Applied mathematics 
27 Mr esen dashnyam National university of Mongolia 

28 
Mr Gankhulug Erdembileg 

Institute of Mathematics and Digital 
Technology 

29 Ms Gantigmaa Ganlkhagva Gantigmaa 
30 Mr Iderbayar Shiilegbat Mongolian Academy of Sciences 
31 Ms Khaliun Enkhtuvshin 14th school 
32 Prof Lkhamsuren Altangerel GMIT 
33 Mr Miguel  Reyes National University of Salta- Argentina 
34 Dr. Mohammed Abdellaoui FSDMn USMBA Fez, Morocco 
35 Dr. Muhammad  Adil Khan University of Peshawaf 
36 Ms Munkhsaikhan Anuudari National university of Mongolia  

37 
Mr Norbert Djahou TOGNON  

Institut de MathŽmatiques et de Sciences 
Physiques (IMSP)  

38 Ms Otgonbileg Dolgormaa National University of Mongolia 
39 Ms Shine ̀ Tulgat EmpaTTC Akademy 
40 Ms Shinetsetseg Otgonsuren Mongol aspirations school 
41 Mr Tengis Odgerel National University of Mongolia 
42 Mr Tserennorov Munkhtogtokh New Mongol Institution of Technology  
43 Ms Tseveensuren  Tsagaankhishig Tseveensuren  
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