G

GERMAN - MONGOLIAN INSTITUTE
FOR RESOURCES AND TECHNOLOGY

KBa3u Bapmanuiii TSHIITIIJ OMINWITH XYBb, JMHAMIK
CHUCTEMTRI1 X0JI00TI0X aJrOpPUTMBIH CydaJiraa

Cyypb cyjajiraatbl TOCAUNH TailaH

2022 on



Tecanitn yaupaoard: JI.Asrranrspas, gokrop (PhD), MI'TUC-uiiu
mpocdeccop

CauxyyKyyJja3rd oairyyJiara: MTuHK 19X yXaaH TEXHOJOTUIH CaH

Saxwuanary Oaiiryysiara: BomoBepoit, coén, MUHKIIX yXaaHbl gaM



F'apuaur

Opiiua

KBasu BapuanuiitH THIPRTrIJ oulnl 6a Epenxwuiincau Hsamwuiin TOHIBIpUiTH

6oaJ10r0

2.1 Ksazu BapumamuitH TOHIITIAI OUIMUHT 60T0X AJITOPATM . . . . . o .+« . . . .

2.2 XaMTbIH 3aariaJTTail epeuxuitiicon Hamuitn ToSHIBIpUitH 3arBapblH 39CUIH 39X
BT JIAX XOPOTUID . & v v v v v e e e e e e e e e e e e e e e
2.2.1 Conromor Hamuitn ToHIBIpHitH 3arBap 6a BapUAIMITH TOHIITIIJ OUII
2.2.2  XaMTbhIH 3aarjaaTTail epeuxuitiican Hammuita ToHIBIpUiiH 3arBap
2.2.3  3scuiin 3ax 39371 13X XIPIMVID 0a BAPUAIMIHH TOHITTI OUIIIITH TOMb-

<70 %1 10 )

TesbepuitH YaaBapbliH 3aarjIajJTTall JaaTrajJdblH XypaaM2KuiiH 3arBap

3.1 Hbsr yer JaaTTajibIH BaTBAD - « - « « « o« o v e e e e e
3.2 Hbar yer 3arBapbIH OPTOTTOI . . . . . « oo« o v e v v e et e e e e e e e
3.3 TOOH TYPIIMIIT . . . . . . . . o ottt e e

TesbepuitH YaaBapbIiH 3aarjajTTail OaHKHbBI 393JIMIH XYYTUHH 3arBapyy/I
4.1 Tesbepuiin yaaBapbiH 3aarjiaaTTail OaHKHBI 3aIBaAP . . « . . . . . .« . . . . . .
4.2 TOOH TYPIIWIIT . . . o v v v v e e e e e e e e e e e

Huiinmaa Harsn Tepauitn Byc Ilyacconsr IIporiecc d33p Cyypuiacan Cro-

xactuk DDM

5.1 Aprawran: Huitmvman Harsu Tepauiin Byc Ilyacconst Ilporece . . . . . . . ..
5.1.1 HoOrmosI aIllUD . . . . . . v v v v v v e e e e e e e e e
5.1.2  JIedosaT BOOX MATAIIAT . .+« « v o v v e e e e e e e e
5.1.3 XyBbIaaHBI CAHAMCAPTYHM VHD . . . . . .« o o o v v vttt
5.1.4 TlapameTpyyauitH XaMruifH UX YHIHUN XyBb OYXWil YHIJIJIT . . . . . .

5.2 TOOH TYPIIIIT . . . . o v v v v e e e e e e e e e e e e e e e

5.3 XaABCPATITYYIL . « « v v v v v e e e e e e e e

10
10

11
11
12

12

15
15
16
18

19
19
24

26
26
26
27
28
30
32
34



Teciuiin 6aruitH ruiyy/

N

W N

Hspce

Hp. JI.Anrarrapas
Hp. I'Bartep

Hp. I'Barrynra

I". JopzxcyHmyit

Auban TymaaJ

MI'TUC-nita mpodeccop
MVYUC-nitn XIITYNC-nita 6armr
MVYUC-nity XITYWNC-nita 6armr
MI'TUC-nita 6armr, MarucTp



TecnuitH Xyp33H/] TABUTACAH 30PUJIITYY/

Baarajr Hb MIIXKAMY OJIOHJIOr OaiflX TOXUOJII0JI, KBA3H BapUALIMITH TOHITTIJI OUITUAH
XYBb/I JMHAMHUK CHCTEMTIH X0JIO0TIOX aJrOPUTM OOJIOBCPYY/IZK, HUAIITHAT Hb OaTIaH,
TOOH TYPIIUITaap DaTaJIraaKyyJIHa.

Ilyraman xaMTBIH 3aariaJTrail epeHxuilacon Hammiin ToHIBIpUAH OOIIOIBIH XYBbII,
yT' QJICOPUTMBIT TYPIIUK, XOJIUMOT epOHXUIICIH Hammmitdn ToHIBIPUH OOIJIOTBIH XYBb/I
raprai aBcaH 3aar (pyHKIUIH YaHapyyIbID CYAIaX 3aMaap TOXUPOX aJPOPUTMBIT CAHAJ
0O0JITOHO.

XepeHruilH JaaTrajblH XyBbJ TapraH aBCaH OJIOH YeT 3arBapbir epeuxwuiiacon Hamuitn
TOHIBIPUIH 3arBapT MIMJRKYYIX YHJISCIIIUIT raprax, TOOH TypliniTaap Oarajraa-
KYYJAaH, MPAKTUKT XIPILVIIX 30BJIOMKUUT OOJIOBCPYYIIHA.

Xysbliaanbl Xaumuir Taamaraax VAR sarsapeir canas 6oJirox, TyyHHE GAribiH COH-
ro/IT 6OJIOH TOTJIOOMBIH OHOJITON X3PXIH XOJIOOTIOX CyIajraar XUiHa.



byisr 1

Opmimi

KBazn BapmaruitH TOHIPTIAJ OUIT Hb ONTUMUBAIINIH OOIIOIBIH IMNI OHOBUTON Oaiix Hex-
1OJ1, TYHIPITUIH 00/JIOr0, BAPUAIMITH TIHIIITTIJI OUII, NIyraMaH OyC TATIMUTISJINNH CUCTEM
39p3T OOJIOTYYILIH OPTOTTOCOH X3/109p 00JIOX00C TaIHa IYPC OOJIOBCPYYIAIT, XYPIIJIIH Oyil
OPYHBI 0OJIJIOTO, CYIXKIIHUI OOJIONO 39P3T XIPIIVIIITIH XOJIO00TONTO0D CYYIUNH KUY
SpUMMTI cyiarmaxk Oaiitna. MeH crpaTeruiii OJIOHIOr Hb OyCaJ TOIVIOIYJbIH CTPATEruac
XaMaapJaar epeHXuiticon HammuitH TOHUBIPUiiH 3arBap Hb TOIVIONY OYPHITH XOXKJIBIH (PYHKIL
muddepeHnuaTIarIar TOXUOI0] KBA3W BAPUAITUHH TIHITTI OUIl PYY MUK Ty-
xXailH 0O0JIJIOTBIH XYHJIPIJI Hb 3aalVIAJTHIH OJIOHJIOl Hb XyBbCAardaac XaMaapCaH OJIOHJION yTraT
OyysirajaT Gaiijartaii XoJa000TONH. DHI TOC/IMITH XYPIIH/I TABUTJICAH HIT 30PUIT Hb CYYJIHITH
KUYV ANHAMUK CHUCTEMTIH X0JI000TONT00p ONTUMMU3ANMIH OOJTOH BapUAITUIAH TIHITITTIJI
OUINUITH XYBbJ SPUUMTII CyIargaxk Oyl apryyasll CyIakK, 3aar/aiT Hb MIHIXKATY OJIOHJIOT
balix TOXUOJIJIOJI] KBA3W-BaPUAIIAIH TOHIITTIJI OUIUNH XyBb/I IIITHD aJITOPUTM OOJIOBCPY YK,
HAWJITHAT Hb OaT/aH yaMaap epeoHxuitjyicon Hammuitn ToaHIBIpUitH 601JI0BIH TOIOPXO aH-
THJT X9PATJIdX B IoM. TyyHI3C rajiHa O©MHO XUNTICIH KBA3W-BapUAIIUITH TOHIIITTI OUTITHIH
XyBbJI 3aar (PYHKIITIH X0JI000TON cymaaraar ypraJKIyY/IdX939C rajHa CAHXYYTUUH 3aX 3991
JI9X TOIJIOOMBIH OHOJIBIH OOJIOH JUCKAyHIarAcal HOOTJIOJ aIlluiiH 3arsapTail Xo1000Toi 3a-
PUM YP JIYHT TapraH aBaxaap TOJIOBJIOCOH.

Tecnuittn XypIdH TABUTJCAH 30PUJITTON XOJOOOTONrOOp XUUTICIH Cynairaa OOJIOH aXxK-
JIyYZBIT TOMMJIOH XYPI9BIJI:

2018 oH:

— CynajraaHbl 3BT X0J000TORT00P OAruifH TUIITYYII, OPOJIIICOH CYJAJITaaHbl Ce-
MUHaPBII' TOI'TMOJI ABYYJICHaaC T'a/JHa JTUHAMUK CUCTEMTAI XOJI6OF,I[OX OIITUMU3a-
UHH GOJIOH BApUAIUIH TIHIITIJI OUINUNIH 3apUM AJITOPUTMbBIH TAJIAAD UJITTJIHIAT
recauiin yaupsard JI.Agraarspss 2018 ousr 11-p capwra 17-wg MYUC-71 60sicon
"Xoparmesuuit mareMaTuk 2018"9paoM MIUHKUITIIHUA Xy PAJT XIJIJIIYYICIH.

— Memn 2018 ounr 12-p capbia 17-19-u1 ABcrpuitn Benwitn ux cypryymiab 30xuon Oaii-
ryyaariacad "The Vienna Workshop on Computational Optimization"oJion yicea
xypaJs JI. ATTaHrapa OpoIoK, KBa3n BaApUATIWITH TOHITTIJT OUIHITH 3aar (DYHK-
[UUH Tajaap rapracal yp AYHTHITH Tajaap X3JIJIYY/ICIH. YT OJIOH YJICBIH XyPaJiJ
AHY, Kanan, XBHI'Y 33par yJChIH ONTHMEI3AIHU, 3arBapuIaIblH YUTJISIARH HID
XYHTIU SPAIMTI YPUTICAH UITTIJT XIJIIIIYYIICH C rajiHa ABcrpu, l'epman, Ura-
s, Opamnt, [MIBex, MoHTOJT 39p3r OpHBI UX CYPIryyIRYIa] aXKUAJLIAXK Oyt CyIIaatdn,I
©OPCINITH CyIaIraanbl yp AYHIS Tanminyyiacad. Tyxaitadas 513 xypJsbH yesp Ka-
HaaeH bpurnm KomyMObiH ux cypryyiunita npodgeccop bayike, Apcrpuiit Benuniin
ux cypryyauiin mpodeccop bBor HapTail yya3zaxk, 9Hd TOCIUNH XyPIIHJ TABUTICAH
BOPUIITYYABIT OMEJIYYIIIX3/] XIPXIH XaMTPaH aykKMjiaX Tajgaap sipUJIICAH.

— Haatransia cazbapT TOIJIOOMBIH OHOJIBII' XP3IVIOX Cyajraa H3JI991 SPTHIIC IXIJI-
C3H 06ree]] TaaTrajblH KOMIAHNIY/] XypaaMaKaa TOrToonor beprpanabiin 3cBai He-
XOH TOJOOPUIH OHOBYTOM X3IM2K33T TOrToo [0 KypHOruiin racan 2 3arsapT XyBaaH



y392Kk 60s1HO. 2013 on JlyTaHr Hap TOrIOrY OYp MAATryyaardrail Xuiix rapaIsr M-
HIWISX 3aMaap alllraa XaMIUiH nx Oaitarax Hammitn TOHIBIpUiH 3arBaphil CaHAJ
6osirocor. MeH yr 3arBapT TOIJIOTY OYPUITH €©PUITH XOPOHTUNH aJIarIIbIH J0O0/T
XsI3raapbIl’ TOOIOXK OPYYJICaH. DH TOXUOJIO0JIT 30PUJITBIH (DYHKI] Hb 9PC XOTTOPOOC
raJiHa IryraMaH 3aarjiajarTail yaup Hamuitn TSHIBIPUITH 3T 1IOP TaHIT OJIIOXBIT Xa-
PYYIRK, XYUIUH 3YHIYYAUiH xamMaapaJ Oyioy MIPIMKUNH Cydajraa Xunrjacon Oai-
mar. Ep #Hb TyxaifH X3p3rasrduiftH XyBb/L JaaTraarail 6aix 9¢3X Hb 3IMITH 3acCTUilH
XYUUH 3YHI93C XaMaapaJTait 9K Y39H, HII JaaTrajblH KOMIIAHUAC HOTee, IINJI-
KUX MaraJJjlajbll TOOIICOH IMWJIKAJITUIH MaTPUIMNAT opyysaax 3aMaap OJIOH yeT
3arBapbil’ TOMbEOJIOH, HIMUHH TOHIBIP [T [OP TaHIL OJIJI0X OOJIOH M3JIPIMKUNH
Tajgaap yp AYHIYYIUir raprad ascad Hb 2018 onbl 12-p capa Applied Mathemaics
COTTYYJIJI, X3BJISTJICOH.

2019 oH:

— Tecmmitn yaupaard [Ipod. JI.Anranrapsa 2019 oubsr 6-p capora 21-23-11 Ynaamnbaa-
tap xorosx 60sicon "The 6th International Conference on Optimization, Simulation
and Control"osion ysceia xypJsbir [Ipod. P.9ux6ar, Ap. Y. Anrannap, Ap. Y.Barrymmmr
HapbIH XaMT XaMTPaH 30XHOH baiiryyican 6erees yr xypaJ 10 rapyit opabl 50 ra-
Py 9PAIMTIH, CYJTAAYdN] WITTIIID XIdmyyiacon. Tecimitn Garaac yr XypaJst
HUAUT 2 WITTDJI AMKUITTAN XIJIJIITY YJICIH.

— Apcrpuita Bennitn ux cypryyiauiia cymiaad JIp. Pobept Hernex 2019 ombr 11-p
capbiH 20-24-H1 yr cymaiaraanbl Tecauiin xypsaa MI'TUC- 1 airanax yesp Ksasu
BapUAIMITH TIHIPTII OUIMUIH XyBbJ| 3aarJIaJIT Hb IIHJIKUTY OJIOHJIOT Dalix To-
XUOJIIOJ aJICOPUT OOJIOBCPYY/IaX Tajgaap XaMTaPCAH CYIAJITaaHbl CEMUHAD SIBYYJI-
can 6eree1 yp JIyHJ Hb TyxailH 00/ytorsir 600X L[surnitn aaropurMeir canat 60J1-
oK, HUIIIATUITH OaTairaa Hb XUWTIICIH.

— Men 2019 onbr 10-p capa OXY-biH DpxyyruitH ux cypryy/bn 6oscorn "Dynamical
Systems, Optimal Control and Mathematical Modeling"cssBT 0/10H yichkH Xypadi
Hp. I'.Barrep oposmoxk, "Theory and Methods for Generalized Nash Equilibrium
Problems"caaB39p marraa X3y yiacoH. Tyxaibas OonTUMU3AINH XOCMOTHITH
OHOJI, IITUHJT OHOBUTOM Oaiix HOXIeJ1 00JIOH TOPryyauitn dyuknuir amuraad Kpen-
xuitcon Hammite To9HIBIpUITH OOIOTBII TApAMETPIIC XaMaapCaH BAPUAIIMIAH TIH-
[T OUIMU MIJKYYI9X 3aMaap ajib 00JIOX OJIOH IMHUAWNAT OJIOX aprbIl Ca-
HaJ1 OoJirocoH cymajiraanbl yp ayH Bulletin of Irkutsk State University. Series
Mathematics caTryyiim X9B/ISTICIH.

— XepeHTruiiH JMaaTrajiblH XyBbJl TOMBEOJCOH OJIOH YeT 3arBapbil OAHKHBLI caJIdapT
XIPXIH XIPITTIIX OOTOMAKTON Tasmaap CyJaiK, 3apuM Yp JYHT Taprad aBcaH. 393-
JIMITH XYYTI9P93 OPCOJIIer OAHKHBI 3aX 393/ TOB OAHKHAAC IIaap/iar eepuitH
XOPOHTUWH YHIJITIIHUN Y3YY/IITUAT XaHracan Oabixaap Oaukyyn Hammitn TomI-
BIPT XYPI9X 3939JIUIH XYYI XIPXIH TOITOOX OOJIOMKTOUT Y3YYJICOH. OepuiiH xe-
pOHTHITH XypaisHnil 3aaraanraap Basel-1, Basel-1I-aac maapaaar eepuiit xepeH-
ruitn 3aariant MmeH Expected Shortfall 3aaryiaaTeir aB4a y3can. 3arsapyy/ibiH XyBb/I
THIBIPT XYY OPIIUH O6AfXBIr 6aTaIK, M3IPIMIKUAIH IITHHKUJITIIT XAWK COHTOH aB-
caH rypBaH OAHKHBI XyBbJI TOOH TYPIIWIT ABYYJICaH. DHIXYY Yp JyHT 2019 onbr 3-p
capbiH 27-H]1 sBariacad MOHTOJIOAHKHBI HIPIMXKUAT SPIAM IMTUHKUJITIIHAA Xy PJIBIH
CYV/INIH IMaTaH aMKIITTA MmaarapaH OposIoxK, baraapaa 2-p 6aiphir 939JICHI3C
rajiHa s5H» cypaaraanbl axkumi Optimization Methods and Software catryymuita 2021
OHBI JIyTraapT XIBJISIJICIH.

2020-2021 on:

— 2020 onnl 3x335p KOBI/I nap Taxan rapcanTail XoJ0600TORIrOOp TOCIUNRH CAHXYY-
SKIJIT XOHIIJIONICOH OOJIOBY CYAAJraaHbl CEMHUHAPBID TOITMOJI SIBYYJIXK, CITTYYJ/LI



ABYYJICAH aXKJIyYIbID caiizkpyy/rax 60108 HammitH ToHIBIPUITH 3arBapbIH X3PITJI39
0OJIOH ONITUMU3AIN, BAPUAITUIHH TOHIIITII OUIITIH X0JI000TOH Ccymairaar ypraizK-
sayyacaa. 2021 onbl 3x99p BostoBcposr muHKIIEX yxaaHbl gaM, [TIHHXKIIEX yXaaH,
TEXHOJIOTUIH CaH 35par OaiiryyJuIaryyablH TeJIO 6] OPOJIIICOH aXKJIBIH XICITT TOC-
JIMIAH SIBIBIH VP JYHUYYIAAD TAHUJIILYYJICHBL VP AYH, 3 JaXb *KUJIURH CAHXY VK-
THIT OJIFOCHOOP 3aPUM TOJIOBJIOCOH aKJIYY/IbIT YPIAJIZKIIY YK TOCIUNT aM2KUITTAR
Jyycrax GOJIOMKUUT OJIFOCOH.

Tyxaitnban, 2019 onx VYiaanbaataprT OOJICOH OJIOH YJCBIH XYPJIBIH Y€dP SPUII-
naxx roxupcHoop Ppannea Bepcanwmitn ux cypryyiabrait xamrpan CIMPA 0Gyroy
OJI0H yJICHIH OHOJIBIH DOJIOH XIPAIVIIFHUN MATEMATUKUITH TOBUNH DMK TIATIDP
"Data assimilation, optimization, and applications"c313BT 0JIOH YJICBIH 3YHBI Cyp-
rasreir 2021 oubl 7-p capbia H-rHaac 10-HBI XOOPOHJ aMKUJITTall 30XHUOH DAy yII-
snaa. CIMPA-aac Marucrp, JOKTOPBIH OIOYTHYYI, CYIJIaadial 30PUYICAH SHIXKYY
3yHBI cyprajrsir 1997 onooc xerkmk Oy#l OpHY Y131 30XUOH DAy yJIzK 9XJICIH 06-
rees, Monrosibia xyBbJ emMue Hb 2013 ong MYUC, HIYTUC-x, 2015 oux MYUC,
ven 2017 omx IIIVTUC Gomon XoBa mx CypryyabTail XaMTpaH 30XHOH OafTyysK
baitican. Dus ynaaruita "Data assimilation, optimization, and applications"comaBT
cypraarbir COVID-19 map Taxasraii xonbooroitroop MI'TUC-1 naxumaap 607101
TAHXUMJ T3COH XOCOJIMOJI X3JI09D39P 30XUOH OaiiryyJsicHaapaa OHIIOTTONW OGeree
HIYA-uitn Maremaruk, TooH TexHoIoruiiH xypasasn, MYUC, IITYTUC, MYBUC,
MI'TUC 6osion Ppanr, Utasnu 33par opuyymaac 50 rapyit XyH OpOJIIIOXoop OypT-
ryyk, 10 rapyit Hb TaHXUMaap OPOJIICOH. DHD VIAAruiiH CyprajTaH] OINTUMU-
BAIMITH YHJIIC, OYX3JI TOOH IPOrpaMyujiali, KBa3u I'YArSD ONTUMHU3AIU, TOIJIOOMBIH
OHOJI, OIITUMUBAIMAIH JIUIH 3acar, CAHXYY J[9X X3PIIJI339, OOJIOH Xap XailpIaribl Cu-
MYJISAIH, TOJOPXOUTYH HOXIIO J3X ONTUMUBAIUNH YHIIC 33D3T TPAKTHK XIPIIIIID
oyxuit caByymIsp Bepcanmitn ux cypryynauiin mpodeccop Jlopar droma, Bepca-
JmitH ux cypryyiauiia npodeccop L.Umop, IVA-nits MTTX-uiid ceKTOpBIH 3pX-
garg, mpod. P.Duxbar, [lepnanernitt ux cypryymuiia npodeccop Huge Ocemnb 33-
par npodeccop, barmr Hap 2-3 yaaaruitH COHMPXOJITON JIEKITHMAT X3JI9JIIYY/ICOH Hb
OPOJITIOTYN/I, CYIIAAYIBIH XYBb CYIAJIraaHl XIPITTPITIA Cyyph M3IJJISTUAT ord,
[AAIITI] 9HD TUTJIDJIP CYJAJTAAH] OPOJIIIOXOJT JIMKJIIT Y3YYJICOH CyprajiT 60JICOH.

2021 onbr 10-p capy recuitn cymraad, MY C-nita 6arm I.Barrysnra "Mathematical
Models in Finance and Insurance"csapasp Maremarukuiin yxaaHbl JOKTOPBIH 39D~
TUAT aM2KHUJITTAll XaMraaJjCaH.



DHIXYY TOCJUNH XYPIFH/T XIBJIDTICIH HIT CIIIBT OYTIII, CyIaIraaHbl Oryy/IaJa O0J0H UIT-
TAJIYYAUNAT 2KarcaaBaJi:
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1. Battulga, G. Mathematical Models in Finance and Insurance, PhD dissertation, National
University of Mongolia, 2021.
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KBa3u Bapuanmuiin TSHIPTI1 Ol 6a
Epeuxuiisican Hammitn TaSHIIBIpUitH
0o1110T0

2.1 KBaBa3u BapuanuiiH TIHIATIIJI OUINUIAT 600X AJTOPUTM

(QVI) (T(x),y —x) 20, Vy € K(x)

HOXIUIMIT xaHrax r € K (x) BEKTOPBIT 0JI0X KBa3U-BAaPUAIUIH TIHIITTAI OUIHIH OOIJIOTBIT
aBY y33X 6erees Japaax HOXIUIYYIUAT OUEJII3r 'K Y3be.

1. T:R" - R" up L > 0 Torrmos Oyxuit JIummui Tacpaarryit:

1T () = T(y)ll < Lllz —yl|, Yo,y € R",

2. T:R™ - R" up p > 0 Torrmost 6yxuit XydTait MOHOTOH:
(@ —y,T(z) = T(y)) > pllz — yll>, Yo,y € R",
3. K(z) =m(x)+ K, Vx € R",
4. K C R™ ub X00COH, OUTYY, TYArSP OJIOHJIOT,
5. m:R®™ - R"” up L > 0 rorrmos Oyxwuit Jlutmimmi racpaiarryii.
Hoopx mexiryy 6uessx yen (QV 1) 6otoro Hb 1op rasiy mumiiarsii 6aiigar 6eree 1 yr M iin

0JI0X JapaaxX aJroOpUTMbBIT CAHAJ OOJITOCOH.

A aropurm:
yb = PIOjp (k) 4+ K (zk = AT(:U’“))
=y A (T() - T(Y)),

37 A > 0 6a proji : R” — K wp K C R"™ xoocoH, 6UTYY, I'YAISD OJOHJIOL JI99PX IIPOEK-
nuitH omeparop. Toammarmsxsa xapsB m = 0 60J1 5H> Hb BapHalldiiH TIHITIJI OUIIHAT 6010X
Msuruitn asropurma mukaar. Heree Tajgaac

PIOj, 41 (4) = & + Proj (u)
HOXII®JT ODMeIdX YIUpP I99PX aJrOPUTMBIT
y¥ = m(ah) + projy (2 — AT (ak) — m(a*))
=y A (TR - T(Y)), 21

X397109pT OMYMK OOJIHO. DHD AJITOPUTHIH XYBbJ[ HUNIIITUNRH YD JVH Japaax Oaiijgaap TOMb-
€0JIOTJIOHO.
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Teopem 1 (QVI) 60daoevin xyewvd (1) — (5) nexuayyd 6ueadse ba x* € K(x*) ye 6odrozvin
yop 2aHy, wutd batie. Mewn dapaax nexunyyd bueadse 23 y3ve.

(i) IL < p,
(ii) (1+t)I(1+2 L +1<1— (\L)?%

ond by = IHL;’A(;:jALL))”Z VA = (1+AL+1(142AL)) +4N1+AL) (p—1L). Trz69a 2° € R"

anzror doxoameoc axadn (2.1) areopummaap yycesedsx dapaarsvin ryevd q = q(l, Lp,\) €
(0,1) moo 0adood

12" — 2|2 + 22plly* — 2®||? < glla® — 2*|?, Yk €N

nozyen rywunmat. Himooc {xF}ren dapaaran wo wyeaman rudirormmati 62000 {y*}ren
dapaanan 1o (QVI) 600a02vim yop 2any wuld pyy Tywmal HUGANS.

2.2 XaMTbIH 3aarjiajarTtaii epeHxmiijicon HammitH T3HIIBIpHiiH
3arBapblH 33CUNH 33X 333J1 JI9X XIPIJIID

2.2.1 Conrogor HammuiiH T9HIBIpUiiH 3arBap 6a BapuanuiiH TO9HIITTIJI OuIII

Hsrsu Tepauithn OyT3TA3XYYVH YVHRIABIPISIAT N VHIABIP aBd y39X Oereen ¢-p YHJIABIPUiiH
n

OYT3TIPXYYHUHN VH p; Hb HUUT YHIIBIPJIIACIH TOO XIMKID 0 = Z x;. X9p3B -p VHRIABIPUiH
i=1
XYBbJI &; OYTISTIPXYYH YHIIBIPISX 3apibirh; (X;)-99D TIMIIIIIIBIIL, i-D YVIIIBIPUiiH armmr

Hb

n
filz1, @2, an) = xzpz(zxz) —hi(z;), i=1,---n.

i=1
X; CR, ¢ =1,--+,n-39p ¢-p TOIJIOTYHMIH CTPATErUHH OJIOHJIOTHUAT TIMIITIIIVI TYATIP T'IK
y3be. Toruyiord OypuitH XyBbJ OycaJi TOIJIOTYILIH CTPATErHAC XaMaapaJITyHrasp alraa Xam-
ruitH uxX Oaijirax 30pUJTBII TABUX 00ree;] OYX TOIVIOIY IbIH XyBbJ HI9H 33DP3T 9H3 30PUJITHIT
XaHraxaap OJA0X IAruiir Hammite TaHIBIpuitH m3r rajr. MareMaTuKuiiH XyBb /1 9H OOJJIOTBIT
Hapaax baiimmaap TOMBEOIK OOIHO.

* * * * * * * * -
fi(xla Loy« - 7xi—17yi7mi+17 e ,$n) S fi(x17x27 e 7':["71)7 vyl € Xiy Vi. (22)
HexIymiir xanrax ¢* = (zf,25,--- ,2}) € X = X; X Xg X .-+ x X, mpruiir oy1ox 60//10rsir
Hsmuita TouBYpuita 6071010 ramar. [aammx 6un f;, ¢ = 1,...,n amruitds GyHKIANAT XOT-

rop 6a Tacpanarryit auddepeHmaiargax raxk y3ud. T9reaji, Toriord OypuiiH XyBb J99PX
00/1JIOr0 Hb XOTTOPBII MAKCUMyMYJIaX 0erees yr OOIJIOrbIH NI OHOBYTON 6ailx 3ailmryii
0eree XypaJIRoTaii HOXIeJ Hb

_<Vxlf2(x*)vxl - x;k> >0, Vz; C X;, (23)
n
X37169pT 6uunreH3, 381 V. g(2) Hb TpajmenT BeKTop 6a (r,y) = Y. z;yi, © = (T1,Z2,* ,Tn),
i=1
(Y1,Y2,** 5 Yn) T TOJOPXOUIIONIOX N XIMIKIICT 2 BEKTOPBIH CKAJIAP YPIKBIP.

Crpareruita oyionor X; Hb Iyarsp OOJOH XOKJIBIH (DPYHKIL f;-UiH XyBbJ TaCPAJITIVii Oa
XOTTrOp HeXIyIyya, ouengsr 6oy Hammitn ToHnBIpuiin 1sr ojmono raaruir Rosen 1965 omp,
xapyyican Gaitnar. F(x)(—=Vg, fi(x),..., =V, fn(2)) I9C3H TOMIPIISI9T Opyyuax 3amMaap
Hsmuita ToHUBIpUiH 60410rbI BapualblH TOHIRTISIL OUII I'9:K HIPJIBLIIX

(F(z*),z —2") >0, Ve e X (2.4)

HOXIIMATD XaHrax ™ I3rWir 010X SKBUBAJIEHT OOJJIOrO IIHJIXKY YJII3T.
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2.2.2 XamTbIH 3aarJyajTTail epeuxuiijicoH HamuitH TSHOBIpUiiH 3arsap

Epenxwuitncon Hammita rouupspuiin 3arsap (EHT3) up Hammwiin ToH1BIpHitH 60/710TbIH 6p-
reTresi 6eree TOTJIOrY OypUitH CTPATErHUH OJIOHJIOT Hb OyCaJ TOIJIOTIILIHX00 CTPATEruac
XaMaapHa 9K Y337, DH3 3arBapbil anx duiin 3acart lebpro "Comman ToHIBIP " T9CoH HY-
P99p aHX OpYYJICAH I'IK Y330, DHD CYIAJTAaHbl ATV Hb CYYIUNH KUYV SPUAMTIIHA
cymrargazk Oaiiraa Gereen Paxkumneit, Kammos map 2010 oHp cymgaJraanbl aXK/IyyIblH TOM-
MbIT x3BJyYiIcoH. EHT3-uitn TombEosibir aBu y3be. Bup N Torjoraroii xamrad Oyc Tor-

J00M a4 y3be. z € R™ ng € N up k-p Torsorumiin crpareru 6a = := (z1,22,....,ZN) €
N

R™ n := > ng 6a x_g-99p k-p TOIJIOr400C suraarail 6yca TOMIOIYbIH CTPATErHAT TIM-
k=1

mrme. 0 : R” - R, k=1,...,N #b k-p TOrJIOr4uiii 30pUIrblH (DYHKIL Oa O9XIITICIH T_k
6ypwuiin xyBb Ck (2 _j) OJOHIIOr Hb k-P TOIIOIYUiiH XyBbJ 6yca i TONTIOIYJIbIH T _j CTpaTeruac
xaMaapcaH crparernitn ojionsior 6aitna. Tarean EHT3 ub k = 1, ..., N Toryord 6ypuiin XyBb/

H’i(x>{7$;7 Tt 7x2—17ykaxz;+17 o 715;) 2 ez(xTﬂE;; o 71";)) Vyk S Ck(x—k)a Vk7 (25)

HOXIIMAT xaHraxaap ¢* = (z7, 25, -+ ,2}) € X = Xj X Xg x - -+ X X}, BEKTOPBIT 0JI0X 6OJ7IOT0
oM. X5paB C(z_j) osoHsIor Hb

Cr(z_k) = {z1 € Xi| g(x) <0}

X3J109PTIN OTrerIcoOH 001 XaMThIH 3aaIJIaaTTail 00JI0r0 92K HIPJIIIIIT.

2.2.3 3»acuifH 3ax 333J1 A3X X3P3IJId3 O0a BapuamuilH TIHITIIJI OMIIAITH
TOM'bEOJIOJ

Cynajiraasbl XyP3H1 T30 OUI HUIOSPTit, N TOIIOrITOM, VI 9BCIJIIDX TOTVIOOMBIH OOJJIOIBIT
39C IKCIOPTIIONY YJIC OPHYY/BIH XYBbJ TOMBEOICOH. 3arBapT BHXAY-biH 35cuiin 3ax 3937171
HUAIYY/ISTY yJICYYH HaXb 33CHAH OasizKMaJl dKCIOPTJIOrd yypXaflHyyIbIl TOIJIOTY areHTaap
aBcaH. DH cynajraa Hb TPYOUruitH HYYPCHHIT 3aX 3939717 X9PITJIdcoH Hamuitn ToHIBIpUiin
3arBapT YHIICIICIH Oereen XATaJbIH 3aX 39ITUNH IPIATTIH X0JI000TOUTr00p XaMTLIH 3aar-
JIAJITBIT HOM?K TOOIICOHOOD YT 3arsap Hb Epenxuiticen Hsmmitn 3arsapT mmKux OOJHO.
NMurscussp sauiin 3acruiti cypajiraan)i epeuxuiiacon Hammitn TOHIBIPUiH 3arBapbliH HITDH
COHUPXOJITON X3P3rJI9aT XapyyJcaH. XsaTaablH 3ax 393711 Yunm, [lepy, Ascrpanmu, Monros 33-
3T OPHYYI 33C HUMIYYIIIAT Oafir. Qepeep x371031, 193pX 4 yJICBIH TOTJIOTYTOW €POHXUMICOH
Hsmwmita Tounpspuiin 60IOreIl aBd y3be. Torjord Oypuilt muiiaBsp raprax XyBbcardu Oy-
TIINIPXYYH YIIIIBIPIIII, XOPOHT'® OPYYJIAIT Oa 399D CTPATErny/iaa 339P3r COHIOHO 'K Y3be.
Tyxaitu 3ax 399/11 TOITCOH YHIID OYTIITIXYYHD OOPIIy YK 3ap/1/iaa TOOIICOHOOD IPBIP Alll-
raa XaMruifn mx Oaitarax oM. Tsreag k-p Torymordmitn 60471010 JTapaax X /03pToii OaifHa.

(k=1,..,4).

| M|
max Z (23 Py — CR (wri) — ¢t yni

(xkivyki) i—1
X = {(@ris Yri) : Pr = (ax — brQ),
Thi — Yki < Capgi;

(Zr) oy <y,
| M|

N
Q=> zr, Tk=Y Tk
k=1 i=1

a171 + @ex2 + azry + agry < Total,
ThisYki > 0, i =1,...,|Mgl}.

On
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M,

P (ki) = (Thi + Vi) Thg

A Y
capgi
y}gax
g, i =1,2,3,4
Total

k-p yJChIH 33cuitH OasKMa bl YHIIBIPYYAURH OJIOHIOT
XyBbcax 3apiad,

(YL IBIpII2JIHiTH GOJIOH TI9BIPJIIITHITH)

XOPOHT® OPYYJIAITHIH 3aPIaJl

YHAIABIPJIJIMIH CYYyPh XYUYUH Ya laJl

XOPOHT® OPYYJIAITHIH 1931 3aar

1-p YJICBIH XSATaJIbIH 32X 393J17 333J1K Oyil XyBb
XaTaIplH UMIOPTHIH HUAT XaM2k33 (Total< 1)

(VI) 6010rbIH XyBBJI YJIC OYPI9P IPAJIUEHT BEKTOPBII TOOIOOJIZK TapraBall:
Yunuita 3scuita 6asizkMalt SKCIopTaord 4 0asKyyaax YAIIBIPUH XyBbII::

V=

4 4
ap —bpQ — 11 — v + D @1 (—bg)
i=1 )

—C i=1

[Tepyruita 3 yitaaBapuiia XyBbI:

Vf =

3
ap — bpQ — T — vo; + > x2i(—by)
=1
—c2;

ABcrpaniin 2 yAIABIPUAH XYBbI:

V3=

=1
—C34

Monrous VaceH 2 yHAABIPUIH XYBbI;

V=

2
ap — bpQ — T4 — vai + > 4i(—byg)
=1

—Cyq4

2
ap — bpQ — 73 — vz + i x3;(—bg) )

I3JITUHIT TOOIOH Japaax XyBbcard OpyY/Ibs.:

(T1,...,x8) : (14, y14), 1 =1,...,4,
X9y .y ®14) 1 = (@24,92), i =1,...,3,
(15, .y 218) © = (T34,Y3i), 1 =1,...,2,
(19, -, 222) 0 = (Ta4,Ya4), 1=1,...,2
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Xycuart 2.1: OpoThIH XyBbCATIU]

Country  Mines Export Investment
CHL Escondida r11 Y11
Collahuasi 12 Y12
EI Teniente Y13 Y13
Los Pelambres T14 Y14
PER Property T21 Y21
Antamina 22 Y22
Las Bambas 23 Y23
AUS Prominent Hill 31 Y31
Olympic Dam 39 Y32
MNG Erdenet T41 Y41
Oyu Tolgoi 42 Ya2
IDN Grasberg T51 Ys1
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byasr 3

Tebepuitn yaaBapbiH 3aarjiaJarTaii
JTaaTTaJblH XypaaMKWiTH 3arBap

3.1 Hb»3r yer maarraJjibiH 3arsap

I nmaatrardrail n maarryyiardrail 1aaTrajiblH 3aX 39371 aB4 y3be. JlaaTryymardmn TyxaitH
JaaTrajblH KOMIAHAAAA YPIIJIKIIVY/ISH [AaTryyslax 3CB3JI OPCOJIOrd JaaTTaIlblIH KOMIIAHU
PYy IMIIDKAZK TaaTryy/aaxaa 0epcaee MHiIIar Oaiir.

Bun (x1,...,27) € R!- 99p VHUITH BEKTOPBIT TOMISIIINE, SHIL T Hb j-JYI33p JlaaTryyJar-
qUiH XypaaM2K. ByX JlaaTrajibli KOMIAHWYJ XypaaMrKaa TOIMTOOCHBI Jlapaa JMaaTryyJsiardu
eepcauiln NaaTryyacal KOMIIAHNIaa YPLAJ/KIIYYISH [JAaaTTyysaax 9CB3JI 60D KOMIIAHU COHIO-
Ho. YyHUI Japaa JaaTrajblH KOMIAHUYI TyXailH [TaaTrajblH XKUJIT FapcaH HOXOH OJITOBPBIT
©OPUIH JaaTrajblH OAriblHXaa XYPISHI TOK Oapariyy/IHa.

Tyxaitn maaTraablH KU TAPCAH (-IyTI9p JaaTTyyaardaac yupax 00JOMKUAT XOXUPOJIBIT

Yi-99p momprusn Yy, i € {1, -+, n}-yyaumiir yi xamMmaapax HII9H MXKHUJI TapXaJTTail M9k y3be.
N;(z)

= > Y,
i=1

suy Nj(z) Hb @ YHUIIH BEKTOD OIOIJICOH YeHilH j-Iyr?dp JaaTrajblH KOMIAHUHH Gar Gyioy

JIaaTIyy/IardIbIH TOO.

N Hb j-JIyT'99p JaaTrajblH KOMIAHUNIH XyTallaaHbl 3X9H J[3X aHX/ard JaaTra/iblH 6arm 6air
I
o/X Y, nj = n. DHd TOXHOJIONT j-IyT33D JAaTTajblH 30PIITEIH (amruiin) QyHKI gapaax
Jj=1
X3J109P33D MITIPXHUMIISTIRHS:

00) = (1-8 (55 -1) ) oy = ). (3.)

SHJI T Hb j-JyI99D JaaTryylarduiiH XyrapJiblH ISTHAH XypaaMzK 6a m;(x) up Oyca gaarra-
JIBIH KOMIIAHUY/IBbIH JIYHJIaK XypaaMK

1
Py

S)k} TOXUOJIJIOJL J-AYTI3D JaaTrardu/l y9dpax HUUT HIXIM2KJIDJIMUH XIM2KII Sj (LIT)

JlaaTra blH KOMIIAHUY JA99PX 30PUIATEIH (DYHKINAT MaKCHMyMYHIAaXaac TaaHa 00JI0ro
0OJIOBCPYY/IAardUIbIH TOITOOCOH TOJIOOPUIH YaJBAPBhIH 3aaryIaJIThIl XaHraxX Oailx €croi. j-
JYTI9D MAaTTaJIbIH KOMIIAHU] Xapraji3ax TeJa00puiiH JaiBap OWPOJIIIOOroop Aapaax TOMbEO-
TOOp OrerJIeHe:

SCRy = ko (Y)V/n;.
DHY TOXHOIIOI, Tenbepuiin YaaBapbH (YHKI] 100pX Gailaiaap TOLOPXOIIONI0HO:

K4 nj(x; — ;) (1 —ej)
gj(zj) = —* ,iqaj(y) \/jﬁj ’

> 1,
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91/ e; Hb OOXUP XypaaMrKuJ Xapraja3ax 3apJ/IblH XyBb. AMbIPAIBIH OyC JaaTTasblH 3aX 3931
95X HAT-yeT Hammitn TSHUBIpUifH 3arsap Japaax Oaiiamaap TaBUTIAHA:
O, i=1,...,1
Jnax i(z), j=1,...1,
U]
Xj = {zj €[z,7]| gj(z;) = 0} (3.2)
= {zj € [z,7)| Kj +nj(z; — 7)) (1 — ;) > kgo(Y)V/n},

0a x, T YyI Hb XaMI'uiiH 6ara 6a XaMIUiiH UX XypPaaMzKyy/I.

3.2 Hb»r yer 3arBapbIH €preTreJi

m Hb yeuiiH Too Oaiir. Har yersit 3arBapbir m-yeTsit 00JIN0XK OPreTreoxXuitH TYJI JaaTryyiar-
qu TyXailH YeuiH 31uitH 3aCruiiH HOXIeJT OaliIasil YHIICIH MUHIBIPID Taprana I'ak y3be.
Oepeep x3/109.1, 3auitH 3acar cailKupBaJ JaaTryyJarduiniiH JaaTryyaax COHUPXOJI HIMITII-
m. z(k) € RY up k-myraap ye zox saumitn 3acruifn xydun 3yii, v;j(k) € R? vp maarryymard
1-33C J-JIyII9p AaaTryyjard pyy MHIKAXIJ Xapraa3ax d/UiH 3acTuiiH napaMeTpuitH BEKTOPD
Oa mJaaTryyJardul gaaTrard pyy HMRKUX MTHKAJITARH MarajjiajblH MaTPHUIL T00pX Oaiii-
Jlaap TOTOPXOMUJIOTJIOHO I'3K Y3be:

pra(k)  pi2(k) oo pur(k) prri(k)
p2,1(k)  pa2(k) - por(k)  poryi(k)
P(k) = : : : : ;
pra(k)  pr2(k) - pri(k)  prrya(k)
pr+1,1(k) prei2(k) - preyi(k) preirsi(k)

su p; (k) Hb XapuiImard k-ayraap yes i-Iyrssp JaaTrardaac j-Iyrasp JaaTrard pyy MHIIKHX
maramiai. (I 4+ 1)-myraap Garana Hb HIIBXTYIl TeeB OyIOy JaaTryysraaryil Xapurmardual
xapraizana. [Humkuaruitn Marajian gapaax daiiaap 3arsapwiariana;

. 1 ifj=T4+1
1+ 121 exp ((yi(k), 2(k)))
pi,'(k) = e)t i 7 Z
J Ip (<'Yzj(k)7 (k)>) if j#£T+1,
1+ l;l exp ((vi(k), 2(k)))

\
9] (-, ) CKaJsp YPKBIPHIH ollepaTop. XspsB suilH 3acar k-jyraap yeju MyyjBaJ jaat-
ryyJaarduj] JaaTryyjiax COHUPXOryit 6osox 6a uarscmssp p;j(k), j = 1...,1 maragnamnyysn
OyypaH p; 141 MaraJjiaj ecHe.
k-myraap yen xaprajisax j-Ayr?sp JaaTrajblH KOMIIAHHIH Oarmbia xaMk3d Nj(k) Hb yp-
OJDKJTYY/I9H JAaaTryyik Oyit 6010H Oycas JaaTrajiblH KOMIIAHUYIaaC MUJKUH UPCIH TaaT-
ryynaraugaac 6ypmmns. Witm
I+1

Nj(k) = Nj(k=Dpig(k)+ D Ni(k = pi;(k)

i=1,i#]
I+1

= ZNz(k — 1)pi,j(k)7
=1

1
1+'rf

Hyranruiin axxkuiz (2013) yHAICI9BII, j-yI99D JAaaTrajblH KOMIIAHU JapaaX 30PUJIrbIH (all-
FI/H‘/’IH) GYHKIUHAT MaKCHMyMjIaxaap 30pux O0JIHO:

0w = 3> "B (1 gy (1) )k e, (3.3

Ak
k=1 m] (':E )

sug N;j(0) = nj. ry Hb 3pcmparyit xyy 6a v = Hb XAMJPYV/IAJITHIH XY4IUH 3y Oafir.
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. 1 .
sz = (zf, .. 2T 2y = (x},...,ac;”)T, j=1,...,1, 6a m;(a*) = 71 S ak. j-myrssp
A

JIAATTYyJIardu ] Xaprajisax TeJI00puitH da[BapbiH 3aarajT Japaax Oaiiiaap TOMbEOJIOTIOHO:

K+ 3 oEN(R) ek — () (1 — (k)

gg(a:j): k=1 - -1, fort=1,2,...,m.
ko (V)| 22 v*N;(k)
k=1
Wivmp j, j € {1,---, 1} ayrssp Torjaord OypuiiH CTpaTeruiiH OJIOHIOT
Xl = {zj€[z,a™ gi(z;) >0,0=1,...,m}
¢
- {:cj € o)™ K+ > vEN; (k) (e — my (k) (L — (k) (3.4
k=1

> qu(Y)

Gaitra. m-yersii 3arsapy xaprasusax [?]-Tsit TecTsit yp ayHrYyauiir erbe.

Oryyu6ap 1 (3.3) sopunevin pyrxyyyo (3.4) meabepuiin wadsapwr 3aazsarmyyomai I moe-
A024Moth m-yemati daamaanvit mMo2aoom 1o yoe 2any, Howutin manygaputin ysemati batina.

Oryyiabap 2 x* wo I moanroey m-yemati daameanvii Mo2A00MBIH MIHUBIPM, TYPAaAMH*C batie.
Ts269.4

1. xapss by meabopulin “adsapvid 3aa2Aaamyyd udsexumsti 3cess udssxuyt 604 j-

dy2aap moznoeu Goron k-dyeaap ye Gyputin ryevd xapearzax x¥* €|z, T[ monueopm

J
TYPAAMIHC NAPAMEMPY Y 093¢ dapaax 6aUINAAD TAMAGDHA:

(1) wyeapron yseutin cypaamore 7;i(k), mesbopuiin wadsapvin kosdduuyenm kq, rorup-
avir 220620390 0(Y), sapdrvn xysv ej(k), boaon k > 2 xyewvd apcdaneyt xyy
T f-yy099C 2€p32asp

1) madpamorcutin napamemp B:(k), k =1 yed xanuman K; 6oron k > 2 yed bazuvin
j J
xamotcas Nj(L), 0 =1,... k-yydsac cepez xamaapha.

2. 1ap26 6yx 3aazaaamuir GyHKYY Y0 udssTuUy Tt 60A MIHUEIPM TYPAAMNC HY
Mpx™ = v,

WY2AMAH MILUWUMIAUTH cucmemutin wutid 6atinag, 10

A1 0 0 --- 0

0 Ay 0 --- 0
Mg=1| . . . | o,

0 0 0 --- A,

v = (51(1)71'1(1), . 751(1)7['](1), ‘oo ﬂl(m)m(m), . ,,Bj(m)ﬂ'[(m))T,

ba 1 k 1 k
w0
+52 +
1Bk og (k) ... _B2(k)
A= | 2R = | k=1 m
RE I T
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Xycuarr 3.1: Scenario 1

Player I 11 111

Period 1 ]2 |3 1 |2 |3 1 |2 [3

E(Y) 1

kq 3

ry 0.05

o(Y) 10.488

K; 2807.190 2367.231 2006.917

B (k) 30 [35 |30 |38 [39 [38 |46 |5.6 [46

e;(k) 015 [0.15 [0.15 |0.15 [015 [015 [0.15 |0.15 |0.15

m; (k) 110 |[1.10 [1.10 [1.117 [ 1.117 [ 1.117 | 1.083 | 1.083 | 1.083

N; (k) 4500 | 4500 | 4500 | 3200 | 3200 [ 3200 | 2300 | 2300 [ 2300

equil /prem [ 1.544 | 1.472 | 1.544 [ 1.511 | 1.463 | 1.510 | 1.471 | 1.406 | 1.471
Xycnsrr 3.2: Scenario 2

Player I 11 111

Period 1 ]2 ]3 1 ]2 E 1 ]2 ]3

E(Y) 1

kq 3

ry 0.05

a(Y) 10.488

K; 2807.190 2367.231 2006.917

B (k) 30 [30 [30 |38 [38 [38 |46 |46 [46

e;(k) 015 [0.15 [0.15 015 [015 [0.15 |[0.15 [0.15 [0.15

m; (k) 1.15 [ 1.10 | 1.10 [1.117 [ 1.100 | 1.117 [ 1.083 [ 1.083 | 1.183

N; (k) 4500 [ 4500 | 4500 | 3200 | 3200 [ 3200 | 2300 | 2300 | 2300

equil /prem | 1.580 | 1.538 | 1.579 | 1.527 [ 1.499 | 1.544 | 1.487 | 1.466 | 1.542

3.3 Toon Typmmiar

DH3 X30orT OryyiIosp 2-71 rapcaH yp JIYHD TOOH TypIIMITaap barajiK Xapyyabs. bum rypsan-

yeTait rypBaH TOIVIOI'YTON TOIVIOOM aB4 Y3C3H.

a) Scenario 1:

Xycuart 3.1-1 2-pyraap yea OyX TOIVIONYIIBIH M3JIPIMKUNWH ITapaMeTp eCoxX YeumiH yp IyHD

Xapyy/aaB. DH3 TOXUOJJIOJ] TOHIIBIPT XyPaaMK 30BXOH 2-Jyraap yel JI 00PUIOrICOH.

b) Scenario 2:

DH TOXHOJIOJ 1-TyTr39p ye J13X 1-11yrasp Toriord 6oJoH 3-yraap ye J3x 3-1yraap TOIJIor-
9UIAH XyrapJblH IPTUHH XypaaMKUUT ©CTeXK 2-7ayraap ye J9X 2-yraap TOIJIOTYUWH XyTrap-
JIBIH T3TUIH XypaaMKuir OyypyyJicaH yeuiH yp JYHT XapyyJiaB. DHI TOXHOJI0/, 1 GOJIOH
3-yraap rorviorduiin 1 6010 3-ayraap YeuiiH TIHIBIPT XypaaMK ©COH 2 Jiyraap TOMJIOrduiH
2 myraap yemilH TOHIBIPT XypaamMkK Oyypcan. Bycan napaMeTpyyisi xapraa3ax MIPIMKUNH
MIUHKUJIIIT JIUCCePTAIaac XapK OOJIHO.
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bysr 4

Tebepuitn yaaBapbiH 3aarjiaJarTaii
OaHKHBI 333JIMITH XYVYTHUIH 3arBapyy/l

4.1 TenbepuiiH yaJBapbIH 3aarJIaJTTaii 0aHKHBI 3arBap

DHD X3CATT OuJi TeNOOPUitH YaIBapbIH 3aariaJTTail 39jmitH xyyruitn Hamuiin Torsioom aB4
y33x 60oJiHO. O100 3arBapbIHXaa Tajaaap JRJIPYYIRK aBd y3be. 3aX 399JIJ] 399/ IUIH XYYraopas
epcesier N TOOHBI DAHKYY/ YilJI aXKujaraa sByysgar 6a 333/13r4 0yp R TooHbl 393/mitH
39PAIVIINNH a/Ib HITIHJ, Xapbdaaariar Oair. ¢-Iyradp 399 IUHH 39PITVIIATIN 399TUAH XYBbIT
TyyHEI JedosrT 60JI0X MarauIan SPCIINIH Xy IrH 3yil (3auiiH 3acruitn XyanH 3yﬁﬂ) W-mite
noxnes p; (V) Gaiir. p;(-) Hb aprymenTaapaa 3pc ocaer dyHKI[ I'9K y3be. DHI TOXUOJJIOJ
SPCIRINNAH XYINH YN 6CBOJI <3JZLI/II71H 3acar Myy,lIBa.H) 39T InitH 1edoaT OOI0X MaraIaas
ecox 0O0JI IPCIPINIH XyUuH 3yil OyypBasl (sauiiH 3acar caiizKupBaJi) 393/9r4uiin jgedosr
boJiox Marajia oyypHaa. MeH ¢-1yrasp 39parid/iToil 399/ uiH XyBb 1eoIT O0JICOH HOXIIOJ
Tyxaifn 399199¢ yupax ajgargai (loss given default-LGD) A; 6aiir. As-r (0, 1]-x yrrarait
2K y3H9. MeH n-myrssp OGaHKHBI XyBbJ ¢-IYT99D 393JIMUH 33PITJIAITIN 399 UiH HUAT V-
Jaraea L, Gaiicanm 6a n-71yrasp GaHKHBI XyBbJL T;, Hb i-JYTI99D 33DPIIVISJITIH 393JIMHH XYY
Tyc Tyc Gaiir. Tyranr napsia 6oston Barryiara Hapbid [?] cygairaanbl axkiIyyi J199p YHIICIS-
BJI M-AyTI9p OaHK Japaax X3J03PTITrIdp TOIOPXOMIOTIO0X TATBAPBIH OMHEX IPBIP AIlTHAT
MaKCUMyMYNJIHA!

(:L‘i,n

Op(z) = XR;L,L <1 - 6L, (mx”) - 1)) (Tim — Tin — 0 — Aipi(D)),  (4.1)

SHJT 4-JTyT'93D 393JIUIH 33PITUIIITIH N-J1yr99p OAHKHBI XYBb/I an > 0 Hb XYYTUHH M3IPIMIKUIH
b

mapameTp, 7, Hb XyTapJblH IRTUAH XYY, €, Hb 3apIJIbIH XyBb, T = (x{, .. ,mﬂ]:[)T Hb OYX
TOIJIOTYIUIH 399/IAIH XYY, Tn = (T1n,...,T R’n)T Hb N-JYT39D OAHKHBI 393JIUNHH 39PITJIIY Y-

Tt X0s1600TO XYYHYYS 6a m(2i,) = ﬁ >k 4n Zik HB Oycaj; TOTJIOTYauiiH canas 00JIroXxk
Oyl XyYHYYIHITH JTyHIAXK.

Tenbepuitn TaaBapblH 3aaryiaJT Hb 3MUHAH 3aCTUiH XYHIAPIJIUNH Yel XaaraaaMzK 339M-
MIATY WA XaMTaaIax 30PUJIr00p TOAOPXOM XIMIKIIHUI KAITNTAJILII OaHK XaHTaxK 0aiix maapi-
nara oM. Wit (4.1) 3opuirbia byHKIUHAT MAKCHMyMIAIaXaac rajgaa 6ank 607y10ro 60JI0BC-
Py yJIard iblH TOI'TOOCOH TOJOOPUNH Ya/IBAPbIH 32aIVIAJITHII XAHTAaX ECTONR. DH aKJIBIH XYPIDH
Basel I, Basel 11 600 ES racsn rypBan Tepiinita Te160puiiH YaiBapblH 3aaryIaaTyy/Ibll aBd
y39x 6a 3/99p Hb MaHAall 3arBapblH I'OJI OHIIOT [OM.

N-J1yT93p OAHKHBI XyBBJI i-yT'93D 339TUIHH PEHTHUHI TSI HUHAT My ;, TOOHBI 333/1131'1 Oaiiraa
92K Y3be. YT 399JIYYAuiH XyBb1 k-tyraap 3391914 nedoat 605801 1 gedosrt 6osooryit 6o 0-
uiir aBax JedosIT HHINKATOPUIH caHaMcapryil XaMKUTIRXYYH Y; j , O0JIOH TYYHUI 393/mitH
YJISTTANT UISPXURATIIX €4, p, OTOIJICOH Oalir. DHd TOXMOIOM k-Tyraap 3337304 J1eosIT
Gosox maragan P(Y; ., = 1|V) = p;(V), k =1,...,m;, 600X 6a 393711914 OYpPHITH 3931HitH
VAIRTUIYYARMH HUMIOD HUNAT 393IUMH YIII3r13)1 Oaina: ZZZ{L €ikn = Lipn. VM n-1yrasp
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OAHKHBI 399/IUIH Oarmaac ydpax CaHaMcapryil ajgarjiblH XIMK33 Japaax X3/109pTIUrssp
W PXUNISTIIHD:

R Min

Qn = Z Z i knAiYi k-

i=1 k=1

XapuH 3pCIeanite Xy4IuH 3y W-nitH HOXIOJT AYHIAXK AJIIATIIBIH XIMAKII

R Min R
Qn|\Ij ZzezknAE zkn|\11 :ZL@HAipi(\IJ
i=1 k=1 =1

Gaitra. Bu [?| (Men [?|-r xap) ayKui 199p YHICIIBI (IHIXYY arKJIBIH XYPIFHIX PEryJIsip
HOXIIYY, OMETHY T9K Y3HD), XIPIB 39JIIPIYANIH TOO XYPIIIRITIi X 601 aagaribH ca-
HaMCAPryil XaMKUTIPHXYYH QQp-UitH (v 9p5MOUITH KBAHTUIUNH XYBb/I IAPaaX OMPOJIII00 TOMbBEO
OmesTHd.

R
(:IOA(QTL) ~ Z Li,nAipi(Qa(\Ij))a

i=1
9] ¢o(X) =inf{z € R : P(X <z) > a} up X camamcapryit XaMzKUIIXYYHIHA o 9pIMOUiin
kBaHTWIb ([?]-r xap). [?]-x 3990miiH GarplH aJgaruiblH XapblaaHbl XyBb/ I99PX OHPOJII00
TOMBEOTON TOCTI TOMBEO rapracan Gaitnar. |?]| axubir 3937mitn spexsaniin xysbi Basel 11
3OBJIOMKUIT OOJIOBCPYYIaxa/] alllurIArICAaH HOJIOO OYXUil aXKUjI I'9K Y331, JHD TOXUOJIIOI]]
n-ayra9p O6ankuabl XyBba ¥ Hexmes 19X Basel 11 eepuitn xepoHTUiiH XyPIIIPIHUNE 3aarIaaT
JI00PX X3JI03PTIMUrI9P TOMOPXOMIIONIOHO:

R

g,ll(xn) = K+ Z Li,n (xi,n — Tn — - Alpz Z L; nAzpz(Qa( ))
=1 =1

Basel I ub anx 1988 o 6aHKYYIBIH 393/ IUHH SPCAIIUAT Oaracrax 30pPUIAr00p 39Ty YIUUTr
AHTMJIAIaaC Hb XaMaapyyJiaH VIISTIJI99C Hb TOJOPXOH XyBb TOOIOH HUNT JYHTHITH XIM2KII
Hb OaHKHBI KAIIUTAJIBbIH 8%-aac X OaiiXbIl' IIaap/ICcaH XaMIMiH aHXHbI 393/IMIH 3PCI3JIMITH 30-
xuityyaast batican. FSI Survey cynanraan xapyysicuaap Mourost yiceir oposityyiaaj Basel
[T-wite X9parKUATIHI, UIFBXTYI 3apuM yJcyys Oaiican. D3 tmaiarraanaap Basel 1 3aarma-
TBHIT ©OPCAUHH cymaaraan opyyiacan. ¥ nexmnesa aox Basel I Tenbepuitn danBapbiH 3aaryaiaT
napaax Oaiiimaap TOIOPXONIOTIOHO:

R

gg(xn) = K+ Z Li,n (xi,n — Tn — - Azpz - CZ L; nWi,
=1

SH/JI ¢ Hb 9PCII9IP KUTHICIH aKTUBBIH XYBb 0a w; Hb -IyT93p 393/IUNH PEHTUHITIN 393/ IUIH
XYBb/JI, SPCIJINIH KUH.

Artzner Hap CAHXYYIWITH 3PCI3JIUNH yIUPJIarajl aHX YsIJACAH SPCIIMIAH XIMIKIICUUT
(coherent risk measure) opyysmk MpcsH. AJIariyiblH caHAMCcapryil XOMZKUTIIXYYHUH KBaH-
TUJIBIH TOJOpXoitaonTooc VaR Hb XyBuprajitaap MHBAPUAHT, 9€PIT HITDH TOPJIUIH, MOHOTOH
60JIOXBIT Xapyy/nK Oosmor. Xapud cybaymTus daHap VaR-blH XyBbIl epoHXUIT TOXUOIO
ouemarryit. ['asua Acerbi & Tasche mapoein rarumyyiacan Expected Shortfall b ysimaarair
SPCIRIUITH XaMzKIIC Oaitk dayiar. F(|X|) < co mexmymiir xanracan X canamcapryii XaMKur-
JexyyHuit xyBbi a € (0,1) wrrax Tysmmby xapraisax Expected Shortfall mapaax 6aiiiaap
TOAOPXONJIOTTOHO:

1

—

ESa(X) = = {E[XT{x2q,00)] + aa(0)[1 0 = P(X = aa(X))] },

suI [4 Hb A y330IUiiH WHITKATOD (DYHKII.
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X3psB 01, 399/IUMH aJIIarIJIbIH OariblH KBAHTUILIT OHPOJIIOOroop WISPXUMISXUAH Ty,
expected shortfall-uitn

1
ESa(X) = = [ a(X)du

l1—«a
TOMBEOT AIUTIABAJ N-JIyT99D GAHKHBI 399mitH GaribiH o € (0, 1) UTrax TYBIIMH Xapraa3ax
Expected Shortfall-bia xyBb gapaax offpoJiiioo TOMbEO OUETH?:

1 & 1
o ZL'L,nAz/ Di [QU(\I’) du

1
/ pilgu(¥)]du, i=1,...,R

yyII TacpayaTryii ecex yHkIir 600X Hb Mepaene. Uitmm n-ayrasp 6ankabl xXyBba U HOXIOI
1x ES Tesibepuiin yaiBapblH 3aary1aJiT:

5a(Qu) ~ |

sz Jlemma 2-ooc
1

11—«

hi(a) :=

gg(xn) = K,+ Z Li,n (l'i,n — Tin — - Azpz o Z L; nA / Di Qu
Wiimp n-gyrssp Tornorguita n € {1,---, N} crpareruiin osnonsnor Basel II, Basel I, and
ES zaariaaTein TOXHOIIYYIA] 1apaaXaap ererieHe:
Basel II:

R

R
T R
wn € [[lz 7l | K+ Lin(win — Tim — €0 — Api(¥))  (4.2)

_{ =

R
LinAipi(qa(¥)) } ;

=1

v

Basel I:
R
be = {ﬁn € H[L,fz] ’ g%($n) > 0}
i=1
R R
= {xn € [[lzi @] | Kn+ > Lin(2in — min — en — Aipi(¥))  (4.3)
i=1 i=1

R
c g Li,nwi}a
=1

v

ES:

=1
R

€ quxz ‘ K, +ZLG Tim — T i,n_en_Aipi(\Ij)) (44)
=1 =1

R
A / Dbi Qu du}
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A ¢ = 1,..., R-uilH XyBbI Z;, T; Hb {-1yI'39D 333/IUIH 39D3IVIITIH 393/IMIH XYYIUiH XaM-

ruifH Oara, XaMIUidH UX YTUYyA. DHIXYY XaMTHiiH 0ara, XaMIUWH WX 393JIUHH XYYHYYIUHAD

60171010 GOJIOBCPYYJIArIHJL TOITOOX (3apPUM YJICY YL 399/ IMIAH XYYTUitH Taa3 TOrToocoH Oaiiar)
R

Gosomkroit. (4.2) — (4.4) Tormmrranyyauitn xyBea Y Lij, (%’,n — Min — €n — Aipi(\li)) Hb
i=1

N-AyTr33p 6aHKHBI KAIUTAJBIH 00PUIOITHAT WISPXUNIIX 6a n-ayradp 6aHK eepUilH 333/HiiH

OJIrOX Vil akKujjlaraaHbixaa Jdapaa Tea0epuilH dajsaprail Oaiix Garairaar erue. ES 3aar-

JlaJTTai OAHKHBI cayibap Jaxb 3arBapbil’ TOMOPXOMIOXBIH TY/II OMISHI Japaax JleMmyyanita

YP JYH X3P3ITIM.

JIemma 1 ¥ wo 60dum ymeamati canamcapeytd ramocuzdoxyyn, p : R — [0,1] apc ecdee

By, fu(e) = (1— ) {E[p(0) [y, )] + P[aa(®)] (1 — @ — P(Y > gu(¥)))} Gae,
Toe6sa dapaax yp dyn Oueans:

1
fula) = — / p[gu(D)] du.

T l-a

JIemma 2 ¥ 1o 60dum ymeamati canamcapayt xamorcuzdszyyr ba p : R — [0, 1] 1o apc ecdoe
Pynry batie. Trzeon fy(a) macpanmeyti ecdez dynry batina.

Tenbepuitn yagBapbiH 3aariajaTTail 333uitH xyyruitn Hamwuitn 3arsap Hb n-mayrasp Tor-
Jiord OypuitH XyBb/I

(NEP;)  Op(z) — max

st.xp, € Xy, 1=1,2,3, v = (T1, - - ,nyn)T

bailx © = (m{, .. .,x%)T ruiir osioxoop Tapurjana. Q100 TIHIBIPT 3IIUUH XYY OPIIHH

Oaiix OOJIOH MIAPIMKUIH MUHKUJITIIHUAN TaJaapx Japaax yp AYVHIYYIUNT aBd y3be.

Oryyu6ap 3 (4.1)-29p modopxotinozdox sopunzvir Pynryyd, (4.2) scesn (4.3) acean (4.4)-29p
modoprotineedoxr mesbeputin wadsapwvit 3aazaarmyydmati N mozaoeumoti baHKHb, MOo2A00M
1o wulidmati 662000 yop 2any, Howutin xyyeutin maonyeaputin usemati 6atina.

Teopem 2 z* no N moenoeumoti Basel II barxrovr mo2aoomovii MIaHUEIPM 399AULH TY Yy HYy0
batie. To269.1,

1. Basel Il eopuiin xoponauiin Ty pasudonutl 3aa2A0AMdH HOTUOAD N-0Y299D Mo2s02wud
TAP20.N3AT 322AUTIH MIHYEIPM TY'Y Xf . €|, Ti| Wb 3a26apvin napamempyyosc 0oopx
batidraap ramaapHa:

(i) zyzapavin youln TYY Ty, OAHKHBL 3aPOALIH TYSD €y, dedoam 6040100 barkuHO
YUpax ardazosoim Y6 A;, xoavuvii rysvcazy ¥ 6a umeasx myeuur a-aac 3epI2asp
ramaapax boa

(ii) madpamorcutin napamemp ﬁan boson kanuman Ky -22c copeoop ramaapha.
K

2. X9pas 0oputin xOPoH2UlH TYPIMUIIHULG 3002A0AM UOISTUYT 60L MINYUBIPM TYY Hb
dapaax cucmem ma2wumeaautin wutid 6atina:

Mpx™ = v,
210
A 0 - 0
0 Ay --- 0
M,B — . . . . 5
0 0 Ar
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v o= (Blalmg+ e+ Aipi (V). .., BEn[mN +en + Aipr (D)), .,
51%,1[7%,1 +e1 + Arpr(¥)], ... »/B}LLN[T"R,N +en + ARPR(\I’)DT

ba
2(N_1)B1§1 _(1"’/815:1) _(1‘1'51571)
Ay = 1 _(1+'ﬁljg;,2) 2(N _'1)1815,2 e =(1 "‘»315,2) k=1 R
N -1 : : :
—(1+Bey) —(+B0y) -+ 2N =By

Tamasrisa 1

(1) Xopae x},,, = x), 9c69A T, = Tf, 604 MIHYUEIPM, 329/ULH TY'Y 3026aPYIH NAPAMEMPY'Y -
b b
029¢ xzamaapazxzyt 6atina.

(i) Basel I moabopuiin wadsapvir 3aazaarmmaiti Howutin mozaoomomn xyevd Basel II-utin
yp OyHeyyd 6ueasrasc 2a0Ha HAMIIO Y2 MO2A0OMBIH MIHUBIPM 392AULH LYY Hb IPCOI-
NIID DHCULHICIH AKMUBHIH LY C OONOH IPCOINULIH HCUH W;-IIC IEPI2I3P TAMAAPHA.

(iii) ES meabepuiin wadsapon 3aazsanmmats Howutin moesoomvin xyewvd Jlemma 2 écoop
hi(a)), i = 1,..., R-yyd ecdee macpasmeyt Pyrruyyyd myas Teopem 2-mati ustcusr yp
dyH bueans.

(iv) Xopae W nv dypvin canamcapey i xamorcudoryyn 6a p;i(-), i = 1,..., R-yyd ecdee dymi-
uyya 60a moromon dyrryvin duddeperyuanvin Jlebezuiin meopem écoop (see [?/), gy (V)
6oaon pi(+) mooaoedom moonwi ya dugdepenyuaninazdar useyydmat. Himo maryeapm
392/UliH TYY Hb TOALUBLH canamcap2y i xamoicuz0oryyr U 60400 UMedT myeuwut o -aac
bapaz xaa v sepse xamaapax b6a bycad napamempyyoutin xyevd Teopem 2-mati usicun yp
dyn bueans.

(v) [29p aey y3con 3az6apyydvie 040H-yematl 3a26ap AYY OP2OM2OXT OOAOMHCTNON.

Toamaarasa 2 /55p modoprotiacon 322AutiH TY'yHUT 0pcosdeonutl 3az26apvie 3334 bOAOH TA0-
2a.naMmACuUtH TYYyHUl opcondoonuti 3a26ap pyy wyyd epeemeesc boano. Tyraiinbanr, b6aHKHbL
3ax 32940 nulim S moonbve Tadearamorculin 6ymss2doxyyhn (rapuiyar, ryzauaazytl radza-
AAMAC 20T M) opuiun batidaz, j-0yesap xadearamorcutin 6ymasedoxyynutl xomorcsd Dj, 6a
Tapeanr3ar Tyy Mo Yj, Oatie. Tozeon

On(z,y) = éLi,n (1 - an<ma(:m - 1)> (Tin — en — Aipi (V)

aji,n)
S y;
_ D (1+8P (222 1 )
Zl ( f’"<m<yj,n> Yoo
j_
10 fn > 0 o zadearamorcuting ryynuti modpamorcutin napamemp, y = (yi,...,y%)7T,
Yn = WYins---, y&n)T, n=1,...,N. Ons moxuordord ¥ nexues 0sx Basel II meoarbopuiin

yadeapvit 3aa24a.4m Aoopx batidraap 620200H6.

R S R
grlL(xna yn) = Kn + Z Li,n(xi,n —€n — Azpz(\I/)) - Z Djmyj,n - Z Li,nAipi(QOc(\Il))‘
i=1 j=1 i=1

IHaxyy 3994 TAAAAMMHCUTH TYy2ulin Houwutin mozaoom wo 4op 2amy, manyeapulin usemat
64, MIOPIMHCUTIH WUHNHCUAZID Hb MOcmaTl batidraap Tutiedans. Xapae 6004020 boroscpyysae-
wuo 392Ul TY'yeutin maas (0920 Ta32aap) Mmoemoorvie Ty caowe batizaa 604 M IHI 3a26apPvie
AUIURAAH OHOBYMOT 3994 LALANAMACUTH LYY 2UTH TIMIHCIIE MOMOOH IHILY'Y WUHI MAA3bLH
HONOO2 YPDOUUNGH MIOIPIHC 4A0HA.
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Tamasroaa 3 O, wootcavin dynry X} scean X2 sceon X2 empameeutin oronaozmoti noe
audep, N—1 dazazumati 6anxHv, Cmaxesbepzutin mozaoomvin ryevd Cmaxesbepeutin maHuesp
opwur 6atiTvie TAPYYAHC 6OAHO.

4.2 Toon Typrmiart

DHY X3CIIT OMII OMHOX XICIrT Tomopxoitiacon Teopem 2, Teopem 2-umitH yp AYHIYYA 00JIOX
M3JIPIMKUNRH MTHHKUITIIT MOHTO/IBIH TOM, JIyHJ, KIKUT OAHKHYY/IBIH TOIOOJIO 3 OAHKHBI
XyBbJI XuiicoH 00J1H0. COHIOH aBcaH rypBaH OaHKHBI XyBbJ 3arBap ammurniargax 2018 orsr [V
VIIUPJIBIH Y3YYIRITYyauir XycHarT 2.1-1 xapyyiaas. duyg M.S,, Hb OAHKHBI CUCTEMURH HUHAT
399JIMIWH YJIJIATIJI COHTOH aBCaH OAHKYY/IBIH 93J19X 3aX 393/IUHH XYBb OPOJII00, L, Hb I[3BIP
399mitH Yy, K, ub eepuiin xepenre, K, /L, Hb eepuilH XepeHre 333/MiiH Xapbliaa,
CAR% Hb 3pcIpmssp KUTHAIC3H aKTHBBIH ©OPHUITH XOPOHIe| 33/13X XyBb, RWA HbL eepuiin
xopenruiir D2KAY%-1 xyBaark TOIOPXONIONICOH PP KUTHICIH aKTHBBIH [YH, T, Hb
399JIMWH XYYTUHH OPJIOTBIH HUNT 399 IMUH YT 939X XyBb, €, Hb XYYTUilH Oyc OpJioro,
XYYTHIH OyC 3apJIblH SIITaBAPBIT B3P 393/ XapbIlyyJICaH Xapbliaa.

Xycusrr 4.1: Conron apcan 3 6ankHbl 2018 oHbI IV yJIMpP/ILIH CAHXYYIURH Y3YYIJITYYI, Cast
UsSDh

MS, | L, K, K,/L, | CAR% | RWA Tin en

Bank 1 | 18.4% | 1,176.3 | 197.1 | 16.76% | 14.60% | 1,350.3 | 10.58% | 1.50%
Bank 2 9.1% 663.2 78.7 | 11.87% | 15.63% 503.8 | 11.80% | 3.17%
Bank 3 2.5% 145.2 30.6 | 21.10% | 17.41% 176.0 | 12.12% | 2.09%

0100 3arBaphiH Cyyph HapaMeTpyyIuir Togopxoitrbeé. COHrOCOH OAHKYY/IBIH 333/INIHH Oar-
IBIH TAJIaap M3I33J13J1 O6aiiXryii Tysn HUiAT 39mitn yimasrauiin s; = 30%-r BBB 3sparmsirsii,
s9 = 40%-r BB 3apsrmarsii, s3 = 30%-r B 33parsarsii 399,119r9u1 TYC TyC OYpPAYYIHD T9K
TaaMaryiacaH. BaHKyy/IbIH @OpUNH XOPOHTHHAT YPKUX TOITMOJBIT K = 1-33p, 399304 1uitH
OaHKYYILIH caHas 60JIroxK Oyl 399/IUHH XYYH]T Y3YYII9X MIAPIMAKUITH KoddduneHTyyauir oyx
GaHKyyJBIT XyBbJL $1,, = 4.5, B2, = 4, B3, = 3-aap aBcan. 3apabH XyBuiir XycuHsrt 4.1-nitn
7-yraap Garanbl yrraap ascan. O /x e; = 1.50%, es = 3.17%, e3 = 2.09%. XyrapJibia nruiin
xyyr Xycmorr 4.1-uitn 6-gyraap 6Garamsl yrraap ascan. O/x w1 = 10.58%, m 2 = 11.80%,
3,3 = 12.12%, 1= 1, 2,3.

DnuitH 3aCTUitH HOXIIHIH XyBbhcard W-uifH XyBbJ Cyypb TOXUOJIIOJT Xapraja3ax yTTBIT
Hb TYYHHII HOXIIOJIT MarajjiajblH yTra Hb HOXIEJT Oyc Marajyjiajtail TIHIyy Oaiix yTraap
aBcan. trax TyBmmH 60/10H /1eOT OOJICOH HOXIIOJ 393/I93C AJIaX AJJATIJIBIH XYBUAYIbIT
a = 99.9%, A; = 40%, i = 1,2,3-aap aBcan. Byx Gank, GyX 393JIMiH 33DPITIJINNAH XYBb/I
Xaprajs3ax 393JIUiH XYYHYYIUAT 3aaryiaaTryil 19K Y3CoH. DHY TOXUOJIOJI, TyXaiibas, KS-
uitH XyBba n, n = 1,2, 3-1yresp 6ankmb crparernitn ononstor X3 = {x, € R | g3(z,) > 0}.
Cyypb TOXHOJIOJIT Xapraja3ax Oyx napaMeTpuitH yTTyyaeir XyCcHITT 4.2-nitH 3XHUil ObaraHaH1
XapyyJiaB.

Xycuart 4.2-uita BIS-I1; 6aranan cyypb TOXHOJIIOJN, Xaprajsax HamuiiH TIHIBIPUUT
XapyyJIcaH. DHJ xfn Hb N-AyT9p OAHKHBI -TyT9D 399UNH 39PITIIITIN 399/ IMHH XyyTUuitH
Hamuita ToHnBapuiir naspxuitans. Byx 3ssmiin 3sparaiayyauiin xyeba LGD 50%-aap eccen
Ve XxapraJjsax 339 uiH xyyruita raanspuiir BIS-11s 6aranans xapyysras. BIS-11o-Tait BIS-I1;-
niir xapbityysabaa BIS-1Is 6aransa Hammuiitn ToHIBID eccen Hb xapargana. BIS-1I3 6arananm
1-myrasp Gankubl 3apman 1%-aap eccen 2-myraap GaHkHBI 3apman 1%-aap Oyypcan yewiin
TOHIBIPT XypaaMKkuilr y3yysucsn. BIS-IIy Garanans 6yx 6ankHbl XyBbi BBB 33psrmirsit
399JIMMH XYYTUHH MIApIMK 1-99p B 33parmarsit 3vsuiin xyyruita maapavek 0.5-aap 6yypax
YeuitH yp JIyHD XapyyJcaH. X3psB Cyypb TOXHOJJIIBIH XyrapJiblH IRruiH Xyyr 1%-aap ecresei
(6yypyynban) BIS-1I5 (BIS-IIg) 6arana rapua. Xycusrr 4.2-uiin 6yx yp ayuryys Teopem 2-
T HuiinTsil Gaiina. Bycas mapamMerpyyauiin M3ApIMKUNH mMUHAKUITYS 6000 ES, Basel |
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TeJI66pHﬁH JaJBapbliH 3aalvIaJTyyda/] XapraJ3dax MS,HpSl\/I}KI/IfIH HTAH2KUJITIIT JUcCCepTallblH

arXkjraac Xapk OOJIHO.

Xycuart 4.2: BIS-IT Tenbepuitn gajgBapbia 3aariaartait Hammmita T9HIBIPT XYy

BIS-1I4 BIS-II, BIS-II3 BIS-114 BIS-II5 BIS-IIg
$1-89-53% 30-40-30 30-40-30 30-40-30 30-40-30 30-40-30 30-40-30
K 1 1 1 1 1 1
I} 4.5-4-3 4.5-4-3 4.5-4-3 | 5.5-4-2.5 4.5-4-3 4.5-4-3
e% 1.5-3.2-2.1 | 1.5-3.2-2.1 | 2.5-2.2-2.1 | 1.5-3.2-2.1 | 1.5-3.2-2.1 | 1.5-3.2-2.1
T 0 0 0 0 1% -1%
v base base base base base base
« 99.9% 99.9% 99.9% 99.9% 99.9% 99.9%
A 40% 60% 40% 40% 40% 40%
xil 0.1716 0.1722 0.1754 0.1628 0.1845 0.1587
xal 0.1819 0.1843 0.1857 0.1819 0.1952 0.1685
xgl 0.2267 0.2400 0.2304 0.2526 0.2417 0.2117
7 o 0.1827 0.1833 0.1789 0.1739 0.1955 0.1698
T3 0.1929 0.1953 0.1891 0.1929 0.2062 0.1796
xf‘m 0.2375 0.2508 0.2338 0.2633 0.2525 0.2225
xi?) 0.1798 0.1804 0.1798 0.1710 0.1926 0.1669
3:;73 0.1900 0.1924 0.1900 0.1900 0.2033 0.1767
T35 0.2347 0.2480 0.2347 0.2605 0.2497 0.2197
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byisr 5

Huitaman Harsu Tepimiin byc

IIyacconnl IIporiecc d33p Cyypniacan
Croxactuxk DDM

5.1 Aprawran: Huitnmaa Harsa Tepimita Byc Ilyacconsr IIpo-
mecc

0,00) 799D TOIOPXOUIIOrICOH HKIUHH XyBbJI O] Japaax TIMIBIIBIIT OPYYIIbsL:
) P p y y p PYyy
f(syt]:=f(t) — f(s), 0<s<t<oo.

N(t) vp p(t) nywmxkuitn dyukursit [Iyacconst nporece (Mikosch [?]) 6a Yl(j ),Y2(j ), e
j=1...,n+4+ 1 Hp HIr9H MKNUJ TapxajTTail caHaMcapryil X3MKUTIPXYYHYYIUIH ITapaajia
Oaiir. JH1 Yl(l)7 2(1), . ,Yl(nH), YQ(HH), ... caHaAMCapryil X3MKUTVPXYYHYY/L Hb 60D XOOPOH-
J100 xaMaapaJryiirsc ragaa [lyacconst nponece N (t)-99¢ Meon xamaapasryil. Upssayita nar
xyramaa n + 1 yex xyBaargcan 0a XyBaaaTyya Hb tg = 0 < t) < to < -+ < t, < tpy1 = 0
Gaiir. Dus ToxMos 10/ SXHIi ye 0—t1, xoépayraap ye (t1+1)—ta, rax MaT ypraszkisx 6a (n+1)
Jyrasp ye (t, + 1)-93¢ Tercresryit xyramaar xaMapHa.

5.1.1 Hoorgoa ammmir

KoMmnanu eepuit aMbIpaJIblH MOWIOTHHHXOO XyTallaaH] dH3 OYPUlH aMKUIT yHAJITHIT daii-
pau rapax 6a 9HY XyramaaHI HOOTJOJ AUl 9 MOH dH3 OYPUUH ©COJNTUUH UUT XaHIJIArbIT
y3YYiiHs. X9pIB KOMIAHUIAH HOOTJIOJ AITUitH Testbepuiir rpadukaap mypcerssat (1) Hoormos
AIlUT TOITMOJI TYBIIUHJL XaJrajarjax xyramnaa canaMcapryit (2) HoOryio1 amruiia yepairuiia
X3MIKID caHaMcapryit 000X HbB Xaparmmar. iimMa up33mayiiH HOOTIOJI aIlruifH IMHAMUKWIIAT
HUMWIMAJT HT9H TepJuitH [lyaccoHbl mporeccoop 3arBapwiiax Hb YHIICIIJITIH 3arBapuiai 60J1-
HO.

J-IyT99D Ye Xaprajsax HUWIMAJI HIT9H TepJiniia Oyc [lyacconbr mporece fapaax TOTmmT-

['9J193D OI'eI/[OH6:
N(t)

QUM :=Y"vY, j=12. . n+1
i=1
Xanuiirasp QU) (t) mex yepaar N (t)-Toit 39par xyranaams ssargax 60mosd N (t) 19X yepaiTuita
X999 ypramk 1 Gaitnar Gox QU)(t) max yepsmruitn xsMxkss canamcapryi Gaitma. QU (t)-
UIH XyBbJ, 3XHUNA YCPIJITUNH X9IMZKI3 Yl(j ), XOEP MaXb YCPIJITUNH XIMKID YQ(j )
tj—1 < t < t; Hexmymiir xanracan t-r 6sxsibe. By j-1yrssp yemiin XyBbJl s XyTallaaHaac
t XyramaaHbl XOOPOHJIOX HOOTMOJ AITUNAH ©COITHHT Japaax HUIIMIJI HII9H TopJuiln Oyc

X M3T. bug
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IIyacconsl mporieccoop 3arsapynirbsi:

N() ‘
dy —ds = QU (s,1] = Z Yi(J)7
i=N(s)+1
sunj=1,...,(n+1),a,beZy,a<bxysbgy i, Y;(j):() a3k y3u9. Tareau ¢ xyramaanmax

HOOT'JOJI alllUT' JapaaX TITIMIUTIIJIIP ereraoHe:

di = do+ QM (1) + QP (b1, ta] + -+ QUTV(tj o, t; 1] + QW (tj_1,1]

N(t1) N(t2) N(tj-1) ' N(t) ,
=1 Z:N(t1)+1 i:N(tj_2)+1 i:N(tj_1)+1

5.1.2 edoat 6os0x maraaiaan

DH3 X9¢ArT OuJ KOMIaHu Jedo/IT 600X caHaMcapryil Xyraiaa 00JIOH XepeHre reoMeTp bpoy-
HBI XOJIOJITOOH 1 3aXUPAr/cat, op Teabep gedoar 6ocro roxuosmoss 6yruuiin 3arsap (Merton
[1974] anxubr axkuni) ammriaad 1edoaT 600X MaraJIaIbl ONPOJIIIOOro0p WIBPXUNIIX GOIHO.

7 € N ub kommanu sedost 600X xyramaa d6a Yl(l), YQ(I), ey YI(TH_I), YQ(NH), ... caHamcap-
ryit xoMKurIRxyyHYYR 600 [Tyacconsr mpomece N (t)-93¢ yin xamaapax 6aiir. ¢, 1 <i < N
Hb JUCKPETWINIH xyranaa 6a tg = 0, §; = ¢, —t;_1, 1 < i < N 06aiir. Meu B; Hb t;
xyraraangax Jgedosr 6ocro 6yy ep teabep 6a V(t) ub t xyramaangax xepenre Oaiir. Bu
t; xyranaan jJaxb xepenre V(t;) ep resnbep B;-33¢ Gara Gosiox Marajiain 6ywy jgedoar 6o-
JIOX MaraJIajibll OfpoJIIooroop wispxuiias. V() mapaax TOTIIUTIAIOD 6rerjex reoMerp
BpoyHnbl xemeareen 3axuparggar 6air:

dV (t) = pV (t)dt + oV (t)dW (t)
1 1 € R and o > 0. Du3 Toxmosmosy 1 Xyramaas 1edoyr 600X Maraja

In(B1/V(0)) — (4 — §02)51>
oo ’

s ® Hb HOpMaJ TapXalaTbIH (DYHKIL. t1,...,tx_1 Xyralnaapi KoMIaHu aedoiar 0oJiooryii
6oJioBY tn xyramaan aedoaT 600X Maraia

q1 = PI‘(V(tl) S Bl) = @(

gN = Pr(V(tl) > Bl; V(tg) > BQ, ey V(tN—l) > BN—l; V(tN) < BN)

I A In(By/u) = (1 — 30°)dN
= /BNl (I)< o/on 2 )fN—1(u)du,
SHJT
o= [ ! Dnfe/u) — (n -yt
w(e) = /BNl fr-a(w) xo\/ 270N P 2025 5 du
ba

fi(z) = L exp{ _ In@/V(0)) = (1 = 30%)3)* }
mg\/m 20’2(51

V(t) Bpoyubl xenesnreen saxupariana racau roxuosnos Hull and White [?] nap mospxroii

TeCT yp JAyHr rapran ascan Oaitmar. XyBaaJTbiH 1Ty 6osox t;, 1 < ¢ < N-1 uxdcrax

z3amaap J1edosIT 600X MAra JIAJIbII XaHTAJITTail OHpoJIIooroop wmpxuiliik 6omno. K Hb Xy-

pauaTaii ux roo, N —1 = (s — 1)K, t; =1/K,to =2/K,...,tn-1=s— 1ty =3s,5, K €N

6aiir. Torean medoar 600X Marajiaa gapaax daiaap ofposIooroop MIIPXURIIITIIHD:

Pr(r = 5) ~ Pr(V(1/K) > B1,V(2/K) > Ba,..., V(s — 1) > Bs_1)x, V(s) < B(s_1yic41)-

27



5.1.3 XyBbIlaaHbl cCaHAMcapryi yHI

DHD X3CATT OUJT XyBbIIAAHBI CAHAMCAPIYH YHUUT 3arBapuiiax 607HO. YYHUNT? alllUrJIaH XyBb-
IAAHBI CAHAMCAPIYH VHUNRH HOXIIOIT OOJIOH HOXIOIT OYC TapXaJThIH (PYHKIILIH TOMbBEOT Tap-
raHa. JJr’’p TapXaJThiH PYHKILYYIbIH TOMbBEO Hb TPAKTHUKT IIIYY/]L AllIUIIaxXa]] XT TOBOI T
y4upaac TapXaJaThlH (DYHKILYYIBIT ONPOJIIOOTO0D WIIPXUMIIXUNH TYJIII XyBbIlaaHbl CAHAMCAD-
ryil YHUITH MOMEHTHIT TOMBEOHYY/IBIT raprax 00IHO. DHI IIaJTraaHaap Japaax TIM/IIJIIIIT
alurIas:

1
k(1 + k)t 1’

9HJ, k XyBbIlaaHaac mraapaaxk Oyit ereexk. bun t xyramaanaac eMHe AedOT OOJOOTYH T'9K

F(s) =

y3be. Tareaj XyBbllaaHbl cAHAMCAPTYH YHUIH XyBb/I Japaax eryyiosp OuerHs.

Oryyn6ap 4 Xopss depoam i dyessp yed 6oacon (eepeep xanboa ti—y < T < t;,) 6oa t
TYeauaar 0aTs TYSLUAAHD CAHAMCGPYT YHI Japaaxr momséo200p 020200H6:

P, = F(r,t+1]d + Z F(r,mlQY) (m — 1,m]

m=t+1
tjv1 T—1
+ ) Fr,mlQUTV(m —1,m] 4 + F(r,m]Q" (m —1,m),
m:tj-l—l m=t;_1Vt+1

ond a V b = max(a, b).

TapxanTbiH OYHKITYYT,

Japaaruita ajmxam 6u XyBbIlaaHbl CAHAMCAPTYl VHUITH TapXaaThliH (PYHKIUAT TOOIOOJIHO.
TapxanTein GyHKIL MK Oyit yesi O XyBbIlaaHbl OHOJIBIH YHI, XYBbIAAHBI XAHIIAWH
UTTIX 3aBCAP I'9X MIT Y3YYIJITYYIUUT TOOI00JI0X OosoMkTOM. /lapaax TOMIITIISrISHYYAUIT
opyymKk upbe: a < b, a, b€ Zy, {=35+1,...,i XyBb

b

QY (24 : ) := Z F(s,m] Zm YZ-(E),

m=a+1 i=zZm_1+1
2t
Rs[2ty, 2ty -+ -5 2,15 2t) = F(5,141] {d +Zy(1)+ Z Y(2)+ + Z Y(J Dy Z Y(]}
1=zt +1 —zt _oF1 1= =zt _,+1

TsrBaj1 XyBbIIaaHBI CAHAMCAPIYIl YHUNH HOXIIOJIT TaPXAJITHIH XyBbJI JIapaaX TOMbEO OHEsTH

Fp(zt) = Pr(P <zt >t)= Z { Z Pr(RS[ztl,zt2, ey R 2]

s=t+1 ztlz(),...7 bR LT R e 2 — 1 = 25 =2

+ QY (a2, ] + QYT (a2 ) -+ QU (et 2] < f) e#(D

t Zt t t Zto —Z2t t'_ Zt Zti_q _1 Zm—Zm—1
p(t1)™ p(t, to] ! p(tj—1,t - H p(m ,m] }Pr(r = st > t)

21! (28, —20,)! (2 — 21, i (zm — 2m—1)!

XapuH HOXIOAT OYC TaAPXAJThIH XYBbJI IaPaaX TOMbEO ODUETH?:

§—00

FPt(.’E) = PI‘(Pt S .CL') = lim { Z Pr<Roo[Zt1;2t2, N .,thil,Zt]
=0,.

= Ztv—ZtJ 1RtF1= 25028 =25—1
+ Qg))(zt : th] + ngl (th : th+1] +--+ Q£+1)(ztn : Zs] < l’) e_M(S)

/’L(tl)ztl M(t17t2]2t272t1 /J’(tjfla H ’u _ 17m]2m72m,1 }

X .
2ty ! (2t, — 21,)! (2t — 2t;_ (zm — 2m—1)!

m=t+1
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XyBbIIaaHbI CaHAMCAPIYH YHUNH TapXaJaTyyIbIH J39PX TOMBEOHOOC 3P TOMBEOHYYILIT
HPAKTUKT TIYY/JL allUIJIaXa/ KXIIXIH XYHIAPIITIH 600X Hb midpxuil 6aiina. Xspas canamcap-
Iyl X9MAKUTIHXYYHUN OyX MOMEHTYYI, TOTCIOJIOT Oa 939D MOMEHTYYI I93D YHIIICIICIH 33-
PAIT IyBaa TITUHT aryy/acaH 3a/raif 3aBcap JI99P TOAOPXOMIOrII0T OO MOMEHTY YT Hb TYXaH
caHAMCApPryH XIMKUTIIXYYHUN TapXaJThII HIT9H yTrartaiiraap Ttomopxoiyimor. Witma Tomop-
X0l 9PIMOUNH MOMEHT TOTCre/Ior 6071 OU MOMEHT /193D YHIICIICIH XyBbIAAHBI CAHAMCAPTYI
yH? P,-uiin TapxaJThiH QYHKIUNAT OHPOJII00ro0p MWIPPXUMDK YaaHa. MiiMa 6 XyBbllaaHbl
UPI3AYUH CAHAMCAPIYl YHUITH MOMEHTHUUT TOOIOOJIOX ITaap/ijiaraTai oM.

MowmeHnTyyna

sy (9) . .
by (u) = E(eWYIJ ), j =1,...,n+ 1 Gaiir, o301 i Hb XyypMar HIrK. TarBas1 t < § XyBb/I,
QU)(t, s] camamcapryii XaMKUII9XYYHEH XapakTepucTuK (ByHKIMAH XyBbJ JapaaX TOMBEO
(Mikosch [2009]) 6uesis

bues (W) = E(" ) = exp{u(t, s](6y,0 (u) — 1)}.

Yl(l), 2(1), e ,Yl(n+1), 2(n+1), ... CaHAMCApryi XSMKUIJPXYYHYY/L Hb 06D XOOPOHI00 YJI Xa-
Mmaapaxaac ragsa Ilyacconsr mporecc N (t)-93¢ yi xamaapax TyiI Q(l), Q(z) ) ey Q(Z) ca-

HaMCapryil XaMKATIPXYYHYY/L Hb YJI OI'TJIOJNIIOX XyTalaaHbl MHTEPBAJbIH XYBb/I Y/ XaMaapax
Gaitna. UitmM 7 = s HOXIOJ /19X ¢ XyralaaHbl XyBbI[aaHbl caHAMCAPTYH YHY P-uiin Hoxesr
XapaKTepPUCTUK (PYHKIT JTOOPX TOMBEOrOOD OTOrIOHS.

E(¢P|r = 5) = exp {hu(uls)}
S
hi(uls) = iuF(s,t+ 1]do + u(tl)(%l(l) (uF(s,t+1]) = 1) +...
+ itz ] (@yo-n (wF (st + 1)) = 1) + pltj1, 1 (dy.0) (uF (s, +1]) 1)

tj tjt1
+ Z p(m —1,m] (¢Y1<j> (uF(s,m]) — 1) + Z p(m —1,m] (¢Y1<j+1> (uF(s,m]) —1)
m=t+1 m=t;+1
s—1

+ ot Y p(m— L] (¢y0 (uF (s,m]) —1).
m=t;_1Vi+1
hi(u|s) BB Gyx s > t XyBbJ XYpauIPaTaii yiaa muddepenimandiarar dyHKI 6a 63X
COH p-UHH XYBb] Yl(j p ,j =1,...,n+ 1 canamcapryil XaMKUTJBXYYHYY/ UHTErpaJIarar
Gaiir. Tarea1 xapasB OU| XapaKTPUCTUK PyHKIHITH gbg() 5 (0) = ip]E(Yl(j p ) TOMBEOT AIUIIABAJT
hi(u|s) dyakmmita u = 0 130 199PX P AYTIDP 3p3M61/H?1H1 nuddepeHiual apaax x3J03pTaiirasp
OJIJIOHO.

rP0ls) = z’p{dgl{l}(p)F(s,t + 1]+ BV P) (b)) F s, t+ 1P + ...

+ BTt tya) F(s,t+ 1P+ BV u(tyor 1 F (st + 117
' t; ' tir1
+ IE(Yl(])p) Z p(m — 1, m]F(s,m]P + IE(Yl(]H)p) Z p(m—1,mJF(s,mP + ...
m=t+1 m=t;+1
) s—1
+ E(Yl(l)p) Z w(m — 1, m]F (s, m]p},

m=t;_1Vit+1

su1 111y (p) Hb mHaMKaTOp hyHKIL. Oepeep x97169:1, x3p3B p = 1 6011 I = 1 5¢psT TOXHOMIONT
I1=0.
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Xspse 6uy Faa di Bruno-uita Tombéor (Johnson [2002]-r xapax) ammriasas ¢ xyranaas
JlaXb XYBbIAAHBI YHUNH P JYr99p SPIMOUIH HOXIEONT MOMEHT (T > { HOXIOJIOX) Japaax
TOMBEOTOOP OIerIOHe.

1 dr w J RN
E(Ptp”r > t) = ZDW <E(€ Pt‘T > t)) 'u_o = pr . % (eXp{ht(U|S)}>

u=0

oo

P(r =s|t >1t)

(5.1)

L3 (Tt (59" () e

s=t+1

SH/L JI9PX HUUIO3D by + 203 + - - - + pb, = p TormmuTramita ceper 6yc 6yxam by, ..., b, mmii-
ayyaep asargana. Ompoo 6my gedolIT x93939 4 OOJIOXIYii Oyioy KOMIIAHA HOOTZIOJ allllraa Xy-
ranaaryit Tapaana (P(7 = 00) = 1) rak y3be. DH TOXHOJIO0J] XYBbIIAAHB!  XyTallaaH axb
VHURH D OyTr39p 3p3MOUMH MOMEHT JIOOPX TATLIUTTIJIOP OrOrIeHe.

o0 = 5 gt (M0) (F9) - () e

p!

SHJL JP9PX Huiliosp MeH by + 2by + - - - + pb, = p TermmrTrasmiin ceper 6yc 6yxaia by, ..., b,
MUY YI9p aBargax 6a

KPP (0)c) = z’p{dol{l}(p)F(t +1) + B )P+ 1P + -+ BT P u(ty 0, t; 1] F(E+1)P

+ E(VIP)ultjor, () F(t + 1)P + E(YV,P) Z p(m —1,m]F(m)? + ...

m=t+1
tn ')
+ IE(Yl(n)p) Z p(m —1,m]F(m)P + E(Yl(nJrl)p) Z pu(m — 1, m]F(m)P
m=t,_1+1 m=tn+1

Upssayiin nar xyraaa 1 yesc (n = 0) 6ypusx 6a [Tyacconsl nponeccuita ayHpKuiitn OyHKIY
w(t) = At, t > 0 r9K y3be. DHY TOXUOJIOJ] HUAIMII HIMOH Tepuuiin 6yc [Tyacconsr mpo-
necc epuita Huiivas [lyacconst nporece 6osiox 6a (5.5)-aac 1 spsmbuita MomenT 6osioH 2-4
9POMOUIH TOBUITH MOMEHTY Y Japaax TOMbEOIOOD ereriIeHs.

E(P) = ;{do +OE(Y) <t 4 1;"’) }

AE(Y2 14+ k)2
Var(P;) = 221)<t+(1(+72)2)_1>
AE(Y3 1+ k)3
B~ E(P))" = 2550 <t+ (1(+Z)3) 1>
AE(Y2 1+ k)2 2 ARV 1+ k)*
S T )

H99px 1 spambuitn MmomenTuitn Tombéonooc Ilyaccomst nponeccuiin spaum 1-T9if TonIyy (A =
1) yen emHex cypajraanbl axK/yy/aj rapracal XyBbIlaaHbl CAHAMCAPIYH YHUIAT TOITOOX aji-
JIITUB 3arBapyy/l Hb OUJIHUI 3arBapblH TyXallH TOXHOJ10J1 60JI0X Hb 11yy Xaparjgana (Hurley
uap |?, ?|, Yao [?|, Hurley [?]).

5.1.4 IlapameTpyyamiiH XaMI'uiiH UX YHYHUI XyBb OYXUil YH3JIJIT

But 6ostoBepyyiican 3arBapblHXaa XaMIMMiH UX yHIHUN XyBb Oyxuii yaamaruiir (XUYXBY)
010XbIH Ty, 6uypH T+ 1 TOOHBI XyBBIIAAHBI YHY, HOOTJOJ AINTUIAH ayKUTVIAJTBIH YTIYYI
0OJIOH HOOI'JIOJI AIMMIH YCPIJITHIH M3133J1 Oaiiraa rak y3be. Oepeep x3/103.1, OuasH 1 Haiiraa
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erergen 6o {dy, Py, N(0), ...,dp, Pp,N(T)}, sun t = 0,...,T xyBbj, d; Hb t Xyramaasuax
HOOT10J1 ammr, Py Hb ¢ Xyranaaniax XyBbllaanbl yud 0a N (t) Hb ¢ Xyramaa XypTasx HOOTIOJ
alllUrJ rapcal HUAT yCPaITURH TOOT MISPXUNAICIH ¢ XyTranaangax HOOT A0 allll'iiin yCpaATuiin
M3 1 1. [TapaMerpuiin YHIIATUIT OJIOXBIH TYJiL Ouf ¢ XyramaaHiaxXx XyBbIaaHbl YHY ©6-
PUITH OHOJIBIH YHI3C CAHAMCAPTYH U XIMKIIIIP 30PHO, OYX YeYYII3/1 YCPIJITUNRH CaHAMCAPLY it
XIMKUTJIBXYYHYY/I HIT9H UKUJI TapXaJTTail, o /X Yi(J ) 4 Y] rak TaaMarTbs. DH TOXUOJIOT
MaHall 3arsap Jlapaax CACTEM33D OTOrJIOHO:

Po=1+Fk)P_1—di+w

di = di—1 +Q(t — 1,1
N(t) , t=1,...,T.

Q(t_lvt]: Z Y;

i=N(t—1)+1

Bun us, Yy camamcapryit XaMKUTIIXYYHYYIUNAT

b () [ 2))

XaMTBbIH HOpMa.JI TapX&HTTafI I'92K Y3be. Men
pP-1 = (Po,...,PT_l)T, p= (Pl,...,PT)T, and d: (dl,...,dT)T,

IOCIH TIMJITJITIDHYYJL OPYYJI0aJl HITIH TepJuitH Huityivait [lyacconnl nporeccuitn XyBb1 3ar-
BapbiH nmapamerpyyauitn XUYXBY-yyr napaax 6aiigmaap oa0HO:

T T
~ p_l(p + d) 92 e e ° N(T) R Q(T) dT — do
k=" 1, 2= A=, = = 5.3
pLp W ENT) T ON(T) (5:3)

T’ T

0a

A o N(t_lat] Q(t_lvt] Q(T) ?
4 = X5 (vt - ) o4

s e =p+d—(1+ l%)p_l. TTapamerpuiin YHIIATYYAUIH Tajaap JUCCEPTAIIAAC XapK OOJIHO.
Xopas k > 0, 60 yauita nporiecc Pp-uitn xyranaan mysaa a3a09pus (explosive). Witv mmaap-
naxk Oyit ereekKuitH mapaMeTpuiiH YHIJIIATUIH XyBb/T €PAUNH { TECTUHUT AIlUTJIaX Iaiaxryi.
I'sBu x3p3B Hy : k = k, Taamariasn yusa 601 k mapamerpuiin Y XB xapbliaaHbl TECTUWH XYBb/I
Japaax yp AYH OHesXuir XapyyizK 60JIHO:

Te, — ¢l k— k)2t p-
LR(6) = T (14 20 ) o (14 BERIIRP) o,

suI e, = p+d— (1 + ky)p_1 6a x?(1)-aap HIT He/I0eHMIT 39DPSTTIH XU-KBAIPAT TAPXAJITHIT,
d-9p Tapxasraapx Huiliuaruiir Tyc Tyc ramarasicss. [aappaxk 6yit ereex k-mitn (1 — «)
UTTIX TYBIIUHJL Xaprajsax UTraxX 3aBcap Japaax ToMbéoroop ereriier 6osoxeir Coles [?]-93¢
xapK O0JIHO:

Co = {k € R| LR(K) < cal,

SHJ Co 1B (1 — @) mrrax TyBmmHI Xapraasax x2(1) TapXaJTBIH KBaHTHJIBIH yTra. BuIHumif
3arBapblH XyBbJ YI' HTI9X 3aBCap Japaax TOMbLEOTOOD OTerJIOHe:

i leveple/TI =1 _, _; ev/explea/T) =1 (55

pLip_1 - p -1

3arsapbsia Oycaj mapaMeTpyyIuiiH XyBb J1aXb TYYBPUNHH TapXaJT O0JI0H UTTIX 3aBCPBIH TOM'b-
GOHYVIBIT TUCCEPTAIIBIH aXKJIaaC XapK OOJIHO.
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5.2 Toon Typmmiar

Bun sxmasm eepcanitn 6otoBcpyyican XUYXDB apraap sarBapbii mapaMerpyyadd YHIJIHI.
Sarpapbll HUALIJIAAT maaraxbii Tyuan S&P 500 ummekcsa OypTraaTsii 5 KOMIAHUHAT COHIOH
xaprajzax ererryyaniitr Thomson Reuters Eikon-ooc Taraxk aBcan. COHMOCOH KOMITAHIY/IbIH
OPIILIH MapaMeTpyyauiln XycHarT 5.1-1 y3yyiacsn. XycHIrT 5.1-bIH 2-myraap Mep Hb KOMITa-
HUY/IbIH HOTK XYBbIAAHJIAa TapaacaH HOOIJOJ ammr (aMm.Jojuiapaap) XaprajasaHa. XyCHII-
TUiH 3-ayraap Mep Hb KOMITAHUYIBIH UPIAYIHH HOOTIOJ AIlyYIBIH XAMIPYYJIaaTal allur-
Jlarmax Imaapaxk Oyil ereexkuiir waspxuiyias. Ju1 6ux Bank of America-uitn mmaapgaxx Oyit
OTOOXKUIH IBIYH YVHIIITHUT eepuniicon. CauxyyruifH xampaayyaaac maarraask Bank of
America-uitn maapjax 0yii ereexx 2.65% rapcan 6a Oum yr yp JAYHL YHSH HIaapiak Oyii
OreOXKHUIT TOIOOIK Yaaxryil T9K Y3CoH. X9PIB OmJT XSMpAasbiH Japaax ereraiumiir (2009-
2019) amurnasan, napamerpuiid yuasmaT 11.25%, 99%-uita urrax sascap ub (7.72%,14.79%)
rapcat. Xspa3B 2008 onbl xsiMpasiaac eMHex ereryuir (1979-2007) amuriaBas napaMeTpuiin
yuasar 7.50%, 99%-uitn urrax 3ascap b (5.36%,9.64%) rapcan. Mitmz 6un Bank of America-
uitH 3arBapJ ammriaargax maapiazk oyit ereexkuiir 8.00%-aap conrocon. dmaxyy 8.00% 2008
OHBI XsIMpaJIaac eMHOX 60JI0H Xoi1xu 99%-uitn nTrax 3aBcap aryyuariax dajiraar aHxaapax

XIPITTIN.
Xycaart 5.1: 3arsapbiH napaMeTrpyy/l
Row | Parameters Johnson & Bank of PepsiCo Boeing Avery
Johnson America Dennison

2. do ; 3.750 0.660 3.792 8.220 3.210
3. k; 9.65% 8.00% 9.66% 13.82% 8.36%
4 Yy 1.250 1.462 1.555 2.436 1.442
5. | /v 2.219 2.397 2.827 5.394 2.379
6. M§3)//~LY¢ 11.753 8.260 6.927 19.162 8.540
7. | e®/eW 2.0 2.0 2.0 2.0 2.0
8. | o/ 3.0 3.0 3.0 3.0 3.0
9. Credit Rating AAA A A A BBB

Bun conrocon kommnaHmyabiH UPI3Iyit 3 yeac Torrox 6a ye GOJIrOH[ Xapray3axX HOOTIOJ
AIllUIH YCPJITUIH caHaMCapryil X9MXKULJISXYYHUNUT HOpMaJI TapXalTTail I'azk TaaMarjlacaH.
1-yrasp ye 0-3 :xunyymumiir (tg = 0 < t < t; = 4), 2-ayraap ye 4-10 xunyynuiir (£ =4 <t <
to = 10), 3-ayraap ye 11 60108 TyyH3C XOfimxu xKuryyauiir (to = 11 < t) xaMpaHa 9K Y3CH.
By koMImaHUyAbIH {-yT99p YVEUWH YCPIJITUNH CAHAMCAPTYH XIMKUTIPXYYHYYIUNH JTyHIAXK
0OJIOH CTAHIAPT Xa3aMJITHIT Xapraa3aH ,ugt), agt), t=1,2,3,+=1,...,5-aap TOMAIrJIbeE.

1-dyesap ye (0-8 orcunyyd): Bun 1-ayrasp yeuitHn yepaaTuiiH caHAMCAPIYH XIMIKULII-
xyyauit crapgapt xazaiyr 2010-2019 oHBI HOOTO AIMTUWH OTOrIUUT AIMUTJIAXK YHIJICIH
YHIJIITTIH TOHIYY 92K y3coH. COHIOCOH KOMIIAHUYIBIH 1-JIyr99p Vel Xapraj3ax >KUTHICIH
YRy yrauauir Xycaarr 5.1-biH 4-ayrasp Garanany ysyyass. Witma Johnson & Johnson-
HBI 1-7Tyr99p yen Xapraja3aX HOOTJOJ AITWIH YCPIATHIH caHaMCapryil X3IMKUTIIXYYHYV
Yl(l) ~ N(1.250 x 0.182, 0.0252) = N(0.228, 0.0252) 32K 3arsapwiarmana. Llar xyramaa ypr-
caxX TycaxX XyBbIIAaHbI HOOTJIOJ AINTHUHH X3M>KI9HUN TOMOPXOUTYH Oaiiman mxcans. Witmm Ou
2 60JI0H 3 ayraap YeYYAWitH CTaHIapT Xa3aiIThIr 1 AyT99p YeuiH CTaHIapT Xa3aijITTail xapb-
Iyy/aaxaJ| xaprajsad 2 6000 3 Jaxud uxdcracan (XycHsrr 5.1-biH 7-8 jmyraap Mep).

2-0yeaap ye (4—10 owcunyyd): 2-jyraap yej xapraiasax KOMIAHUY/IBIH KUTHICIH YPIKYY-
srauguiitt XycHart 5.1-viH 5-jpyraap mepens xapyyiican. Witmg Bank of America-uitn 2-
Jyraap yel Xaprajg3ax HOOTJOJ AITUIH YCPJITUWH caHaMCApPTYH XIMKUTIIXYYHYVIT Y2(2) ~
N (2.397 x 0.103, (2 x 0.029)%) = N (0.248,0.059%) rapxanTraii.

3-0yeaap ye (3 6oaon myyhnasc xolwru scusyyd): B yaasrs XaMApy yIaIThIH Xy IHH
3YIJIMIH HOJIOer eepTee TycracaH JIYHJIaXK YPKYY/ISTYJIUIH TOOT m = 3-aap COHI'OH aBCaH.
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XycHsorT 3-piH 6-Jyraap OaraHaH] COHIOCOH KOMIAHHYJIBIH 3-Iyraap yel Xapraja3ax *KHUI'H-
C3H YpKYYIraauiir xapyysicas. Tyxaitadas, PepsiCo-uitn 3-myraap yen xaprajsax HOODIOJ

AITUIH YCPIJITUWH caHAMCapPTyl XIMKUTIIXYYHYY/T Y3(3) ~ ./\/(6.927 x 0.211, (3 x 0.093)2) =
N(1.464, 0.2792) 9K 3arBapyJiarjiaHa.

Xycuart 5.2: Jledont x9399 1 GOJIOXTYI TOXUOJIIOJ

Row | Parameters | Johnson & Bank of PepsiCo Boeing Avery
Johnson America Dennison
2. E(Po,) 154.306 62.452 136.627 384.859 144.450
3. | ppAume 145.870 35.220 136.670 325760  130.820
4. | Pyl 153.886 62477 136442 385302 144.003
5. | LBMC 114.656 42.692 103.666  264.279 103.552
6. UBZ-MC 196.468 85.237 171.903 522.207 190.125
7. o; 29.668 10.425 19.758 193.773 24.266
8. b3.; 0.088 0.326 0.163 0.009 0.195
9. K4 0.018 0.108 0.038 0.001 0.056

[TapameTpyy/uiir COHrOCOHBI Jlapaa COHIOCOH KOMIAHUYILIH () Xyramaanbl OHOJIBIH YHUNT
TOOTOO0JIHE. XYCHAIT 5.2-11 611 OYX KOMITAHIY UPIITY it 1edosiT OOJIOXTYi I'9K TaaMaracaH.
XyCHIITHIH X0€p/Iyraap MOPOH COHIOCOH KOMITAHUYIBIH OHOJIBIH YHUNT ©0PCANITH 3arBaphil
AIUIJIAH TOOIOOJICOH YD JIYHT, I'ypaByraap MepeH | komnanuyaba 12/31/2019 eapuiin xaas-
TBIH OOJIUT XaHIIUAT XapyyscaH. 4-6 mepen Monte-Carlo cumy/isiiuiie yp IYHD Y3YYIIB. DHI
6w 5000 yraa cuMyssSIy XUUCSH. 4 Y99 MOPOH/ CUMYJISIUNAH VP JIVHIUIH JTyHJRKAAT Xa-
pyyJican 6071 5, 6 gyraap Mepyy/L Hb KOMIAHUyAbIH canaMmcapryit yaumiin 95%-nitn Monte-Carlo
CUMYJIATIANH JTOO, T9T UTTIX XUV Xapraiazana. Jloom, mom xumsc Bank of America-uitn
0OJIUT XaHII UTTIX 3aBCAPT OPIIUXTYH OOJIOX Hb Xaparmazk Oaiina. XycHIrT 5.2-bIH 7-9 MOPOHT
KOMITAHUY/IBIH TAr XyTalaaH Jaxb XaHIINWH cTaHIapT xaszaiit, skewness, kurtosis-umiir Too-
MoK xapyyias. Skewness 60ji0H kurtosis-uiiH yp JyHI93C Xapaxall COHIOCOH KOMITAHUY[bIH
XYBbIIAAHBI XaHIIUIH TapxaiaT XycHIIT H.3-uiiH Xaprai3ax yp JAYHTIH XapbIlyyJaaxaj UiIyy
HOPMAJI TapXaJITTail OlpoJIIoo GaiHa.

XycuarT 5.3: Hedoarhir H3rSH TepanitH MapKOBBIH X3JIX33T93D 3arBAPUMICAH TOXHOJIO

Row | Parameters | Johnson Bank of PepsiCo Boeing Avery
&Johnson  America Dennison
2. | E(Ry) 145.717 53.338 123.353 356269  113.170
3. | Bt 145.870 35.220 136.670 325760  130.820
4. | Pye 146.061 53427 124165  357.645  113.630
5. | LBMC 71.383 9.252 43.403 109.269 12.898
6. | UBMC 194.580 82.247 171.023 512757  183.824
7. | o 35.357 17.397 31.199 194.638 46.425
8. | bs, -0.461 -0.769 -0.997 0.137 -0.583
9. | kuy 0.865 0.559 1.528 -0.168 -0.392

Xycuart 5.3-1 medosT 600X Maraadbll HIT9H TOPJUIHH MapKOBBIH X3/IX95I939D 3ar-
BapUMJICAH VEeUiH yp AVHIYYAUUT y3yyass. Hedoar 6omox maraiaabil TOOIOOIOXI00 OWT
Standard&Poors [?]-uiin HAr KUAKMIH THCKUITHE XyBUiir ammriacad. XycHarT 5.3-uiin 2
MOPOOC KOMIAHUYIBIH TAT XyralaaHIax OHOJIBIH YH? XYCHAI'T D.2-uilH OHOJIBIH YH?3C bOara
baiiraa b xapargaxk Oaitna. Kommanu medosit 60JICOH yea XOpPOHTe OpYyJ/Iardnl ITaalllIbiH
HOOTLJIOJI AIlraa aBd YaJaxTyil Xypax yapaac XycHIrT 5.3-uilH OHOJIBIH YHY XYCHII'T 5.2-bIH
OHOJIBIH YH33C Gara Gaitna. Xycusrr 5.3-mitn xysba Monte-Carlo 95%-nitn urrax 3ascap ep-
MOCOH 3YYH TaJIPYy HIMKCOH 6eree 0100 OyX OOIUT XaHII MUTIOX 3aBCPLIH J0TOP Oaiipiican
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Gaitna. KoMmaHuyIbIH XaHIURH cTaHIapT Xasaiir, kurtosis-uitd Mojtysr XycHIrT 5.2-bIHXAAC
nx bereen Boeing-ooc Oyca i KOMIAHUYALIH XYBb 3YYH TaJApyy X3J0uitcon baitna. Mitv 91
toxuosiot Johnson & Johnson, Bank of America and PepsiCo KoMmaHnyIbIH XaHIIIUAH Tap-
XaJIT XYCHIIT 5.2-bIH VP JYHTIH XapbIlyyiaxal OpreH Cyy/aITdil OaitHa.

5.3 XaBcpaJTryy/,
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1. Introduction

We consider [ insurers competing in a market of 2 policyholders or insureds.
Assume that the policyholders can decide either to renew the policy with the
present insurer or switch to one of the competitors.

According to Dutang et al. in [1], there are two non-cooperative game theory
models in insurance markets: the Bertrand oligopoly, where insurers set premiums
and Cournot oligopoly, where insurers choose optimal values of insurance
coverage. Some extensions of these models have been investigated by various
authors (see [1] and references therein). The game theoretic approach has
received a great deal of attention by many authors, who contributed in various
ways (see [2] [3] [4] and references therein).

By considering a lapse and an aggregate loss models for policyholders, the
Bertrand model of Rees et al (cf. [5]) has been extended in [1]. They showed the
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suitability of non-cooperative game theory for insurance market modelling.
Moreover, they introduced the solvency constraints first time. As usual, “game”
for insurers means to set premium for which policies are offered to the
policyholders.

It would be interesting to investigate a model from the perspective of insureds’
behavior how they can react on current economic situation. If the economy is
getting better, then insureds including individuals and companies are interested
in having insurance contracts, contrariwise they might be uninsured. On the
other hand, the success and achievements of insurers in the coverage period can
attract customers to keep insurance contracts. Otherwise, they have a risk to lose
customers. Therefore, attracting insureds could depend on economic factors
such as macroeconomic variables and financial data of insurance companies.

This paper aims to extend the one-period model in non-life insurance markets
(see [1]) by using a transition probability matrix depending on some economic
factors. We consider a model with a multi-period and assume that the solvency
constraints will be updated in each period. Moreover, our model has the inactive
state which means some insureds are uninsured.

The rest of the paper is structured as follows. In Section 2, we give a short
summary of the one-period model. Section 3 deals with an extension of the
one-period model and some assertions related to the existence of premium
equilibrium and sensitivity analysis are presented. In conclusion, in Section 4,

some numerical results are given.

2. The One-Period Model

In this section, we provide a short overview of the one-period model investigated
in [1]. Let (x,,---,x,)€R’ be a price vector, where x, represents the premium
of insurer j. Once the premium is set by all insurers, the insureds choose to
renew or to lapse from their current insurer. Then, insurers pay claims, according
to their portfolio size, during the coverage year.

Let Y, be the aggregate loss of policy 7 during the coverage period. We
assume that Y,ie {l,---,n} are independent and identically distributed (i.i.d.)

Nj(x)

random variables. The aggregate claim amountis S, (x)= )Y, where
i=1
N, (x) is the portfolio size of insurer ; given the price vector x.

1
Let n, be the initial portfolio size of insurer j ie, an =n. We assume
j=1
that insurer jmaximizes the expected profit of renewing policies defined as

n, X
Oj(x):j 1- 5, S— | (x‘/.—ﬂ‘/.),

m; (x)
where 7 is the break-even premium jexpressed as

T, =wa;, +(1 - wj)mO

and m; (x) is a market premium proxy which is the mean price of the other
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competitors

By a;, and m,, we denote the actuarial premium based on the past loss
experience of insurer jand the market premium, respectively. w; € [0,1] is the
credibility factor of insurer jand f; >0 is the elasticity parameter.

In addition to maximizing a certain objective function, insurers must satisfy a
solvency constraint imposed by the regulator. A simplification is to approximate
a g-quantile Q(n,q) of aggregate claim amount of 1 ii.d. risks by a bilinear
function of nand /n

0(n,q)=E(Y)n+k,o(¥)n,

where the solvency coefficient k, has to be determined and Y is the generic
individual claim severity variable. E () and O'() are a mean and standard
deviation of a randon variable. Using the approximation the solvency capital

requirement SCR is deduced as
SCR, ~ qu(Y)\/;.

Then the solvency constraint function can be defined as follows

g, (x/_): K; +”f(x./_”f)(l_ef) >1,

qu'(Y)\/;

where e, is the expense rate as a percentage of gross written premium.
The one-period Nash equilibrium model in non-life insurance markets be-

comes

max O, (x),j =11,

x/er
where

X, ::{xj €[£a7]|gj(xj)20}

= {x,. e[x.x]IK; +n, (x‘/. 7 )(l_e.i ) 2 kqa(Y)«/;},
and x,X arethe minimum and the maximum premium, respectively.

3. Extension of the One-Period Model

This section deals with an extension of the one-period model considered from
the perspective economic factors. Let m be number of periods. To consider a
possible extension of the model with m -period, we assume that policyholders
will react on the current economic situation Ze., if the economy is getting better,
then they have interests to be insured. As before, we assume that the market has
Iinsurers and n insureds. Let z(k) € R? be economic factor in kth period and
i (k) €RR? be a vector of economic weights in kth period with respect to the

movement from insurer 7 to j We introduce a transition matrix (see [6])
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describing insureds’ movement to insurers.

Dy (k) Dy (k) o Py (k) P (k)

P, (k) Pin (k) o Poy (k) P (k)
P(k)=| 5 : 5 ;

Py (k) P (k) P (k) Prin (k)

Prig (k) Prap (k) o Proag (k) Priin (k)

where p,; (k) denotes the probability for customers to switch from insurer i to
jin kth period. (I + l)th column corresponds to uninsured ones whose state can
be called inactive. According to [7] (see, also [1]), the transition probability can

be modelled as

: 1 if j=I+1
1+/Z:;eXP(<7ﬂ(k)=Z(k)>)

P ()= exp((7, (k).2(K)) if j#1+1
L e (7 (k). 2(4)

where (,) is the Euclidean inner product. If the economy is deteriorate in kth
period, some insureds don’t want to keep insurance contracts, therefore
pi;(k),j=1---,1 will decrease and p,,., will increase. In kth period, the
portfolio size N, (k) of insurer j for the next period is determined by the sum
of renewed policies and businesses coming from other insurers. Hence
I+1
N;(k)=N,(k=1)p,, (k)+i_§]_Ni (k=1)p,; (k)
I+1

=2 N.(k=1)p,, (k).

i=l1

be a discount

where N, (0)=n;. Let r, be a risk free rate and v=
l+r,
factor. Based on [1], the insurer j maximizes the present value of expected profit

of renewing policies defined as

axw=i”N”“&—aw{ 5 —q}ﬁ—@@», m

k
k=1 n m.(x )
J
T

T
T T 1 .
where x:(x] ,---,x,) , xj:(xj,---,x;l) for j=1,---,1,and

1 : . . .
m; (xk ) =——> x". The solvency constraints for insurer j can be redefined as

i#]

K+ YN, (k) (x4 =, (k) (1=e, (k)

gl (x,)=—" -1, for £=1,2,,m.

ko(Y) \/kZi;VkNj (%)

Then, the strategy set of each player j,je {l,---,l} is
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X/ :={xj e[g,f]m \g{(xj)zo,gzl’...’m}

m

_ {xj e +kZ:kaj W) -7, (0)(1-¢, (k) @

£
> qu(Y) ;kaj (k), (= l,m}

Now we give some similar results for m-period model.

Proposition 1. The m-period insurance game with I players whose objective
functions and solvency constraints are defined by (1) and (2), respectively,
admits a unique Nash premium equilibrium.

Proof: In a similar way as in [1] and by Theorem 1 in [8], we can verify the
existence of a Nash equilibrium. On the other hand, since for any
(x},---,x‘f_l ,xj.” ,---,x;.";xfj ) , the function O,{, (x) is strictly concave and dif-
ferentiable with respect to xf. ,for Vx,yeR™ ithold

(V.,00(x).3,=x,)> 0} (»)-0; (),
and
(V. 00(9).%,=,)> 0} (x) -0} (»).
Adding both inequalities, we have
(v,,00(x),3,=%,) +(V, 0, (»).x, -7,
>0 (y)-0.,(x)+0,(x)-0,(y)=0.
Denoting by r:(l,---,l)T eR’ and taking the sum by j,j=1,,1, we
obtain that
) j j !
er<Vx/0,{Z (x),yj—)c‘/.>+Z:rj<VX/O,{7 (y),xj—yj>>0,Vx,yeRm

J=1 j=

which guarantees the uniqueness of the equilibrium (cf. Theorem 2 in [8]). O

Proposition 2. Let x be the premium equilibrium of the m-period insu-
rance game with I players.

1) If all solvency constraints are either active or inactive, then for each player ;
and period % the corresponding equilibrium xjkf* € ])_c, f[ depends on the
parameters in the following way:

a) It increases with break-even premiums 7, (k) , solvency coefficient &,
loss volatility o (Y), expense rate e : (k), and risk free rate r, for k>2 and

b) Decreases with sensitivity parameter f3; (k ) ,capital K, for k=1, and,
portfolio size N, (Z),Z =1,---,k for k>2.

2) If all constraint functions are inactive, then the premium equilibrium is a

solution of the linear system of equations
M pX =V,

where
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T

v=(BW)m (1), B ()7, (1), B, (m) 7 (m) o, B, (m) 7, (m))

and
28,(K) _1+Iﬁ_1§k) o 1+[ﬁ_,£k)
1+, (k) 26, (k) 145 (k)

Ak: - ]—1 [—1 9k:19'”9m'

1+ B(k)  1+B (k)
-1 -1

28, (k)

Proof: The KKT conditions for the premium equilibrium x; of insurer j has

the following form:
V. 0 ( *)+/”’] ﬂ’lj*vx/.gg{ (x;)+/12j* —ﬂ,f* _o,

A= (A A /u) >0,4" eR", A" eR", }{" eR",
gl (%)) 20, —x>0,x-x} 20,k =1,--,m,
el ()= 0.4 (6 —x) =0, (=} ) =0,k =1,-,m

k-th component from the first equation of the system becomes

aikOf( )+ Z/%’ a"g[( 1)+ A=A =0, ®)

1) Let xf* € |x,X[. Then A); =4} =0. We consider two cases.
a) Let us assume that the solvency constraints are all inactive, ie.,

g/ (x:) >0,¢=1L---,m. Then, insurer /s premium equilibrium verifies

i0/( ) 0, e,

6x "
VEN (k X 7. (k
ﬁ 1—2/3j (k)+k*+,8j(k)+,8j(k) ’(kz =0. (4)
n mj(x ) mj(x )
Let Xf (y) = (xj-,"', i ,y, k+1- x”’ X )T. In order to investigate the

sensitivity depending on parameter z let us define the function F*/ as

. o .
, o k
F (Zay)-—aon’z (x,- (»).2),
J
and consider the equation of the form F;k’j ( z, y) =0. Under assumptions that
partial derivatives of F*/ exist and are continuous at (zo, ¥, )»and also
oF

Py (29,7, ) #0, by the implicit function theorem, there exists a function ¢
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defined in a neighbourhood of (z,,y,) suchthat F.\’ (z,(p(z)) =0 and
¢(z,) = »,. The derivative of ¢ is given by

oF}
#(2)=-2%
o r=9(2)
In our case, we have
OF &0, VN, (k)
> (z,y)=—2 =28 (k)—2 0.
e G
As a consequence, it holds
. . (oFM
mgn(;ﬁ’(z)):mgn[ ; (z, (z))}
i) Let z:=7, (k). Then
OF& VN, (k) B, (k
ATRRACLION
Z n-m, (x )
In other words, the function 7; (k)— ( /( )) is increasing.

ii) Let zbe the sensitivity coefficient /3, (k) . Then, we have

aF—Xk!j(z,y) = VkNj(k){—Zm.y +1+ 7, (k) J

Oz n

By using (4), we obtain that
i k
OF k7 V'N, (k).—1<

——(24(2))=

Therefore, the function /3, (k) — x\’ ( B, (k)) is decreasing.
b) If the solvency constraints are all active, then the premium equilibrium

satisfies g[( ) 0,for ¢=1,---,m and consequently, one get

x;* =7z, (1)+

k,o(Y) VN, (1) -
VN, (1)(1_61 (1))

k,o(Y)
[\/; VEN (k) +\/:§;ka]. (k)](l —e; (1))

From (5), we can verify directly that xf* is an increasing function of 7; (k),

J

> ’622""3’"' (5)

k,, e (k) and r, for k>2.Moreover, it is a decreasing function of K, for
k=1 and N(f)f—l ~k for k>2.

2) If all constralnts are inactive at a Nash equilibrium x", then taking into
account m; (xk ) = I—Zx and from (4) follows that

i#]

26, (k) =(1+., (k) - T = 3, ()7, (k). ik

11%]

DOI: 10.4236/am.2018.912087 1345 Applied Mathematics


https://doi.org/10.4236/am.2018.912087

G. Battulga et al.

This system can be rewritten in matrix form as M X =V.Asin [1] mentioned,
we can see that the matrix M, is strictly diagonally dominant if the conditions
B; (k) >1,j=1,1,k=1,m are fulfilled. Under this condition M, is invertible
and therefore x = M;v .

O

Remark 1. If xjf* =Xx or X, then the premium equilibrium is independent
of those parameters.

Remark 2. For a game with one leader and I—1 followers with payoff
functions O! and the strategy set X!, a Stackelberg equilibrium is the
problem that consists in finding a vector X = (JTIT,---,E,T) X :()?].,-n,ff”)

J J
such that X, solves the problem

sup 01 (y;x29"'9x1 )a

yeXx,
where (x,,---,x;) is a Nash equilibrium for the game with the 7-1 followers
and given strategy x, for insurer 1 which is assumed to be a leader. In this case,

it is not difficult to show the existence of Stackelberg equilibrium (cf. [1]).

4. Numerical Experiments

In this section we show some numerical results dealing with sensitivity analysis
presented in Proposition 2 in Section 3. Let us notice that the Nash equilibrium
model can be reduced to the variational inequality problem which consists in
finding xeQ:=X) x X x---x X! such that

(VI) <F(x),y—x>2 0,VyeQ,

where F (x)z(VXj o’ (x))j_:l. In order solve the problem (V7), we apply the
hyperplane projection algorithm (see [9] and [10]). We consider three player’s
game andlet m=3.

1) Base case:

Table 1 shows that if we use the data from [1] in each period, then we get the
same results.

2) Scenario 1:

Table 2 shows results for the case if elasticity parameter of first player
increases up to 3.5 in three periods.

3) Scenario 2:

Table 3 presents results for the case if elasticity parameters of all players
increase in Period 2. Then, premium equilibriums are changed only in Period 2.

4) Scenario 3:

In this case, we assume that break-even premium for player 1 in Period 1 and
for player 3 in Period 3 are increasing and break-even premium for player 2 in
Period 2 is decreasing. Then, premium equilibriums in Period 1 and Period 3 for
players 1 and 3 are increasing, but premium equilibrium in Period 2 for player 2
is decreasing as compared with “Base case” (see Table 4).

5) Scenario 4:
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Table 1. Basic case.

Player I I 111
Period 1 2 3 1 2 3 1 2 3

E(Y) 1

, 3

r, 0.00

a(Y) 10.488

K 2807.190 2367.231 2006.917

B, (k) 3.0 3.0 3.0 3.8 3.8 3.8 4.6 4.6 4.6
e, (k) 015 015 015 015 015 015 015 015 015
(k) L10 110 110  LI17 1117 1117 1.083 1.083  1.083
N, (k) 4500 4500 4500 3200 3200 3200 2300 2300 2300
equil/prem 1544 1544 1544 1511 1511 1511 1471 1471 1471
Table 2. Scenario 1.

Player I I 111
Period 1 2 3 1 2 3 1 2 3
E(Y) 1

’ 3

7, 0.05

a(Y) 10.488

K, 2807.190 2367.231 2006.917

B, (k) 3.5 35 35 3.8 3.8 3.8 4.6 4.6 4.6
e (k) 015 015 015 015 015 015 015 015 0.5
7, (k) L10 110 110  LI17 1117 1117 1.083 1.083  1.083
N, (k) 4500 4500 4500 3200 3200 3200 2300 2300 2300
equil/prem 1494 1494 1494 1488 1488 1488 1449 1449  1.449

Finally, we assume that (k) =1,j=1---,4k=123. Let the economic
factor be —3 (which means that the economy is deteriorated) in Period 1, 0 in

Period 2 and 3 (which means that the economy is raised) in Period 3. If the
economic factor is equal to -3, then the number of uninsured people (which
corresponds to inactive state) increases up to 10000, (l)><3 =8701. If
economic factor is equal to 3, then the number of uninsured people (which
corresponds to inactive state) decreases down to 10000— N, (3)><3 =163. The
results are presented in Table 5.
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Table 3. Scenario 2.

Player I 1I 111
Period 1 2 3 1 2 3 1 2 3
E(Y) 1

k, 3

r/ 0.05

a(Y) 10.488

K, 2807.190 2367.231 2006.917

B, (k) 3.0 35 3.0 3.8 3.9 3.8 4.6 5.6 4.6
e (k) 015 015 015 0I5 015 015 015 015 0.5
7, (k) 110 110 110 1117 1117 1117 1083 1083  1.083
N, (k) 4500 4500 4500 3200 3200 3200 2300 2300 2300
equil/prem  1.544 1472 1544 1511 1463 1510 1471 1406 1471
Table 4. Scenario 3.

Player I I 111
Period 1 2 3 1 2 3 1 2 3
E(Y) 1

k, 3

r 0.05

o(Y) 10.488

K 2807.190 2367.231 2006.917

B, (k) 3.0 3.0 3.0 3.8 3.8 3.8 4.6 4.6 4.6
e, (k) 015 015 015 015 015 015 015 015 0.5
(k) L15 110 110  LI17 1100 1117 1.083 1.083  1.183
N, (k) 4500 4500 4500 3200 3200 3200 2300 2300 2300
equil/prem 1580  1.538  1.579  1.527 1499 1544 1487 1466  1.542
Table 5. Scenario 4.

Player I 1I 111
Period 1 2 3 1 2 3 1 2 3
E(Y) 1

k, 6.0

r/ 0.05

o(Y) 10.488

K, 2807.190 2367.231 2006.917

B, (k) 3.0 3.0 3.0 3.8 3.8 3.8 4.6 4.6 4.6
e, (k) 015 015 015 0I5 015 015 015 015 0.5
7, (k) L10 110 110 1117 1117 1117 1083  1.083  1.083
N, (k) 433 2500 3279 433 2500 3279 433 2500 3279
equil/prem  1.676  1.633 1676 1619 1590 1.638 1.685 1.660  1.741
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5. Conclusion

In this paper, we aim to investigate an extension of the one-period model in
non-life insurance markets (cf. [1]) by introducing a transition probability
matrix depending on some economic factors. In the future, we concentrate on
alternative ways of the extension including generalized Nash equilibrium (see,
for instance [11] and [12]) formulations. Moreover, it would be interesting to

investigate in more detail about economic factors that influence in our model.
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1. 3arsapblH TOMBEQNON

3arBapblH TaBun

max Oj(x), j=1,...,N.

5EY

v

3areapblH napameTpyysn

N - 3ax 339714 3331MiiH Xyyraapas epcengger 6aHkyyabliH TOO;

R - 333nuiin 3aparnanniiv (AAA, AA+ rax maT) T00;

pi(V) - dpcpanuitt xyuuH 3yiin (3/3-uiin xy4uH 3yiin) W Hexueng i-p 3331uiiH
33parnanTali 390 gepont bonox maragnan, pi(-) apc ecaer dyHkuy;

A - i-p 33parnanTaii 3331 fedonT 6ONCOH HOXUENA TyxaiiH 333/133C BaHKUHA, yHpax
angargan (LGD), A; € (0,1];

Lin - n-p BaHKHbI XyBbg, i-p 393/MIAH 33P3rN3NTINA 399NAH HUIAT YNAIrA3;

Xi,n - N-p BaHKHbI i-p 339P3rNANTIA 333NIAH XYY;

Ti,n - N-p BaHKHbBI i-p 333NMiiH 33P3rN3N4 Xapransax XyrapJibiH UdruiiH xyy.
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Toxmproo xuiicHWiA Japaax L3B3p XyYruiiH opJioro

R
O, (X = Z L,,n 1 — Bﬁn(xi,n - m(Xi,n)))(Xf,n - 7Ti,n) (1)
(=il

° ,B,!‘m > 0 - XyyruiiH M3Ap3M>XUIAH NapamMeTp;
o x=(x{,...,x4)7 - HWiAT TOrNOruALIH 393N XyY;
@ xp = (X1,n,- .- ,xR,n)T - n-p BaHKHbI 333/INiAH 33P3rN3NTINA X0NOOOTON XYYHYYA;

o m(zin) = 55 Y Zik - Bycaa TornoruabiH canan 6onrox Byl 393nmiiH XyYHYYANITH
k#n

AYHOAX.
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n-p GaHKMHA y4pax caHamcapryii 333nuiiH angargan

R Min

Qn = Z Z €ik,nl\i Yik,n-

i=1 k=1

mj , - n-p BaHKHbI XyBbA i-p 333/NAH PEATUHITAN 3331434 NIAH TOO;

Yik,n - k-p 393n83r4 gedonT 60scoH 6on 1, gecdont bonooryii 6on 0-niir asax gedonT
VNHANKATOPbIH CAaHAaMCapPryi XaMXMNTA3XYYH;

€ k,n - 393NNIAH YNA3rA3N.
v

dpcaznuiid xy4uH 3yiin W yeniiH gyHAax angarasibiH XaMx33

R Min R
E(Qal¥) :=> > ek nAE(YiknW) = D LinAipi(¥)
i=1 k=1 i=1
o pi(V)=P(Yikn=1|V) k=1,...,min- k-p 323ng3r4 gedont 6onox maragnan;
o Li,= Z €i,k,n - HNAT 3330MIAH YNA3TAdN.
k=1
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Q,-1iiH v 3p3MONIH KBAaHTUAWIH XYBbJ, OMPOLIOO TOMBEO

CIa(Qn) ~ Z Li,nAiPi(qa(w))a

i=1

@ ga(X) =VaRs(X) =inf{x e R : P(X < x) > a} Hb X canamcapryi

XIMXKUTAIXYYHUN < 3pIMOUIAH KBaHTUNb.
v

OepuiiH XepeHrniiH 3aarnanTbliH cTpaTerniii osnoxnor: Basel Il

R R
an : = {Xn € H[ﬁ;,?i] | Kn 4 Z Li,n(Xi,n - 7Ti,n)(l — en) (2)
i=1 i=1

= Z Linlipi(V) > Z /-i,nAiPi(%(‘l"))}

i=1 i=1

en - BaHkHbI 3apgan;

K, - n-p 6aHkHbl KanuTansiH (66pMiiH XOPOHINIiH) X3MXK33.
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Oepuiin XOpeHrMiiH 3aarnanTbiH CTpaTerniin onoxnor: Basel |
R R
X,? 0 = {X,., & H[K’-’Yi] ‘ Kn =+ Z Li,n(Xi,n — ﬂ'i,n)(l = en) (3)
i=1 i=1

R R
— Z LinAipi(W) > ¢ Z Li,nWi}
i=1 i=1

C - 3pCA3N33P XKUFHICIH aKTUBbLIH XyBb, ¢ Hb Basel 1-8%, MoHronbank-14%;

Wi - i-p 333JIMAH PeTUHITOV 393/INIH XyBbJ, SPCAINNTH >XKUH.
v

Expected Shortfall

ESo(X) = ﬁ/ qu(X)du

@ ES.(X) - ysinacan (coherent) spcasnuiin xam»xaac;

@ VaR.(X) - cybapautue Hexunuiir xaHrargarryii.
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3sanuiin Garybii ES-niin xyBbg oliposiyoo ToMbED

R 1
1
ESa(Qn) ~ m Z Li,nAi/ Pi [qu(W)] du,
i=1 @

o hi(a) == f; pi[gu(V)]du Hb Tacpantryii, yn Byypax dyHku.

4

Oepuiit xepeHrniit 3aarnanTbiH cTpaTerniin onoxnor: ES
R R
X3: = {x,, € [[lxi X1 | Ko+ D Lin(xin — mi,n)(1 — en) (4)
i1 =1

- 1 <& 1
) ,221: Linlip(¥) 2 75 ; Li,nAi/a pi[qu(V)] du}
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2. OHonbIH Yp ByH

Oryynbsp

(1)-23p Togopxoiinorgox 3opunrein yHky, (2) acean (3) acean (4)-eep TogopxonnOrAOX
Tenbepuiit Yagsapbit 3aarnantyyaran N Tornorutoii 6aHKHbI TOr/I0OM Hb WNAATIN
boreeg yop raHy Hawuiin xyyruiin TaHUB3puiiH L3rTaii 6aiiHa.

v

Oryynbap

x* Hb N Tornorutoii Basel Il 6aHkHbI TOr00MbIH TIHYBIPT 333/IMiAH XYyHYYA bair.
Tarsan,
© Basel Il eepuiin xepeHruiin xypany3sHuii 3aaranTbiH HOXUOL N-p TOrAOr4ug
Xapransax 333/niiH T3HUB3PT XYy Xi , €]X,, Xk| Hb 3arsapblH napameTpyyas3C JOOPX
baiignaap xamaapHa:
(i) ToHUBIPT 3331uiiH XYy 6aHKHbI 33pAan en, AeponT 6010x08 baHKUHA y4pax
angaranbid xyss A, apcasnuniin xy4un 3yiin W 6a ntrax TyBwuH o ecexes (byypaxas)
Aarax ecex (6yypax) 6on
(i) m3gpamvokuiin napamerp ﬁ,.f , 6onoH K, kanutan ecexeq (6yypaxag) 6yypHa (ecHe).

Q X3pas eepuiiH XepeHruiiH Xypaay33Hui 3aarnant ug3sxuryii 601 T3HUBIPT Xyy Hb
A3paax CUCTEM TArLATIINGAH wuig baiHa:

Msx™ = v,

v
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Canamx
BankHbl 3ax 339748 HUAT S TOOHBI xagranamxuiin OyTasrasxyyH (xapuayax, xyrayaaryi
Xagranamx rax MaT) caHas 6oarofor, j-p xagranamxxuniiH 6yTaargaxyyHui xamxaa D;
ba xapranzax xyy Hb yj , bavir. Tarsan Toxuproo xuiicHuii apaax y3sap XyyruiH opaoro
Aapaax xanbapraii:

S

R
On(%,¥) = Y Liyn(L = Bin(Xisn — m(%i,n))) Xisn — D Disn (L + Ba(¥5,n — m(35,0))) ¥ins
i=1

Jj=1

° ,B,-L,,, >0, Bfn > 0 Hb xapran3aH 3331+ 60JIOH Xxafranamv>xuiiH XyyHui
M3AP3MXUIH NapameTpyya;
o y=04,...,yN)" Hb HWIAT TOrNOrYAbIH XaAranaMxuiiH xyy;

® Vo= (Yiny--.,¥s.n)| Hb N-Ayrasp 6aHKHbI XaAranamxuiiH 6yTasrasxyyHa xapransax

XYYHYVA- )
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Tyxaiinban, Basel || Tenbepuiin 4agBapbiH 3aarnanT gapaax xa3n63pTaii GuynrgaHa:

R 5
gr}(xna}/n) = K,+ Z Li,nXi,n(]- - e;&) - Z Dj,nyj,n(l + e,?)

i=1 =1
R R

— > Linfipi(¥) = Y Linlipi(ga(V)),
=il i=1

e,f - 399517311 xonbooToli 3apaan;

e? _ xapgranamxTaii xonbooToii 3apaan.
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© Basel I, ES eepuiit xepeHruiiH XxypaausaxHnii 3aarnantraii 6ankHbl Hawmiin
TOIJIOOMbIH XyBbJ, VKU YP BYHI TOMBEOSXK BOSHO.

© 3opunrein hyHKU3A TOXMProo xuiCHMI [apaax 333/133C Xyn33raax byii angaraneir
H3Mb3/1 gapaax baignaap bun4nrgaHs:

On(X7y) = Z Li,n(l - ﬂiL,n(X/,n - m(Xi,n)))(Xi,n — Ti,n — A/Pl(w))

i=1

IH3 TOXNONAONA 66pPUIH XOPOHTUIiH 33arnanT uas3sxryi barcan 4 T3HUBIPT Xyy
Aecpont bonox maragnan pi(V) 6onon LGD Aj-35¢ xamaapHa.

Barrynral, Jl.Anranropon, F.barrop D10/ 03/08 [Oex| T



3. TooH TypwmnnT

XycHart: CoHron aBcaH BaHKyyfbIH ros y3yynsnTyya

323n ©X ©X/323n | IXKA% | KA | 3X0% | X3% 3apa
Bankl | 3109.8 | 521.2 16.76% | 14.60% | 3569.7 | 11.78% | 10.58% | -1.57%
Bank2 | 1753.3 | 208.2 11.87% | 15.63% | 1331.8 | 14.77% | 11.80% 6.46%
Bank3 383.9 81.0 21.10% | 17.41% 465.3 | 14.26% | 12.12% | 26.04%
@ 2018 onbt IV ynupnbin yayynantyya
Xycuart: MNapameTpuiin yHaa3aT
i o T 7 pi
BBB | -3.089 | 0.428 | 0.226% | 0.002% | 0.602%
BB -2.534 | 0.390 | 0.911% | 0.020% | 1.253%
B -1.831 | 0.396 | 4.436% | 0.340% | 3.385%

@ "2017 Annual Global Corporate Default Study and Rating Transitions"
@ 1981-2017 oHbl gecbonT xyBUiir awmrnacan
o pi(V) = &(ui + oiV)-Probit Normal 3arsap
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XyCHAIT: DANiiH 3aCruniin HeXUNyya A3x gedont Bosox maragnanyyg

v -2 -1 0 1 2 3 4 | go.999 = 3.09
BBB | 0.00% | 0.02% | 0.10% | 0.39% 1.28% 3.55% 8.42% 3.86%
BB 0.05% | 0.17% | 0.56% | 1.60% 3.97% 8.62% | 16.48% 9.18%
B 0.44% | 1.30% | 3.36% | 7.57% | 14.93% | 25.99% | 40.21% 27.16%
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XycHarT: TaHUBIPT XYYruiiH TOOLOO0

Bis-1l; | Bis-Ils | Bis-ll4 | Bis-lls | Bis-ll¢ | Bis-ll7 | Bis-llg | Bis-llio

30% 30% 30% 30% 30% 30% 30% 30%

0
A4

40% 40% 40% 40% 40% 40% 40% 40%

S

30% 30% 30% 30% 30% 30% 30% 30%

&

K 1 1 1 1 1 1 1 15
B8 30 30 30 30 30 30 40 30
T 0% 0% 0% 0% -1% 1% 0% 0%
v 0 4 4 4 4 4 0 4
o 99.9% | 99.9% | 99.0% | 99.0% | 99.9% | 99.9% | 99.9% | 99.9%
A 60% 60% 60% 40% 60% 60% 60% 60%
x;1 | 0.1447 | 0.1649 | 0.1544 | 0.1447 | 0.1549 | 0.1749 | 0.1363 | 0.1447
x31 | 0.1447 | 0.1649 | 0.1544 | 0.1447 | 0.1549 | 0.1749 | 0.1363 | 0.1447
x31 | 0.1447 | 0.1649 | 0.1544 | 0.1447 | 0.1549 | 0.1749 | 0.1363 | 0.1447
X1 | 0.1495 | 0.2103 | 0.1787 | 0.1495 | 0.2003 | 0.2203 | 0.1412 | 0.1495
X3, | 0.1495 | 0.2103 | 0.1787 | 0.1495 | 0.2003 | 0.2203 | 0.1412 | 0.1495

x3, | 0.1495 | 0.2103 | 0.1787 | 0.1495 | 0.2003 | 0.2203 | 0.1412 | 0.1495

x;3 | 0.1508 | 0.1711 | 0.1605 | 0.1508 | 0.1610 | 0.1811 | 0.1425 | 0.1508

X33 | 0.1508 | 0.1711 | 0.1605 | 0.1508 | 0.1611 | 0.1811 | 0.1425 | 0.1508

x33 | 0.1508 | 0.1711 | 0.1605 | 0.1508 | 0.1610 | 0.1811 | 0.1425 | 0.1508

,  Jl.Antanrapan“, T[.BarTtep
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XycHarT: T3HUBIPT XYYruiiH TOOLO0ON0N

BiS—||13 BiS—||14 BiS—||15 BiS—||16 ESl ESQ ES3 ES4
s1 98% 1% 30% 30% 30% 30% 30% 30%
S 1% 1% 40% 40% 40% 40% 40% 40%
s3 1% 98% 30% 30% 30% 30% 30% 30%
K 1 1 1 1 1 1 1 1
154 30 30 | 50-40-20 | 50-40-20 30 30 | 50-40-20 | 50-40-20
™ 0% 0% 0% 0% 0% 0% 0% 0%
v 0 4 0 4 0 4 0 4
o 99.9% | 99.9% 99.9% 99.9% | 99.9% | 99.9% 99.9% 99.9%
A 60% 60% 60% 60% 60% 60% 60% 60%
xi1 | 0.1447 | 0.3367 0.1313 0.1449 | 0.1447 | 0.1699 0.1313 0.1481
x31 | 0.1446 | 0.3367 0.1363 0.1533 | 0.1447 | 0.1699 0.1363 0.1573
x31 | 0.1446 | 0.3367 0.1613 0.1952 | 0.1447 | 0.1699 0.1613 0.2032
xio | 0.1495 | 0.4172 0.1362 0.1769 | 0.1495 | 0.2252 0.1362 0.1865
X2 | 0.1495 | 0.4172 0.1412 0.1921 | 0.1495 | 0.2252 0.1412 0.2041
X3, | 0.1495 | 0.4172 0.1662 0.2679 | 0.1495 | 0.2252 0.1662 0.2920
x13 | 0.1508 | 0.3745 0.1375 0.1510 | 0.1508 | 0.1760 0.1375 0.1542
X33 | 0.1507 | 0.3745 0.1425 0.1594 | 0.1508 | 0.1760 0.1425 0.1634
x33 | 0.1507 | 0.3745 0.1675 0.2014 | 0.1508 | 0.1760 0.1675 0.2094

,  Jl.AnTanrapan©,

F.Batrep




XycHarT: TaHUB3IPT XYYruiiH TOOLOO00

Bis-11** | Bis-13** | Bis-I3** | Bis-I2** | Bis-11?* [ Bis-11?* | Bis-IZ* | Bis-IZ"
st 30% 30% 30% 30% 30% 30% 30% 30%
P 40% 40% 40% 40% 40% 40% 40% 40%
S5 30% 30% 30% 30% 30% 30% 30% 30%
K 1 1 1 1 1 1 1 1
1] 50-40-20 | 50-40-20 30 30 | 50-40-20 30 | 50-40-20 3(
T 0% 0% 0% 0% 0% 0% 0% 0%
v 0 4 0 4 4 4 4 4
a 99.9% | 99.9% | 99.9% | 99.9% | 99.9% | 99.9% | 99.9% | 99.9%
A 60% 60% 60% 60% 60% 60% 60% 60%
xi1 | 0.1313 | 0.1861 | 0.1447 | 0.2272 | 0.1712 | 0.2041 | 0.1413 | 0.158¢

X5 1 0.1363 0.2048 0.1447 | 0.2272 0.1861 0.2041 0.1488 | 0.158¢
X3.1 0.1613 0.2982 0.1447 | 0.2272 0.2609 0.2041 0.1863 | 0.158¢
X1 0.1362 0.1965 0.1495 0.2407 0.1860 0.2244 0.1651 | 0.191¢
X3 0.1412 0.2166 0.1495 0.2407 0.2035 0.2244 0.1773 | 0.191¢
X3 0.1662 0.3170 0.1495 0.2407 0.2908 0.2244 0.2384 | 0.191¢
X13 0.1375 0.1946 0.1508 | 0.2371 0.1735 0.2043 0.1472 | 0.164¢
X33 0.1425 0.2139 0.1508 | 0.2371 0.1875 0.2043 0.1546 | 0.1649
X33 0.1675 0.3104 | 0.1508 | 0.2371 0.2575 0.2043 0.1918 | 0.1649

,  Jl.Antanrapan“, T[.BarTtep



XycHarT: 30pnarbiH PYHKUSA 333/1MiiH anfargabir HOMCIH YeuliH 3331MiAH XYYTUiiH TOOLO0N0

Bis-1l; | Bis-llz | Bis-ll3 | Bis-lla | Bis-lls | Bis-llg

99.9% | 99.9% | 99.9% | 99.9% | 99.9% | 99.9%

60% 60% 60% 30% 30% 30%
x;1 | 0.1453 | 0.1523 | 0.1447 | 0.1450 | 0.1485 | 0.1447
x;1 | 0.1480 | 0.1685 | 0.1449 | 0.1463 | 0.1566 | 0.1448
x31 | 0.1648 | 0.2343 | 0.1473 | 0.1547 | 0.1895 | 0.1460
X | 0.1501 | 0.1572 | 0.1496 | 0.1498 | 0.1534 | 0.1495
X35 | 0.1529 | 0.1733 | 0.1498 | 0.1512 | 0.1614 | 0.1497
X3 | 0.1697 | 0.2391 | 0.1522 | 0.1596 | 0.1943 | 0.1508
x5 | 0.1514 | 0.1585 | 0.1508 | 0.1511 | 0.1546 | 0.1508
X>3 | 0.1542 | 0.1746 | 0.1511 | 0.1525 | 0.1627 | 0.1510
x33 | 0.1710 | 0.2404 | 0.1534 | 0.1609 | 0.1956 | 0.1521

s1 30% 30% 30% 30% 30% 30%
52 40% 40% 40% 40% 40% 40%
s3 30% 30% 30% 30% 30% 30%
K 1 1 1 1 1 1
B8 30 30 30 30 30 30
m 0% 0% 0% 0% 0% 0%
v 0 2 -2 0 2 -2
o

A

*

*

*
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o BankHbl 3ax 33314 eepuiiH xepeHruiiH 3aarnantbiH CTPATErMiiH ONOHJIOr Byxuii
TOrJIOOMbIH OHOJIbIH 3arBapbIlr aHX yAaa TOMBEOK, OHOJMbIH YP AYHI TypLUnATaap
6aTanraaxkyyncaH.

® Jpauiin 3acar caiin bytoy xasuith (W < 0) yen Basel I, Basel I, ES 3aarnantraii
3areapyys vKun yp gyHr ery baiina.

@ Jpauiin 3acar apc myyacaH W =4 > qo.o00(W) = 3.09 yen barkyys eepuniiH xepeHree
H3M3rAyynaryii yes TeB baHKHAAC WaaphcaH eepuiiH XepeHr niiH Xypasu3ar
XaHraxblH Ty, 393/11iiH XYyrad ecrexeec eep apraryig xyp4 baixa.

@ DpauiiH 3acar a3pc MyyacaH yes DaHKyyAblH XyBb XaHraxag XamruiiH xauyy eepuiix
xepeHrniih 3aarnant Hb 14%-uniin Basel-l, ynaax 3aarnant b ES, xapun xamruiin
raiiryin 3aarnant Hb Basel-1l 6aiina.

@ 32anuiiH xyyr OyypyynaxelH Tyng 333uiiH XyYruiiH 3apaan byroy xagranamxuniii
xyyr Byypyynax waapgnararai.

@ 3931, xagranamxuiiH XyyHuii epcenfeeHmnii 3areapbliH XyBbg, XaAraaav>XuniiH XyyHa,
L334 3aar TaBux 3amaap OaHKyyAblH TIHLUBIPT 393JIMIAH XYYr TOLOPXOMIXK BOsHO.

Barrynral, Jl.Anranropon, F.barrop 010/ 03/08 [Oex| T



Anxaapan TaBbcaHg baspnanaa
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An Exact Penalty Approach and Conjugate Duality
for Generalized Nash Equilibrium Problems with
Coupling and Shared Constraints*

L. Altangerel', G. Battur?
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2 Center of Mathematics for Applications and Department of Applied Mathematics,
National University of Mongolia, Ulaanbaatar, Mongolia

Abstract. Generalized Nash Equilibrium Problems (GNEP) have been attracted by
many researchers in the field of game theory, operational research, engineering, economics
as well as telecommunication in recent two decades. One of the most important classes
of GNEP is a convex GNEP with jointly convex or shared constraints which has been
studied extensively. It is considered to be one of the most challenging classes of problems
in the field. Moreover, there is a gap in the studies on the GNEP with coupling and
shared constraints. The aim of this paper is to investigate the relationship between an
exact penalty approach and conjugate duality in convex optimization for the GNEP with
coupling and shared constraints. In association with necessary optimality conditions, we
obtained the parameterized variational inequality problems. This problem has provided
an opportunity to solve many other GNEs. Some numerical results are also presented.

Keywords: generalized Nash equilibrium problems, exact penalty function, conjugate
duality, coupling and shared constraints.

* This research was partially supported by the Mongolian Foundation for Science and
Technology.
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1. Introduction

The GNEP is the extension of the classical Nash equilibrium problem
(NEP) in which each player’s strategy set depends on the rival player’s
strategies. Since the mid-1990s many efforts have been devoted to the
investigation of GNEP (see [4;9;11;13]), because it has many interesting
applications in the fields of economics, operational research and engineering.
For instance, Wei and Smeers [15] formulated oligopolistic electricity models
as GNEPs. Pang and Fukushima [10] considered a GNEP from multi-
leader-follower games.

It is well-known that in the classic NEP to each player corresponds
convex programming problem, and it can be reduced to a variational in-
equality problem (VIP). This formulation provides a powerful theoretical
and computational framework [8] for the solution of the classical NEP. On
the other hand, the GNEP can be reduced to a quasi-variational inequality
problem (QVI) ( see [12]). Unfortunately, comparing the VIP, there are
few methods available for solving a QVI efficiently.

In recent years, the penalty function methods which are based on elim-
inating the difficult coupling constraints in the GNEP have been attracted
by many researchers. Recently, Fukushima and Pang [10] proposed a se-
quential penalty approach to GNEP, which is reduced the GNEP to smooth
NEP’s for values of penalty parameter increasing to infinity. Facchinei and
Pang [6] proposed the exact penalization techniques whereby the GNEP is
reduced to the solution of a single nonsmooth NEP with a finite value of the
penalty parameter. More recently, Facchinei and Lampariello [7] proposed
the partial penalization techniques to GNEP with coupling constraints.

On the other hand, from a practical point of view, it is important to
find possible many solutions of GNEP (see [1] and [14]).

In this paper, we consider the GNEP with coupling and shared con-
straints, and aim to show how an exact penalty approach can be related
to conjugate duality in convex optimization for GNEP. After penalizing
only the coupling constraints, the problem reduces to the penalized GNEP
with shared constraints. Analyzing special perturbation function and the
formulating optimality conditions for corresponding dual problem, one gets
the parameterized variational inequality problem which allows us to find
possible many solutions for GNEP.

This paper is organized as follows. The next section deals with an exact
penalty approach for GNEP with coupling and shared constraints. In Sec-
tion 3,4 we obtain the parameterized variational inequality problem based
on necessary optimality conditions for primal-dual problems for solving
GNEP and show some numerical results.

Ussectns VIpKyTCKOro rocy1apCTBEHHOIO YHUBEPCUTETA.
2020. T. 32. Cepus «Maremarukas. C. 3-16



GENERALIZED NASH EQUILIBRIUM PROBLEMS WITH CONSTRAINS )

2. Problem formulation and penalty function approach

The GNEP consists of NV players, and each player’s strategy set depends
on rival players’ strategies. Let xz € R™, ny € N be a player k’s strategy

N
and z := (z1,22,.....,25) € R", n:= > ng. By z_j denotes all players’
k=1

strategies except those of player k, i.e., x_j := (xk/)g:m,#k € R"*, and
n_p :=n —ng. Let O : R = R, k=1, N, be continuously, differentiable
functions such that 6 is convex with respect to k-th variable. Assume that
functions hy : R® — R™+, Lk =1, N, are vector-valued convex with respect
to k-th variable, and ¢ : R® — R! is a vector-valued convex function. We
consider the GNEP which consists in finding z = (z1,...,Zn) € R such
that each player’s strategy T € R™, k=1, N is a solution to the problem

Pp(2-k) inf Ok (21, T )

s.t. hk(:):k,a_c,k) <0,

which is the GNEP with coupling and shared constraints. For any z,y €
R?, x <y means
S

y—zeR ={z=(21,...,25) €R’| 2, > 0, i =1, s}.

Using the notation [T = max(l,0) for a given function [ : R® — R, the exact
penalty function is defined by

let @)l =) ¢f (),
i=1

where ¢ : R” — R® ¢(z) = (c1(x),...,cs(x)), and x € R™. Then the
GNEP reduces to the problem GNEP,., which consists in finding ¥ =
(Z1,...,Zn) € R™ such that each player’s strategy T € R™, k = 1, N is a
solution to the penalized problem

Prp(Z—k) iﬁf O (xh, T_1) + pre - |17y (2, Tl

st glwr k) <O,
l

which turns out to the penalized GNEP with shared constraints and nons-
mooth cost functions (see [1]), where p, > 0, k = 1, N, are parameters.

Introducing auxiliary variables y = (y1,...,yn), yx € R™, k=1, N, let us
consider the problem GNEP,,, consists in finding (Z,y) € R x R™, m =



6 L. ALTANGEREL, G. BATTUR

my + -+ + my such that (Zp,gx) € R™ x R™ k =1, N is a solution to
the problem (cf. [3])

mg
Pep(@_)  inf [Ok(zp, Z—k) + ok Y U]

st g(wg, 7k) <0,
]
hi (g, k) — yx < 0,
my
0< Yk,
mg
where Yg == (Y1, - Yhomy,) . € R™F.

Proposition 1. For a fized x_ € R"*, k=1, N, it holds

U(Pk,p(x—k)) = U(-'Blc,p@—lc)),

where by v(P) we denote the optimal value of the problem (P).

Proof. Let x_j, € R"-* be fixed and z; € R™ be feasible to the problem
Py p(x_1). Denoting yi, ; = h;j(xk,x_k) implies that yi ; > hy (T, 2_k)
and yr; > 0, j = 1,my. Whence (z,yr) is feasible to the problem
Py p(w_1), where yr = (Yx,1, --s Yk,m,,) and

hi(wp, k) = (M1 (Th, Tp)s ooy Py (Th, 7))

Consequently, we have

Ok (zhy i) + prllhi (zg, 2—i) ||

my,
= Okl(wr, x k) + pk Y hi(k, wk)
j=1

my,
= Op(zp, v_) + pr Z Ur,j > v(Prp(x_)).
j=1

Taking the infimum over all (z,yx) in the left side of the inequality, one
gets V(P p(r—k)) > v(Pp(z—k))-

Conversely, let (zx, yx) be feasible to problem ]3;{7,,(:6_;{). Since xy, is feasible
to Py p(x_k), we obtain that

my
V(Prp(r—k)) < Oz, v—k) + pr Z h;j(xk, T_g)
j=1
mg
< Ok, k) + pi Z Yk j-
j=1

Wssectns VIpKyTCKOro rocy1apCTBEHHOIO YHUBEPCUTETA.
2020. T. 32. Cepus «Maremaruka». C. 3-16



GENERALIZED NASH EQUILIBRIUM PROBLEMS WITH CONSTRAINS 7

Taking the infimum over all (x, yx) in the right side of the inequality, one
gets v( Py p(r—)) < v(Pyj(x_k)). In conclusion, we have

V(Pep(x-1)) = v(Prpla_s)).

3. Parameterized variational inequality via duality and
optimality conditions

Duality theory plays important role in convex optimization. For the
excellent comprehensive survey dealing with conjugate duality we refer to
[2]. Before go into detail, let us give a short summary about conjugate
duality. Let X C R™ be a nonempty set and f : R = R, g = (g1, ..., gm)" :
R™ — R™ be given functions. Let us consider the optimization problem

(P)  inf f@), G={weX]|gl)<0}.

We consider the function @ : R® x R™ — R fulfilling ®(z,0) = f(x) for
all x € R™. The function ® is the so-called perturbation function of the
problem (P). One can obtain so-called perturbed problem

(Py) inf ®(z,vy).

zER”

The conjugate dual problem to (P,) can be now formulated as being

(D) sup { - <I>*(0,p)},

peER™

where ®* : R® x R™ — R is the conjugate function of ®. The conjugate
function of a given function h : R' — R is defined by

h*(p) = Sup "z — h(x)].

Between the primal and the dual problems weak duality always holds, i.e.,
—o00 < sup(D) < inf(P) < +o0.

In [2], different dual problems based on special perturbation functions have
been investigated. Moreover, the strong duality results and optimality
conditions have been proved.
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Let us now consider a dual problem to Py(x_j) for a fixed xz_; €

R"=#, k =1, N. In association with problem P} ,(x_j), one can introduce
the perturbation function by

my,
Or(zr, k) + pi Y Ykj, if g(zr, x—k) % 0,
j=1

P (Thy Tk, Y) = hi(xr, k) — yr <0,

mp

400, otherwise.

Then the corresponding conjugate function becomes

O} (P, Tk, qx) = sup [pfak + i vk — P(vk, T, i)
T ER™k
YL ER™ME

mg
sup [k ek + @ gk — Ok (@r, @ k) — i Y Uiy,
g(mkvsz)§0 j=1

hi(zg,x—x)—yx < 0
m
where py, ¢ € R* are the perturbation variables. Taking zj instead of vy,
by zx = hg(zk, 2_1) — Yk, and using the notation ey = (1,...,1)T € R™* we
have

Q5 (Pry T—k, Qi) = sup  [pfak + el ha(Tr, vog) — @i’ 2k
g(Zk,ID,k)§0
2z <0

M

— O (g, T_k) — prer’ hi(zr, T_1) + prex’ 21)

= sup  [pfak 4+ qpl ha(wk, v_g) — Ok (zh, 24
9(%@—1&?0

— prex’ hi(zr, z_g)] + sup (orer — qx)” 2k
2z <0

M

Taking the first variable by zero, it holds

P10, 2k, qr) = sup  [qr” hi(zr, 7—1)
9(%,3671@)%0

— Op(zr, 2—1) — prex” hy(wg, v_p)] + SU<pO(Pk€k — ar)" 2.
2k =

mp
Since

sup (prex — qr)’ 2x =
Zk S 0

M

07 PEEE — gk > 07
my,
400, otherwise,

Wssectus VIpKyTCKOro rocyapCTBEHHOIO YHUBEPCUTETA.
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the dual problem for Py(x_j) can be written as

Dy(z_p) sup [—®%(0,2_g, qx)]
qrER™E
= sup { —  sup (g he(wg, wog) — Ok (wk, 1)
prer—qr > 0 g(ﬁvk7x—k)§0

mp

- Pkefhk(%,ﬂf—k)]}

= sup inf  [Ok(zk, k) + (orer — ar)” hu(@p, 2_k)].
Prek—qr > (]g(mk,m,k)§0

mp

Remark 1. Since the perturbation in the objective function is linear, it
turns out to be the Lagrange duality with penalty parameters.

Now we formulate the sufficient condition for the primal-dual pair P (x_x)
and Dy (z_y) as follows (cf. [2]):

Proposition 2. Let x_j € R"* k =1,N be fivred. If T € Cp(T_y) :=
{rr € R™| g(og, T_x) <0}, (Pr,qr) € Ry x R™* such that prey, — G > 0

l mp
and satisfy conditions

(i)
O (Th, T_1) + (Prer — Gr) " ha(Tp, T_g)
= inf  [Ok(zk, o) + (Prer — @) hu(z, Tk)];
ry€CK(T—k)
(ii) (Prex — ax) T hi (T, T—g) = 0,

then Ty is an optimal solution to Py(x_p), qr is an optimal solution to
Dy (z_y), respectively.

Proof. Let z_j, € R"-* be fixed. By (i) and (i7), we obtain that

v(Dp(Z-k)) > inf [ (zk, T_g) + (Prex — @) he(zn, Ti)]
2, €Cx(T 1)

= Op(Zp, ) > v(Pr(Z_4))

and taking into account the weak duality, the strong duality is fulfilled
which leads to the expected conclusion. ]

Remark that the condition (i) in Proposition 2 can be rewritten as
Ok (Tk, 1) + (Prex — )" b (Tg, T_g) + 0c(z_) (Tk)

= inf [Ok(zk, Zok) + (Prer — @) hi(@r, Zk) + Sy @) ()],

R €ER™K
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where the indicator function of a set D C R® is defined by

0, ifre X
400, otherwise.

5D : R —>§,(5D(ac) = {

Let the functions 0k, hg, k € {1,..., N} be differentiable. Then for each
k € {1,..., N} the above condition becomes equivalently
0 € O(0k(T, T—k) + (Prex — )" h (fk, k) + 00z ) (Tk))
= VO(Zr, Zt) + (Prex — @)" - Vhi(Zr, Tok) + Ny (Tn),

where the subdifferential of a function h : R® — R at & € R® is the set
Oh(z) = {p ER’| fly) — flx) > p"(y—x), Vy € RS}

and Np = 0dp which is called a normal cone of a given set D C R®.
On the other hand, the above inclusion reduces into the following vari-
ational inequality problem for k € {1,..., N} :

(VIS (V0T T Hprer—Ti) " Vhi(Th, Z_g), 2 —Tk) >0, Vai € Cr(Z_).
Introducing the function F,, : R* — R" by
_ _\T _ N
Fpq(z) = (Vé’k(ﬂ%w k) + (Prer — @) th(kaﬂ?—k))k:lv
we have the following parameterized variational inequality problem of find-
ing z € G such that
where x € R” and G := {z € R"| g(zk, z_j) <0}.
1

The following assertion deals with relationships between problems (VI Zf’q)
and (V1,4).

Proposition 3. Let pp > and q. € R™, k = 1,N be fired. For each
k=1,N and for a fited T_;, € R"-*, X} is a solution to the problem Vlgq
if and only if T = (Z1,...,ZN) s a solution to VI, g.

Proof. If for each k = 1, N and for a fixed T_; € R"*, I} is a solution to
the problem VI% 5.5 then summing all variational inequalities, it holds

N

> (VO (@k, Ti) + (Prer — Gr) " Vii(Ta, Tog), 2 — Tp) > 0,
k=1

Vx— xl,..., EHCkl‘ k:

Wssectus VIpKyTCKOro rocy1apCTBEHHOIO YHUBEPCUTETA.
2020. T. 32. Cepus «Maremaruka». C. 3-16
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In other words, = (Z1, ..., Zn) is a solution of VI .
Conversely, let Z be a solution of V4. Assume that 35 € {1,..., N} and
zj € R™ such that
<v9j(if‘j,.i‘fj) + (,(_)jek - Qj)Tth(.i’j,i‘f '),ffj — J_?j> < 0.
Setting z = (i‘l, vy Tj—1, %j,i‘j_u, ., TN) in V15, it holds
_ _ _\T _ ~ _
(VO0;(z;,2—5) + (pjer — @;)" Vh;(Z5,7—;5), 75 — ;) 2 0,

which leads to a contradiction. Therefore for each k € {1,..., N}, Ty is a
solution of VI g,q-
O

Theorem 1. Let ¢ = (q1,G2, - ,qn) € R™ be fived, and choose p =
(p1, .., pN) Such that py > max Qrj- If T = (Tg, Z—1) € R™ is a solution to
J=L1mg

the problem (VIsg) and for each k =1, N, the conditions

hi(z, 2—k) < @m,,0, and (prex — qx)" - hi(Zg, 1) = 0, (3.1)

are fulfilled, then T is a generalized Nash equilibrium point, i.e., for each
k=1,N, Ty solves the problem Py(Z_y).

Proof. According to the choice of py, and by assumptions for each k = 1, N,
Zr, and @y are feasible to problems Py (Z_j) and Dy(Z_j), respectively. On
the other hand, since z € R™ is a solution to the problem (VI;4), the
conditions (i) — (i7) are fulfilled, and this means that by Proposition 2, for
each k = 1, N, &y solves the problem Py (Z_y). d

Based on the above theorem, let us summarize how to find a solution of
GNEP with coupling and shared constraints.

Let ¢ = (G1,G2, -+ ,qn) € R™ be a fixed parameter.

1) Choose p = (p1, ..., pn) such that pp, > max g;.
j

=1,mg

2) Solve the variational inequality problem (VI;4) and let Z be the solu-
tion of (VIpyq)

3) If the conditions (3.1) are fulfilled, then Z is GNE point, otherwise,
choose parameter ¢ and Goto 1.

Remark 2. If we choose p = (p1, ..., pn) such that g, = max gg;, then
Jj=1my

it is obvious that the second condition in (3.1) is fulfilled.
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4. Numerical Results

In order to solve the variational inequality (V' I; ), we use the hyperplane
projection method and numerical results were tested by using Matlab tools
on a Toshiba L305D 2.0Ghz processor with 3.0 GB RAM.

Example 1.( [7]) We consider the following two players game, where
the first player controls the variable € R and the second y € R.

min(z? — 2xy)
T
0<z<1
+ 3<0
T4y — 2
Y 5 =

1
min <fy2 + (z — 1)y>
y \2
0<y<l1
We penalize the coupled constraint only for the first player.

. 3
min, <x2 —2zy+p1(z+y— §)+)
0<zx<1

1
min,, <§y2 + (z — l)y)
O<y=<1,

where h, is an exact penalty function. Applying results in Section 3, we
obtain the following parameterized VIP.

(Fpg(z™),x —2*) >0, Yz € G,

where

20 -2y+p1—aq
y+z—1

G = {(z,y) eR?0<z <1, 0<y<1}.

ﬂQ(xvy) =

We choose a penalty parameter as p; > g1, where ¢; is uniformly distributed
in (0,1] and the starting point is (z°,¢%) = (1,3)7.

Wssectus VIpKyTCKOro rocysapCTBEHHOIO YHUBEPCUTETA.
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n | time(sec) | iter p1/q GNE

1 0.5313 36 0/0 (0.50003, 0.500039)
2 0.5 35 | 1.09283/0.606843 | (0.378536,0.621536)
3 0.4844 34 1.6534/0.891299 | (0.309508,0.690575)
4 0.4844 35 | 0.474971/0.456468 | (0.49541,0.504682)
) 0.5000 35 | 1.26611/0.821407 | (0.388856,0.611217)
6 0.5313 34 | 1.40737/0.615432 | (0.302048,0.698035)
7 0.5313 34 | 1.66002/0.921813 | (0.315481,0.684603)
8 0.5156 34 | 0.581972/0.176266 | (0.398608,0.601471)
9 0.5156 34 1.85237/0.93547 | (0.270805,0.729275)
10 0.5625 33 1.30392/0.41027 | (0.276619,0.723462)

Table 1: Some GNE points by Parameterized VIP.

Example 2. (see [5]) Now we consider the internet switching model. There
are N players, each player having a single variable x; € R. The utility
functions are given by

Hk(m): (1_$1+...—|—x]\[
r1+...+xN

kE=1,.,N
B )7 ’ ’

for some constant B. The constraints are
1+ ...+any < B, xp > i

for some lower bounds I, > 0. We also take the lower bounds [, = 0.01, k =
1,....,N and N =10, B =1. We know that in this case the problem has a
9 9
100" 7100
hi(z) = —2% +0.01 < 0 and have the parameterized VIP with

T
solution T = ( ) . For each player, we penalize the constraints

FPQ(‘T) = (kaek(a?) - (Pk - Qk))llfozh
G ={z|z1+...+x10< 1},
where
Ve 0u(r) = e
x1+...+x0  (r1+...+x10)?
p = (p1,-p10), 4= (q1,--,q10), Pk > Gk

and g, k = 1,...,10 are uniformly distributed in (0,1]. We choose the

starting point as z° = (0, ...

,0)T.
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ntime(sec)|iter r/q GNE
0.0899953
0.0899953
0.0899953
0.0899953
. . 0.0899953
1] 0.3750 | 9 p=1(0,..,00",g=(0,..,0) 0.0899953
0.0899953
0.0899953
0.0899953
0.0899953
1.21352 0.561196 0.134652
0.878855 0.77268 0.01
0.542837 0.00107337 0.0241183
0.458195 0.00685779 0.01
0.982805 0.195662 0.269438
2] 04844 |14 |p= , @ =
0.634084 0.618563 0.01
1.65256 0.890854 0.244004
1.6656 0.907035 0.24087
0.711841 0.38073 0.01
1.06865 0.504078 0.0469175

Table 2: Some GNE points by Parameterized VIP.

In this paper, we have examined a generalized Nash equilibrium problem

5. Conclusion

with coupling and shared constraints.
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Tounsie mTpadbl U CONPsi2KeHHAsI IBOMCTBEHHOCTD JIJIsI
0000I11IeHHBbIX 337a49 paBHOBecus H»aima co cBsi3aHHBIMU U
OOIIMMHU OrpaHUYEHUSIMU

JI. Anranrepen’, I'. Barryp?

! Hemeuxo-morzonverut uncmumym pecypcos u mexnonrozuti, Haratiz, Monezosus
2 Monezonverkut Hayuorasohudl yrnusepcumem, Yaan-Bamop, Monzoaus

AHHOTALUS. O6o61ennble 3aaun pasHoBecust Hama (GNEP) ucnonssyiorces B
TEOPHUH WUTD, ONEPAIMOHHBIX UCCJIEJIOBAHMAX, TEXHUKE, SIKOHOMHKE, 8 TAK¥Ke TEeJIEKOMMY-
HUKAIUIX B MOCaeaHne aBa necatuierus. OmgauM n3 Hambojiee BayKHBIX KJIACCOB 3a7aY
GNEP sBiisiercst Kjacc 3a71a4 ¢ COBMECTHO BBIILYKJIBIMU HJIA OOIIUMU OTPAHUYEHUSIMU,
KOTOPBIH MIUPOKO U3YIAETCsI. DTHU 33JIaUU CIUTAIOTCST OHIMHI U3 CAMBIX CJIOKHBIX 3321
B 310l obnactu. Kpome Toro, mocrarouano masio uccienosaunii GNEP ¢ conpsizkeHHBIMU
u obmmMu orpanndeHusIMu. 11es1bio TaHHON CTATHU SBJISIETCST UCCIIEOBAHNE B3aNMOCBSI3U
MEKJy MCIOJb30BAHUEM METOJ[a TOYHBIX HITPA(OB U CONPSZKEHHON JBOWCTBEHHOCTHIO B
3agade BeImyKoi onrumusanuu 1t GNEP co cBasanubiMu 1 00IIuMu OrpaHUICHUSIMUA.
ABTOpPBI CTATBHU C TOMOIIBIO HEOOXOIUMBIX YCJIOBUM ONTUMAILHOCTH TIOJTY YUJIA TIAPAMET-
pU30BaHHBbIE 339U BAPUAIMOHHOI'O HEPABEHCTBA. PacCMOTPEHHBbIE 3a[a9U IIOMOTAOT
HCCJIEIOBATh MHOTHE ApyTue o600IeHHble 3a1adn paBHOBecusi Hama. B crarbe Takxke
[IPEJICTABJIEHBI HEKOTOPBIE YUCJIEHHBIE PE3YJIbTATHL.
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ON CHARACTERIZATIONS OF WEAK SHARP MINIMA IN
OPTIMIZATION PROBLEMS WITH APPLICATIONS TO
VARIATIONAL INEQUALITIES

L. Altangerel

ABSTRACT

This paper aims to study characterizations based on conjugate functions for weak
sharp minima in convex optimization problems. Additionally, applications to variational
inequalities are presented.

1. INTRODUCTION

In association with the convergence analysis of algorithms in optimization Cromme 8],
and Polyak [14] first introduced the notion of sharp or strongly unique local minima in
the late 1970’s. A function f : S — R, S C R" is said to have a sharp minimum at z € S
if there exists an a > 0 such that

f(x) = f(Z) = allz — z[|, Vz € 5,

where | - || is @ norm in R™.

In the case where the solution set is not necessarily a singleton, the notion of a
strongly unique solution to optimization problems was extended by Burke and Ferris [4]
in finite-dimensional Euclidean spaces.

S is called a set of weak sharp minima for the function f relative to the set S C R™
where S C S if there exists @ > 0 such that

f(x) > f(y) + adg(z), Vx € Sand y € S,
where dg(z) = inf ||z — z||. It is clear that S is a set of global minima for f over S. Let
z€8

us also mention that the notion of weak sharp minima specifies first-order growth of the
objective function away from the set of optimal solutions and has been used to unify
a number of important concepts in mathematical programming such as subdifferential,
generalized and contingent directional derivative, tangent, and normal cone and so on.
Moreover, many optimization algorithms, such as proximal point algorithm exhibit finite
termination at weak sharp minima. For the recent development in this direction, we refer
to [5-7,18,19].

Different characterizations and their relationships for weak sharp minima in optimiza-
tion problems have been investigated by using directional derivatives, tangent cones,
and subdifferentials. To the best of our knowledge, Zalinescu ( [17]) used first conjugate
functions in order to give necessary and sufficient conditions for weak sharp minima.

2010 Mathematics Subject Classification 90C25 (primary), 49J40 (secondary) .
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This approach is based on well known the Fenchel-Moreau theorem and recently applied
to the investigation of error bounds of convex inequality systems ( [3]) and weak sharp
minima in optimization problems ( [20]).

This work deals with the investigation of characterizations using conjugate func-
tions for weak sharp minima in convex optimization with applications to variational
inequalities.

The paper is structured as follows. Section 2 provides some preliminary results and
definitions. In section 3, we consider about weak sharp minima in optimization problems.
Section 4 presents characterizations of weak sharp minima via dual and primal gap
functions in variational inequalities.

2. PRELIMINARIES

For a nonempty subset S C R™, we denote the closure and interior of S by cl(S) and
int(S), respectively.

The indicator function of a given set S is defined by ds(x) = 0, for z € S and ds(x) =
+oo, for x ¢ S and the conjugate function of a function h:R" — B =R U {too} is
defined by h*: R™ — B, h*(p) = sup [pTx — h(z)], p € R™. For z € R", by d4(z) we

€T R’IL

denote the distance from x to A, i.e., da(z) = injf4 |z — all.
ac

The tangent and normal cones to a nonempty closed convex set S at € S are defined
by

Ts(z) = cl[U t(s—x)}

t>0

and Ng(z) = (Ts(x))°, where S° denotes the polar set of S C R™, that is

[ {peRpT(y—2)<0, Vye S}, ifxes,
Ns(z) = { z, otherwise.

The subdifferential of f at x and the directional derivative of f at z in the direction d
are denoted by 0f(z) and f'(z;d) respectively.

The effective domain and the epigraph of a function h are dom h := {zx € X| h(z) <
oo} and epi h:= {(z,7) € X x R| h(z) <r}.

— A function h : X — B is called proper if h(z) > —oco, Vz € X and dom h # &.

— A function h : X — B is called lower semi-continuous if epi h is closed.

— The infimal convolution of the functions h; : X — B, i =1,...,m, is the function
h1O---Ofhm : X — B defined by

hO- - Ohpy () == inf{Zhi(xiﬂ e X, Zmi:m}.
i=1 i=1
Let us recall some well-known results from convex analysis.

PROPOSITION 1 Fenchel-Moreau. Let h : X — B be a proper function. Then h = h**
if and only if h convex and lower semi-continuous, where h** is a biconjugate of h.
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ProrosiTiON 2. Let h; : X — B, i =1,...,m, be proper, convex and lower semi-
m
continuous functions such that (| dom h; # &. Then it holds

3

=1
(éhz)* = hi0- Ok,

where h is the lower semicontinuous hull of a given function h : X — B, i.e., the greatest
lower semicontinuous function less than or equal to h.

3. WEAK SHARP MINIMA IN OPTIMIZATION PROBLEMS

Assume that f:R™ — B is a proper, lower semi-continuous, convex function and
G C X is a nonempty closed convex set. Let G N dom(f) # @. We consider the following
optimization problem

(P) inf f(z).

zeG

Let us denote the solution set of problem (P) by Sp.

DEFINITION 1. The set Sp is said to be a set of weak sharp minima with modulus
a>0if

fly)+ads,(z) < f(z) VxeGandy e Sp. (3.1)

REMARK 1. Let f be differentiable. Then Sp is set of weak sharp minima if and
only if

~Vf(x) € int () [Tely) N Ns, (v) ° vz e Sp.
yeSP

LEMMA 1. Let f: R™ — B be a proper, lower semi-continuous, convex function and
G be a nonempty, closed convex set. Then, it holds

[*Ooc(p)+ [ > os,(p), Vp €R",

where og is the support function of S C R™.

Proof: By Young’s inequality, we have
(f +3c)*(p) + f(z) = pTw, ¥p €R", Vx € S,
or, equivalently
f*Ooc(p) + f(x) > pTa, Vp e R, Vx € S,

Taking the supremum in both sides overall = € S, one gets the desired result. ]

THEOREM 1. Let f:R"™ — B be a proper, lower semi-continuous, convex function
and G be a nonempty, closed convex set. Then, the following statements are equivalent.
(1) Sy is a set of weak sharp minima.
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(ii) Jo > 0 such that
FOoc(p) + f = 05,.(p), Vp € aB’,
where by B denotes an unit ball in R® and f = 122]‘(:1:)
T

Proof: Remark that under assumptions of the theorem, the solution set S, is closed
and convex (cf. [9]). (3.1) can be equivalently written as

f+ads,(z) < f(z) +dg(z), Vo € R™. (3.2)

Since the functions f + adg, and f + dg are lower-semicontinuous and convex, according
to the Fenchel-Moreau theorem (3.2) is fulfilled if and only if (see [2] and cf. [20])

(f +ads,)"(p) > (f +0c)*(p),Vp € R"
& ol - |06s,)" = f = f*Ooc(p), Vp € R"
& a0 +05,) (2) = F = FOoc(), vpe R”
& 0g,(p) > f+ f*Ooc(p), Vp € aB’.

On the other hand, by using Lemma 1, we obtain equality. O

4. APPLICATIONS TO VARIATIONAL INEQUALITIES

Let K C R™ be a nonempty closed convex subset. For given a mapping F' : R™ — R"
we consider the following variational inequality problem that consists in finding z € K
such that

VD) P T@—y) >0, WeK
We denote by Sy the solution set of (V).

DEFINITION 2.
(i) A mapping F': R™ — R" is said to be monotone on K if

(F(z) = F(y)"(y —x) 2 0, Yo,y € R".
(ii) A mapping F': R™ — R" is said to be pseudomonotone on K if for any z,y € K
F(z)"(y—2)20 = F(y)"(y —z) > 0.

The so-called Minty variational inequality problem is closely related to (VI) that
consists in finding a vector « € K such that

(MVT) Fy)"(x—y) >0, ¥y € K.

Under assumptions that F' is continuous and pseudomonotone on K, the solution sets
of (VI) and (MVI) coincide and in this case the set Sy can be represented as the
intersection of half-spaces, and it is closed and convex (cf. [10], [12], [15]).

In association with [12] and [13] the notion of weak sharpness was extended to the
solution set of the problem (VI). Moreover, the weak sharpness of the solution set of
(VI) has been investigated in Hilbert [15] and Banach spaces [10], respectively. The
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solution set Sy of the problem (V1) is said to be weakly sharp if ( [13], cf. also Remark
1)
~F(z) eint ) [TK(y) mNSv,(y)] , Yz € Syr.

yESvyr

Before we consider the characterization of weak sharp minima in variational inequalities,
let us first mention the definition of a gap function for variational inequalities.

DEFINITION 3. A function v : K — B is said to be a gap function for (VI) if
(i) 7(z) > 0, Vr € K:
(ii) v(z) =0 if and only if T € Sy;.

4.1. Characterization by dual gap function

The so-called dual gap function of the problem (VI) is defined by (see [10], [12])
i (@) = sup F(y)"(z —y), = €R",
yeK

which is lower semi-continuous, proper convex.

DEFINITION 4.
(i) A function f : R™ — B is said to be Gateaux differentiable at x if 3f'(x; d), Vd € R™
and it holds

f'(x;d) = Vf(x)Td, vd € R™.
(ii) f is said to be Lipschitz continuous on S if there exists a constant K > 0 such that
1f(z) = fWIl < Kllz = yll, Yo,y € 5.

(iii) f is said to be locally Lipschitz continuous on S if for each xg € S there exists a
neighbourhood U of z( such that f restricted to U is Lipschitz continuous.

PROPOSITION 3. (cf. [10]) Assume that F is pseudomonotone, continuous and v,
is Gateaux differentiable and Lipschitz continuous on Sy . Then Sy is weakly sharp if
and only if Ja > 0 such that

VY E(x) > ads,, (z), Yz € K.

THEOREM 2. Let F:R"™ — R" be pseudomonotone, continuous and K C R"™ be a
nonempty closed convex set. Then da > 0 such that

v (x) > ads,, (z), Vo € K (4.1)

if and only if
(vy1)*Ook (p) < 05y, (p), Vp € aB’.

Proof: By using the indicator function, (4.1) can be rewritten as

Y (x) + 6k (x) > ads,, (z), Vo € R™. (4.2)
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Because of the function ’y}i” + 0 is lower semi-continuous and convex, we can apply
the Fenchel-Moreau theorem and (4.2) holds if and only if

(7 +65)*(0) < ol - [Tds, . )*(p). ¥p € B

Consequently, we obtain the desired assertion. O

4.2. Characterization by primal gap function
The primal gap function of the problem (V1) defined by

Wi(z) = sup F(z)T(z —y), = € R"™.
yeK

Let
A(@) = {y € K| F(2)@ —y) =7V ()}, o € R™.

PROPOSITION 4. (cf. [11]) Let F' : R™ — R™ be monotone and constant on A(z*) for
some x* € Sy ;. Suppose that vV! is Gateaux differentiable, locally Lipschitz on Sy,
and vV (z) < +o00, Vo € R"™. Then Sy is weakly sharp if and only if 3o > 0 such that

YW(x) > a-dgsy,(z), Vo € K.

THEOREM 3. Let F be affine, monotone, continuous on R" and constant on A(x*) for
some z* € Sy ;. Suppose that vV'! is Gateaux differentiable, locally Lipschitz continuous
on Sy, and V! (x) < +oo, Vo € R™. Then 3o > 0 such that

"/VI(.’L') >a-dgy,(z), Ve e K

if and only if
(YWH*Ook (p) < os,,(p), Vp € aB’.

Conclusions

This paper attempts to show characterizations dealing with weak sharp minima in
convex optimization using conjugate functions. The same approach was applied to
variational inequalities regarding gap functions. In the future, it would be interesting to
investigate relationships between characterizations based on different concepts such as
conjagate functions, directional derivatives, and tangent cones.
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ABSTRACT ARTICLE HISTORY

This paper attempts to study loan interest rate Nash game mod- Received 6 September 2019
els in the banking sector under regulatory solvency constraints. By Accepted 11 February 2021
taking solvency constraints as Basel |, Basel Il, and Expected Short- KEYWORDS

fall (ES), we .obtaln resqlfcs'regardln.g the existence of loan interest Nash equilibrium model:
rate equilibrium. A sensitivity analysis for solvency models and some Basel I: Basel Il: and ES
numerical results are presented. Numerical results show that the solvency constraints; credit
weighted loan interest rate of the Mongolian banking system is con- rating; loan interest rate
sistent with the base case of the theoretical weighted loan interest

rate corresponding to the Nash equilibrium.

1. Introduction

The competition among banks regarding interest rates depends on the loan demands of
lenders. For lenders, if consumer loan demand is low, banks start to compete on loans
as these are the banks’ primary source of income. van Leuvensteijn et al. [16] analysed
the impact of loan market competition on the interest rates applied by European banks to
loans and deposits using a novel measure called the Boone indicator. They found evidence
that stronger competition is associated with significantly lower spreads between banks and
market interest rates for most loan market products.

In the insurance industry, different game theory models have been investigated. Dutang
et al. [7] first introduced a model with solvency constraints when studying the Nash and
Stackelberg equilibrium. They also included a sensitivity analysis. Boonen et al. [5] intro-
duced two different models for the rate of selling new policies, and they used continuous
time-optimal control theory to obtain Nash equilibrium premiums. Recently, Battulga et al.
[4] extended the one-period (cf. [7]) model to a multi-period one by using a transition
probability matrix dependent on several economic factors. Under the assumption that the
solvency constraints will be updated each period, they provided similar results regarding
the existence of premium equilibrium and sensitivity analysis to those of [7].

By considering the impact of capital, some efforts have been devoted to the banking
sector. For instance, Kim and Santomero [14] considered the mean-variance portfolio
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problem with equity to asset ratio and investigated the impact of this variable. Keeley and
Furlong [13] showed that the conditional expected capital return expressed in terms of the
option value of deposit insurance. The sensitivity analysis of the option value depending
on deposits and asset portfolio risk was investigated. Furfine [11] developed the bank’s
dynamic asset allocation model by considering factors such as assets, deposits, and some
costs, including risk-based capital cost. By using the US real data, he showed that the reg-
ulatory standard is a significant impact on optimal asset allocation. Pantelous [18] also
developed the bank’s dynamic asset allocation model which includes risk-based capi-
tal cost, and by using linearization techniques, he investigated linear quadratic control
problem.

In case of weak loan demand, if the bank wishes to expand its loan portfolio, then the
bank may weaken its current credit requirements to accept more applicants. Thus loan
interest rate will increase as the credit risk of the bank increases. On the other hand, in
case of strong loan demand, if the bank wishes to shrink its loan portfolio, then the bank
also may face costs (see [11]). Thus loan demand is one of the triggers of the loan interest
rate.

The capital impact in the composition of the asset side of the bank balance sheet was
studied in [11,14,18]. Moreover, it would be interesting to analyse the capital impact on
loan interest rates of the banking industry. Drumond and Jorge [6] obtained the equi-
librium loan interest rates which correspond to perfect and imperfect competition in the
banking industry under Basel I and risk-based capital requirements. However, they did not
take into account solvency constraints which guarantee bank still having solvency after its
lending business.

Following the idea of Dutang et al. [7] and Battulga et al. [4], this paper deals with the
loan interest rate Nash game models with solvency constraints. To the best of our knowl-
edge, this is the first attempt to introduce a game theory model with solvency constraints in
the banking sector. By taking solvency constraints as Basel I, Basel II, and ES, we obtained
results regarding the existence of loan interest rate equilibrium and sensitivity analysis and
include illustrations with numerical results.

The rest of the paper is structured as follows. Section 2 provides introduction to Nash
equilibrium problems and variational inequalities. In Section 3, we investigate the Nash
game models with solvency constraints and assertions related to the existence of loan inter-
est rate equilibrium. A sensitivity analysis is also presented. Numerical results based on the
data from three Mongolian banks are given in Section 4.

2. Nash equilibrium problems and variational inequalities

This section gives an overview of the Nash equilibrium model and its connection
to the variational inequality [8,20]. Assume that there are N players, each control-
ling the variables x; € R™. We denote by x the overall vector for all variables x :=
(xlT, xZT e ,x}\})T, and by x_; the vector of all players’ variables except that of player
it x_j:= (xlT, . ,xﬂl,xﬁl, .. ,x{,)T. Given other players’ strategies x_;, the player i
aims to choose x; € X; that minimizes his payoft function f;(x;, x_;), i.e.

minimize f;(x;, x—;)

subject to x; € X; € R™.
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A Nash equilibrium or simply a solution of the NEP, is point x* = (x}T,x37,..., %) 7T,
x; € X; CR", i=1,...,N such that

filxf,x%) < filxi,x™),  Vxi € X;. (1)
Let us assume that the following conditions are true for each player i:

(i) The strategy set X; is closed and convex;
(i) The payoft function f;(x;, x_;) is continuously differentiable and convex in x; for every
fixed x_;.

Then, for each player, we have a convex optimization problem and the optimality
condition for the solution becomes

(Vifi(x™), xi — x) =0, Vx; C X, (2)

n
where V,g(2) is a gradient vector of g with respect to variable z and (x,y) = ) x;y;, x =
i=1

(X1, x0) 7, y=U1... ,y,,)T is a dot product of two n-dimensional vectors.

Introducing F(x) := (Vi f1(x), ..., Vxyfu(x)), the problem (1) can be reduced to the
variational inequality problem that consists in finding x* € Q:=X; x X5 x --- x Xy
such that

(F(x*),x —x*) >0, VxeQ. (3)

3. Nash models with solvency constraints

In this section, we introduce the loan interest rate Nash game models with solvency con-
straints. The similar models were investigated in the non-life insurance market [4,7]. Let
us consider in detail how the model is constructed. We assume that in the market, N banks
are competing on loan interest rates and that there are R credit ratings for loans. For the
loan with credit rating i, let p;(\W) be its default probability, which is conditional on mix-
ing random variable W, and let A; be the percentage loss given that default occurs. For
1 < i < R, we assume that the percentage losses A; have values in (0, 1] and that p;(-) is a
strictly increasing function for its argument. For the nth bank, let L; , be an amount of loan
portfolio with a ith credit rating. Let x;, be a loan interest rate of bank n corresponding
to a ith credit rating. Then, taking into account the approach in [7] (see also [4]), the nth
bank maximizes the net income before tax defined as

R
On(x) =Y Lin (1 — Bi ( B 1)) (Xin = i — €n — Aipi(®)),  (4)
i=1

m(Xin)

where for the nth bank with a ith credit rating, ,BZ-L)” > 0 is the loan interest rate

elasticity parameter, m;, is the break-even interest rate, e, is the expense rate, x =

1 .
(xlT, . ,x{,)T, Xn = X105 - ,xR,,,)T, n=1,...,Nandm(zi,) = v— D_ Zik is the mar-

N-1
k#n
ket interest proxy, i.e. for the nth bank with a ith credit rating m(z;,) is the average of the
loan interest rates of other banks with a ith credit rating.
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The solvency constraint aims to require banks to hold a certain amount of capital in
order to protect depositors against adverse economic conditions. Therefore, in addition to
maximizing an objective function (1), banks must satisfy a solvency constraint imposed by
the regulator. In this paper, we consider three different solvency constraints, namely, Basel
I, Basel II, and ES constraints, and they are key features of our model.

For the nth bank, we assume that there are m;,, loans with credit rating i and for the

kth lender, its corresponding default indicators are Y; ,, and its exposures are e; ,,. Let
Min

P(Yikn = 11V) =pi(W), k=1,...,miy,i=1,...,Rand ) ejx, = Li,. Then, for the
k=1

nth bank, the random loss from the loan portfolio is given by

R miy,
Qu = Z Z €ikniYikn

i=1 k=1

and the expected loss conditional on mixing random variable ¥ becomes

R min R
E[Qu¥] = Z Z eifn AE[Yijenl V] = ZLi,nAiPi(‘l’)-
i=1 k=1 i=1

(i) According to Frey and McNeil [9] (see also [17]), if the loan portfolio size is suffi-
ciently large the or-quantile of the loan loss random variable Q, can be approximated

by

R
2 (Qn) X ) LinAipi(qa(¥)),

i=1

where g,(X) = inf{x € R: P(X < x) > «} is the «-quantile of the X random vari-
able. For the portfolio loss ratio, a similar result was given by Gordy in [12]. This is
one of the most influential works in the area of capital charges in the Basel II pro-
posal on credit risk. In this case, for the nth bank, the Basel II solvency constraint
conditional on W can be defined as

R R
g (n) =K+ Y Lin(xin — Tin — €n — Api(¥)) = Y LinAipi(ga (¥)).
i=1

i=1

(ii) Basel I was issued in 1988 and focused mainly on credit risk by creating a bank asset
classification system. According to Basel I, banks are required to keep capital of at
least 8% of their determined risk profile on hand. As claimed by FSI Survey [10],
there are some countries in which no decision has been taken on the implementation
of Basel II including Mongolia. That is the reason why we included Basel I to our
investigation.
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The Basel I solvency constraint conditional on W can be defined as

R R
gﬁ(xn) =K, + ZLi,n(xi,n — TTin — €n — Aipi(qj)) - CZLi,nWb
i=1 i=1

where c is a percentage of a risk-weighted asset, and w; is the risk weight for a loan
with credit rating i.

(iii) Artzner et al. [3] first introduced a coherent risk measure in financial risk manage-
ment. It is easy to show from the definition of the quantile of the random loss variable
that VaR is translation invariant, positively homogeneous, and monotone. The sub-
additivity property is not valid for VaR in general, and however, therefore VaR is not
a coherent risk measure. Let us mention an example of the coherent risk measure,
which is the expected shortfall (see [1]). For the random variable X with E(]X]) < oo,
the expected shortfall at the confidence level & € (0, 1) is defined as

1
ESu(X) = ——— | E[Xlixzg,001] + @ C0[1 — @ — PX = g X)]},

where I is the indicator random variable of event A.
If we use the formula of the expected shortfall (see [1]):

1 1
ESy (X) = m/ qu(X) du

to an approximation of a quantile of the loan loss portfolio, then the approximate
formula for the nth bank’s expected shortfall at confidence level & € (0, 1) turns out
to be

R 1
1
ES¢(Qp) =~ m E Li,nAi/ Pz[Qu(\p)] du.
i=1 o

It is not difficult to show (see [1]) that

1 1
hi(a) := oz/ pilgu(¥)]du, i=1,...,R

=1 a

are continuous increasing functions. Then, for the nth bank, the ES solvency con-
straint conditional on W can be defined as

R

gz(xn) =K, + Z Li,n (xi,n — Tin — €n — Aipi(\p))
i=1

1
l—«

1
a

R
ZLi,nAi/ Pi[Qu(\p)] du.
i=1

Therefore, the strategy set of the nth player, n € {1,..., N} in cases of Basel II, Basel I,
and ES can be given as follows:
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e Basel II:

R
X! = {xn e [ lx%il | gnen) = 0}

R R
= {xn € H[ﬁi’xi] ’Kn + ZLi,n(xi,n — Tin — €n — Aipi(\p))
i=1 i=1

R
> ZLi,nAiPi(Qa (‘I’))}, (5)
i=1
e BaselI:
R
Xﬁ = {xn € H[E,’yii] |gﬁ(xn) = 0}
i=1
R R
= {xn € ]—[[ﬁpii] |Kn + ZLi,n(xi,n — Tin — €n — Aipi(\p))
i=1 i=1
R
= CZLi,nWi}, (6)
i=1
ES:

R
X3 = {xn € H[&,’,fi] | &5 (xn) > 0}

i=1

R R
{xn € ]—[[Epyi] |Kn + ZLi,n(xi,n — Tin — €n — Aipi(\p))
i=1 i=1

A%

—o ZLH’!A f pi Qu(qj)] du} (7)

where for i = 1,..., R, x;, and X; represent minimum, and maximum loan interest rate
of loan with ith credit rating. The minimum and maximum loan interest rates could be
set by a regulators (some countries have loan interest rate ceiling). For equations (5)-(7),
R

> Lin(Xin — Wiy — en — Aipi(W)) expresses capital increment of nth bank, which guar-
i=1
antees that nth bank still has solvency after lending activity.

The loan interest rate Nash game models with solvency constraints consists in finding

x = (xI,...,xI)T such that for the player 7 it holds:
(NEP;) maximize O,,(x)
subject tox, € X;, i=1,23, %, = (x1,n5- .- ,xR,n)T.

Let us now give some results dealing with the existence of premium equilibrium and
sensitivity analysis (cf. [7], see also [4]).
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Proposition 3.1: The bank game with N players whose objective functions are defined by (4)
and solvency constraints are defined by (5), or (6), or (7) admits a unique Nash interest rate
equilibrium.

Proof: 1t is not difficult to realize that the objective function (4) is concave with respect x
and constraints in (5)-(7) are linear functions which enables us to apply the Theorem 1 in
[19] for the existence of a Nash equilibrium, and the similar way discussed in [7] and [4]
can be used to verify its uniqueness. |

The result is devoted to the sensitivity analysis for the model with solvency constraints
for Basel II, and the similar assertions are true for other models.

Theorem 3.1: Let x* be the loan rates equilibrium of the Basel II bank game with N players.
Moreover, let functions p;(-) and i = 1. .., R be continuous and strictly increasing, and the
distribution function of the V random variable be a strictly increasing function. Then:

(1) For each player n, the corresponding loan rate equilibrium x;_ , €1x;, Xk[ depends on the
parameters in the following way:
(i) it increases with break-even interest rate ; ,, expense rate e,, percentage losses A,
mixing variable W, and confidence level o and
(ii) it decreases with the sensitivity parameter ﬁifn and capital K,,.
(2) Ifthe solvency constraint function is inactive, then the loan rates equilibrium is a solution
of the linear system of equations

Mﬁ)fk =,
where
A O 0
0 A 0
Mﬂ = . . >
0 0 Agr

v=(Bl1lmi1 +e1 + Ap1 (W), B y[min + en + Aipr (W), .,

B[R + €1+ Arpr(W)], ..., BE y[TRN + en + ARPR(‘I’)])T
and

AN—-DBE, —(+BE) - —(1+BL)
1 —(1+Bf) 20N=DBE, -+ —(+BE)

—(I+BLy) —(+Bh) - 2N =DBy
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Proof: The KKT conditions for the interest rate equilibrium x]; of the nth bank has the
following form:

Vi, On(x*) + A Vi, gh (x5) + A% — M5* =0,

A = (AT > 0, A7 e R, AJ AT € RE,

g}l(xz) > 0, x;‘jn —x; >0, %i—xzn >0, i=1,...,R,

Mgy = 0, ABF(xf, —x) = 0, (% —xf,) =0, i=1,...,R

For the 1 < k < R, kth component from the first equation of the system becomes

L) + AN — A =0 (8)

0
O k )\’n*
Xk n n() + 241 0Xk n

(1) Letxi, €lx;,xk[. Then Ay = A%} = 0. We consider two cases.
(i) Let us assume that the solvency constraint is inactive, ie gn(x*) > 0. Then,
from (8), the nth bank’s interest rate equilibrium verifies —— 8 O,1 (x*) =0, 1ie.

28; T e Arpr (¥
Lk,n{l_ e IBkn( kn_ o en Ak ))}:0'

m(xy ) m(x,)  omxg,) o omxg) o

Let xp (1) := (X1,05 - -« » Xk— 11> Us Xkt 1> - - - ,xk,R;x_n)T. To investigate the sen-
sitivity depending on parameter z, let us define the function F’;’” as

FR(z,u) .=

On (xien (1), 2)

k,n

and consider the equation of the form ng’”(z, u) = 0. Under the assumption
that partial derivatives of Fk" exist and are continuous at (zy, 1), and also
that 28 a (zo, up) # 0, by the implicit function theorem there exists a function ¢
defined in the neighbourhood of (29, yo) such that FL‘ "(z,9(2)) = 0and ¢(z9) =
up. The derivative of ¢ is given by

BFk”
z
¢'(2) = aFk"
g U= w(Z)
In our case, we have
gFkn ) 020n _ 2Biulkn
u ’ du? m(xk,n)

As a consequence, it holds

i ( /( )) = si ’ ];’n
sign(@ (2 S1gn

(Z,f/)(Z)))-

Let us now consider specific parameters instead of z.
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— Let z be the sensitivity coeflicient ,8,% ,- Then, we have

O ) = Ly {_ 2u T en AkPk(‘y)}
0z ’ " m(xk,n) m(xk,n) m(xk,n) m(xk,n)

By using (9), we obtain that

JFkn (1)
2 @p(D) = Ly - — <0.
z z

Therefore, the function ﬂ,f, WP xz,n(ﬂ,f, o) is strictly decreasing.
— Letz = my, or e,. Then, we get

JFkn B

X " >0
0 " m(Xgn)

—(2¢(2) = Lk
z

Therefore, the functions my, > x;n (7wk,) and e, x,";n (en) are strictly
increasing.
— Let z = Ag. Then, we obtain that

dFkn B pi(¥)
S (59(2) = Liy LS
z m(Xk )

Therefore, the function Ay — x}, (Ag) is strictly increasing.
— Letz = W. As pi(-) is a strictly increasing continuous function, we have

JFkn BE Arpl (W)
2 p(2) = Ly D
0z m(xk,n)

Therefore, the function W > xj, (W) is strictly increasing.
(ii) If the solvency constraint is active, then the premium equilibrium satisfies
g,ﬁ (x}) = 0. Let G,’ﬁ’” (z,u) := g,ﬁ (xkn(u),z) and consider the equation of form

G5"(z,u) = 0. Then, by the implicit function theorem, there exists a function
¥, such that ch’” (z, ¥ (z)) = 0. The derivative of ¥ is given by

e

V@ =
7 U=V (@)

In this case, we get

As a result, it holds that

k,n
X

sign(y'(z)) = sign< _ 96

5, & W(Z)))

The similar sensitivity results can be obtained for specific parameters of z.
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— Letz = K,,. Then,
k,n

(z,u)=1> 0.
Therefore, function K, xz’n (Ky) is strictly decreasing.
— Letz = L. It then holds that
k,n
X
0z
Its sign depends on other parameters. Thus, a function L, > x};, (L,») is
not monotone.
— Letz = Li,, i # k. Then, we have
aGl N
0z

Again, we can conclude that the function L; , + x;, (L; ) is not monotone.
— Letz = my, or e,. Then, one has

(zou) = u— mpy — en — Appr(W) — Appr(ge (W)).

(z,u) = Xin — Min — €n — Aipi(\p) - Aipi(%x(\p))‘

k,n

(z,u) = =Lk, <0

Therefore, functions g, — x; 2(Tkn) and e, > x;’ 4(en) are strictly
increasing.
— Let z = Ag. In this case, we have

8Gkn

(Z ) = —Lin (pk(¥) + pr(ga(¥))) < 0.

Therefore, function Ay — x} , (Ay) is strictly increasing.
— Letz=W.Asp;(-)and i = 1,...,R are strictly increasing continuous func-
tions, the following inequality holds

8Gkn

(2 u) = ZLmAlp,(\m <0
i=1
Therefore, function W — xj (W) is strictly increasing.
— Last, let z= a. As the distribution function of W is strictly increasing and
its quantile is increasing, q(.)(¥) is an increasing continuous function (see
[17]). Therefore,

R
() == ) LinAipiqe(¥))q, (V) <0,

i=1

aGkn

which means that & — x;, (@) is increasing.
2. If the solvency constraint is inactive in Nash equilibrium x*, then taking into account
1
m(zip) = —— Z z;x and from (9), it follows that
N — k;én

L
2ﬁk,nxzn (1+ﬁkn Zxkz
17571
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= ﬂ;ﬁn[ﬂk,n +eq + Agpr(P)], for k=1,...,R, n=1,...,N.

This system can be rewritten in matrix form as Mgx = v. As [7] mentioned, we can
see that the matrix Mg is strictly diagonally dominant if ,B,f,n >lask=1,...,Rand
n = 1,...,N are fulfilled. Under this condition, Mg is invertible, and therefore x* =
Mglv.

Remark 3.1: (i) If x;:, 4 = X Or Xk, then the loan interest rate equilibrium is independent
of those parameters.

(ii) For the Basel I solvency constraint Nash game, in addition to the Basel II results, its
loan interest rate equilibrium positively depends on the percentage of risk-weighted
asset ¢ and risk weights w;.

(iii) For the Nash game with ES solvency constraints, as h;j(«),i = 1, ..., R are increasing
and continuous functions, we can prove the same results as from Theorem 3.1.

(iv) If W is an arbitrary random variable and p;(-), i = 1, ..., R are increasing functions,
then according to Lebesgue’s theorem for the differentiability of monotone functions
(see [15]), q(.)(¥) and p;(-) have at most countably many non-differentiable points.
Therefore, the loan interest rate equilibrium almost everywhere positively depends
on mixing random variable ¥ and confidence level «. For other parameters, the loan
interest rate equilibrium depends on a similar way as Theorem 3.1.

(v) Following the idea in [4], all discussed models can be extended to multi-period
models.

Remark 3.2: The bank loan interest rate Nash problem can be extended to the bank loan
deposit interest rate Nash game in the following way. Let us assume that there are S products
for deposits and for the nth bank with the jth deposit product D;, is the amount of the
deposit and y; , is the corresponding interest rate. Then

R
On(x,y) = ZL,-,n<1 - ﬂ,%n( S 1)>(x,-,n — en — Aipi(¥))
i=1

m(Xin)
S 9;
- Y p, (1+/3-D< T —1>>y~ ,
n N Hn
j:ZI J m(yj,n)
where 181 > 0 is the deposit rate elasticity parameter, y = (y7,...,yI)7T and y, =
W1ms- - > ysn) L forn=1,...,N.In this case, for example, the Basel II solvency constraint

conditional on W is given by
R S R
EnConsyn) =K+ > Lin(Xin — €0 — Aipi(¥)) = Y Djpyin — Y LinAipi(ga(¥)).
i=1 j=1 i=1

This loan deposit interest rate Nash game has a unique Nash equilibrium and the sensitivity
analysis can be investigated in a similar way. If regulators want to set an interest rate ceiling
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for loans, then they can use this model to obtain the optimal loan and deposit interest rates
of banks under new loan rate ceiling in advance and make decisions about the ceiling.

Remark 3.3: For a game with one leader and N—1 followers with payoff function O, and
the strategy set X,,, the Stackelberg equilibrium is a problem that consists of finding a vector
x= (J'clT, .. ,J‘CIE)T, Xn = Kip»--- ,RR,n)T such that x; solves the problem

sup O1(y;x2,...,%N),
}/EXI

where (x!,...,x1)T is a Nash equilibrium for the game with N—1 followers and given
strategy x; for bank 1, which is assumed to be a leader. In this case, it is not difficult to
show the existence of the Stackelberg equilibrium (cf. [7]).

4. Numerical experiments

In this section, we give some numerical results based on the Mongolian bank data repre-
senting large, medium, and small sized that dealt with the sensitivity analysis presented
in Theorem 3.1 in Section 3. As we mentioned in Section 2, the Nash equilibrium model
can be reduced into the variational inequality problem, which consists of finding x € Q :=
X7 x Xp x --- x Xy such that

(VD) (F(x),y —x) >0, Vyeg,

where F(x) = (—Vy, 0, (x))fy:l, which will be solved by the hyperplane projection
algorithm (see [8] and [21]). This algorithm has also been used in [2,4].

In Mongolia, in 2018, there are 14 commercial banks which are actively competing for
financial products. Mongolbank (Mongolian central bank) classified Mongolian commer-
cial banks by three large banks, three medium and rests. Three large and three medium
banks composed to 65.0% and 23.2% of total banking system assets, respectively. For
12/31/2018, 1 USD equals 2643.69 MNT (Mongolian tugrik), and by aggregate bank bal-
ance report of Mongolbank, banking system asset was 33,053.27 billion MNT (equals to
12,502.70 million USD). The fourth-quarter financial results of these three banks for 2018
are summarized in Table 1. For the capital adequacy ratio, the Mongolian banking system
still uses the Basel I ratio at 14%. From Table 1, one can deduce that the second bank has
low credit risk as compared to others because it’s RWA is significantly lower than it’s net
loan.

Table 1. Main financial results of the three banks, Q4, 2018, in million USD.

MS, Ly Kn Kn/Ln CAR% RWA Tin [
Bank 1 18.4% 1,176.3 1971 16.76% 14.60% 1,350.3 10.58% 1.50%
Bank 2 9.1% 663.2 78.7 11.87% 15.63% 503.8 11.80% 3.17%
Bank 3 2.5% 145.2 30.6 21.10% 17.41% 176.0 12.12% 2.09%

Notes: MS,, is the market share of the selected banks in the banking system total assets, L, is the bank’s net loan and advances,
Ky, is the bank's capital, K, /L, is the ratio between capital and net loan, CAR% is the capital adequacy ratio, RWA is a risk-
weighted asset calculated from banks net loan and advance and CAR%, 7;, is the ratio between interest income and net
loan, and e, is the ratio difference of non-interest expense (excluding tax expense and loan loss expense) and non-interest
income to net loan.
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Table 2. Parameter estimation and default probabilities.

Wi oj Bi Y=-2 W=-1 U=0 W=1 W=2 qooo(¥) =309
BBB(1) —3089 0428 023%  0.00% 0.02% 0.10%  0.39% 1.28% 3.86%
BB(2) —2.534 0390 091%  0.05% 0.17% 056%  1.60% 3.97% 9.18%
B(3) —1831 0396 444%  0.44% 1.30% 336%  7.57%  14.93% 27.16%

Note: u;, oj are the Probit-Normal model’s parameter estimations, p; is the average (unconditional) default probability, and
W is an economic condition.

As we do not know the default probabilities of the three banks’ customers, we assume
that their customers’ default probabilities are the same as Standard and Poor’s ratings of
BBB, BB, and B. For BBB, BB, and B ratings, we fit a Probit-Normal Bernoulli mixture
model (see [9] and [17] ) to the annual default rate data from Standard and Poor’s for the
period 1981-2017. As Standard and Poor (cf.[22]) only published default rates, we assume
that there were 1,000 customers at the beginning of each year between 1981 and 2017,
some of whom defaulted. The defaulted number of customers can then be calculated by
multiplying the default rates by 1000. We estimated the parameters of the Probit-Normal
models using the maximum likelihood method (see [9] and [17]), the results of which are
listed in Table 2.

From the table, we can see that, for example, the average default probability of a loan
with a BB rating is p, = P(Y> = 1) = E[p2(¥)] = E[P(Y2 = 1|¥)] = E[®(—2.534 +
0.390¥)] = 0.91%, where ® is the standard normal cumulative distribution function, and
W is the standard normal random variable. We can also estimate conditional default prob-
abilities from Table 2. For example, for a loan with a BBB rating, its conditional default
probability is estimated by p; (V) = P(Y; = 1|W) = $(—3.089 + 0.428W). Assuming a
single yearly random effect represents the state of the economy, columns four to nine
illustrate the default probabilities conditional on economic conditions. For example, if
the economic condition is getting better, say W = —2, then the default probabilities cor-
responding to the fourth column decrease compared to the average default probabilities
corresponding to the third column. In contrast, if the economic condition deteriorates, say
W = 2, then the default probabilities corresponding to the eighth column increase com-
pared to the average default probabilities corresponding to the third column. From the
definition of the quantile, we deduce that the probability of an economic condition worse
than W = 3.09 is 0.1%. Therefore, the default probabilities of the last column are related to
the stress scenario.

Now, we define the base case parameters of the model. As we do not know the loan
portfolio structure of the three banks, we assume for all banks that the loan portfolio con-
sists of s; = 30% BBB-rated loans, s, = 40% BB-rated loans, and s3 = 30% B-rated loans.
For the capital multiplier, we assume that its value is equal to K = 1 for the base case. For
the interest rate elasticity, we assume that 8, , = 4.5, B2, = 4 and B3, = 3 and that it is
the same for all banks. For example, if the nth bank’s interest rate for a BB loan increases
by 1% compared to other banks’ average interest rates for a BB loan, then the nth bank
will lose 4.5% of the loan portfolio. For the expense rate, we assume that its value is given
by the seventh column of Table 1, i.e. e; = 1.50%, e; = 3.17%, and e3 = 2.09%. For the
break-even interest rate, we assume that the value is given by the sixth column in Table 1,
ie. i) = 10.58%, jy = 11.80%, and ;3 = 12.12% for i = 1,2, 3.
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Table 3. BIS-Il solvency constraint Nash equilibrium results.

P/NE BIS-II-1 BIS-II-2 BIS-1I-3 BIS-1I-4 BIS-II-5 BIS-I-6
2. 5% 30-40-30 30-40-30 30-40-30 30-40-30 30-40-30 30-40-30
3. K 1 1 1 1 1 1
4, B 45-4-3 45-4-3 45-4-3 5.5-4-2.5 45-4-3 45-4-3
5. e% 1.5-3.2-2.1 1.5-3.2-2.1 2.5-2.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1
6. b4 0 0 0 0 1% -1%
7. \J base base base base base base
8. o 99.9% 99.9% 99.9% 99.9% 99.9% 99.9%
9. A 40% 60% 40% 40% 40% 40%
10. XTJ 0.1716 0.1722 0.1754 0.1628 0.1845 0.1587
11. X;J 0.1819 0.1843 0.1857 0.1819 0.1952 0.1685
12. X;kJ 0.2267 0.2400 0.2304 0.2526 0.2417 0.2117
13. Xis 0.1827 0.1833 0.1789 0.1739 0.1955 0.1698
14. X;,z 0.1929 0.1953 0.1891 0.1929 0.2062 0.1796
15. X;z 0.2375 0.2508 0.2338 0.2633 0.2525 0.2225
16. Xi'3 0.1798 0.1804 0.1798 0.1710 0.1926 0.1669
17. x;‘& 0.1900 0.1924 0.1900 0.1900 0.2033 0.1767
18. X.;:,s 0.2347 0.2480 0.2347 0.2605 0.2497 0.2197

Notes: s% is a loan portfolio composition, K is a capital multiplier, 8 is the loan interest rate elasticity, e% is the expense, 7
is the increment from base case, break even interest rate, W is an economic condition, « is the confidence level, A is the

loss given default, and x,*j i,j = 1,2,3, are loan interest Nash equilibrium for the three banks.

For economic condition variable W for the base case, we take the value by conditional
default probability, which is equal to the unconditional default. We assume that the confi-
dence level is equal to & = 99.9% and that for LGD it is equal to A; = 40%, i = 1,2, 3.

R
Moreover, for all ratings and banks let interest rates be unconstrained, i.e. [][x; ] =
i=1
RR. In this case, e.g. for ES, the strategy set of the nth bank, n = 1, 2, 3 is X> = {x, €
RR| g3(x,) > 0}. All parameters for the base case are given in the first column of Table 3.

In the BIS-II-1 column in Table 3, we have Nash equilibriums corresponding to the base
case, where x7, represents a Nash equilibrium for a loan interest rate of the nth bank with
ith credit rating. If for all credit ratings, LGD increased by 50%, the loan rate equilibrium is
given in the BIS-II; column. By comparing BIS-II-1 with BIS-II-2, we can see that the Nash
equilibrium increases in BIS-II-2. In the BIS-II-3 column, the expense of the first bank
increases by 1%, and the cost of the second bank decreases by 1%. In the BIS-II-4 column,
the interest rate elasticity of the loan with a BBB rating increases by 1 and the interest rate
elasticity of the loan with a B rating decreases by 0.5 for all banks. If we increase (decrease)
the base case break-even interest rates by 1%, we get the BIS-II-5 (BIS-II-6) column. From
Table 3, one can deduce that all the results are consistent with Theorem 3.1.

The BIS-II-7 column in Table 4 represents the economic condition that corresponds
to W = —1 and shows a better scenario compared to the base case. In column BIS-II-8,
we have the results that represent the deteriorated economic condition corresponding to
¥ = 1. In column BIS-II-9, we considered the stress scenario. For the stress scenario, the
stress economic condition that corresponds to W = 4 is worse than the Basel-II economic
condition, which corresponds to qg.999(¥) = 3.09, where the Basel-II economic condition
means that the probability of an economic condition worse than W = 3.09 is 0.1%. The
column BIS-II-10 represents the scenario that corresponds to all banks’ quality of the loan
portfolio decreased as compared to the base case. In this scenario, for all banks, we suppose
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Table 4. BIS-Il solvency constraint Nash equilibrium results (cf. Table 3).

P/NE BIS-II-7 BIS-11-8 BIS-11-9 BIS-II-10 BIS-II-11 BIS-II-12
2. 5% 30-40-30 30-40-30 30-40-30 5-5-90 5-5-90 5-5-90
3. K 1 1 1 1 0.75 0.75
4, B 45-4-3 45-4-3 45-4-3 45-4-3 45-4-3 45-4-3
5. e% 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1
6. bd 0 0 0 0 0 0
7. ) -1 1 4 base base base
8. o 99.9% 99.9% 99.9% 99.9% 99.9% 90.0%
9. A 40% 40% 40% 40% 80% 80%
10. XTJ 0.1706 0.1724 0.2137 0.1716 0.1797 0.1728
11. X;J 0.1779 0.1856 0.2649 0.1819 0.1957 0.1867
12. X;‘J 0.2078 0.2454 0.4413 0.2267 0.2729 0.2533
13. X7) 0.1816 0.1835 0.2248 0.1827 0.1997 0.1838
14. X;Z 0.1890 0.1966 0.2759 0.1929 0.2175 0.1977
15. X;Z 0.2187 0.2563 0.4522 0.2375 0.3034 0.2641
16. X3 0.1787 0.1806 0.2219 0.1798 0.1879 0.1809
17. )(’2*'3 0.1861 0.1937 0.2730 0.1900 0.2038 0.1948
18. X;3 0.2158 0.2534 0.4493 0.2347 0.2809 0.2613

that the loan portfolio consists of 5% BBB, 5% BB, and 90% B rated loans. In column BIS-
I1-11, we assume that for all banks capital decreased by 25%, and LGD increased by 100%
compared to column BIS-II-10. Lastly, column BIS-II-12 represents the scenario that cor-
responds to the confidence level being equal to & = 90% compared to column BIS-II-11.
One can deduce that all results in Table 4 are in line with Theorem 3.1.

As we can do sensitivity analysis for the Basel I and ES Nash game same as shown in
Tables 3 and 4, we restrict our attention to doing a sensitivity analysis of three scenarios.
In columns ( ES-1)-( ES-3) of Table 5, we give results that correspond to the Nash game
with ES solvency constraints. The ES-1 column represents the base case scenario, and col-
umn ES-2 represents the results dealing with the deteriorated economic condition that
corresponds to W = 1. The ES-3 column shows the bad scenario where we assume that
for all banks, the loan portfolio consists of 5% BBB, 5% BB, and 90% B rated loans and the
capital decreased by 25%, and the LGD doubled compared to the base case. The Mongolian
banking system uses the Basel I capital adequacy ratio at 14%, therefore, we considered the
Nash game with Basel I solvency constraints.

In columns ( BIS-1'4% -1)—( BIS-1!4% -3) of Table 5, we give results that correspond to the
Basel I solvency constraint at 14%. Here, we assume that the scenarios are the same as the
scenarios of the Nash game with ES solvency constraints. From columns BIS-II-1 of Table 3
and ES-1, BIS-114%_1 of Table 5, one can see all interest rate equilibriums are the same. This
phenomenon also holds for columns BIS-11-8 of Table 4 and ES-2, BIS-114%_2 of Table 5.
Those phenomena are valid because the Basel I, Basel II, and ES solvency constraints are
all inactive. From columns BIS-II-11 of Table 4 and ES-3, BIS-114%-3 of Table 5, one can
deduce that for the banks it is difficult to meet ES solvency constraints compared to the
other two constraints and Basel II solvency constraint is the medium one. It is well known
that forall X € L1(Q, F,P), ESy (X) > qo (X). Therefore, it is difficult for any bank to meet
the ES solvency constraint compared to the Basel II solvency constraints.
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Table 5. BIS-1 and ES Solvency Constraint Nash Equilibrium Results (cf. Table 3.)

P/NE ES-1 ES-2 ES-3 BIS-114%-1 BIS-I14%-2 BIS-I14%-3
2. 5% 30-40-30 30-40-30 5-5-90 30-40-30 30-40-30 5-5-90
3. K 1 1 0.75 1 1 0.75
4. B 45-4-3 45-4-3 45-4-3 45-4-3 45-4-3 45-4-3
5. e% 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1 1.5-3.2-2.1
6. T 0 0 0 0 0 0
7. v base base base base base base
8. o 99.9% 99.9% 99.9% 99.9% 99.9% 99.9%
9. A 40% 40% 80% 40% 40% 80%
10. X4 0.1716 0.1724 0.1848 0.1716 0.1724 0.1728
11. X5 0.1819 0.1856 0.2024 0.1819 0.1856 0.1867
12. X5 0.2267 0.2454 0.2882 0.2267 0.2454 0.2533
13. X5, 0.1827 0.1835 0.2113 0.1827 0.1835 0.1838
14. X5, 0.1929 0.1966 0.2322 0.1929 0.1966 0.1977
15. X3, 0.2375 0.2563 0.3340 0.2375 0.2563 0.2641
16. X} 0.1798 0.1806 0.1930 0.1798 0.1806 0.1809
17. X33 0.1900 0.1937 0.2105 0.1900 0.1937 0.1948
18. X5 0.2347 0.2534 0.2962 0.2347 0.2534 0.2613

Remark 4.1: According to the "Monetary and Financial Statistics of the Mongolbank”, the
weighted average loan interest rate for Mongolian banking system, which corresponds to
loans with 10 months to 1 year maturity, was 19.1% in December 2018. From the base case
of the Nash equilibrium loan rates which correspond to the column BIS-II-1 in Table 3 and
columns ES-1 and BIS-1'4%-1 in Table 5, one can obtain that the weighted loan interest rate
is 19.65% for the banks. Thus, the weighted loan interest rate for Mongolian banking system
is consistent with the base case theoretical weighted loan interest rate which corresponds
to the Nash equilibrium. Since deterioration of economic condition leads to that banks
wishes to shrink their loan portfolio, the weighted average loan rate for banking system will
increase. For mild adverse economic condition which corresponds to ¥ = 1 (see column
BIS-II-8 in Table 4 and columns ES-2 and BIS-1'4%-2 in Table 5), the weighted loan interest
rate of the banks is 20.38% which is greater than the weighted average loan rate of the
Mongolian banking system and is compatible with previous fact.

5. Conclusion

The purpose of this paper was to investigate loan interest rate Nash game models in the
banking sector under regulatory solvency constraints. According to Theorem 3.1, one
can conclude that if an economic condition is getting worse, then to keep the average
loan interest rate at current level under competitive banking system, the solvency con-
straint should be active and regulators should require to increase capitals from commercial
banks. Numerical results indicate that the weighted loan interest rate of Mongolian bank-
ing system is consistent with the base case theoretical weighted loan interest rate which
corresponds to the Nash equilibrium. The suggested model can be used for other bank-
ing systems. It would be interesting to consider the models in full stochastic environment,
namely stochastic Nash equilibrium problems.
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Mongolia has a small open economy that is growing due to its status as one of the major copper exporters
in the Asian copper market. We used game theory to analyze the Chinese copper market and determine the
competitive strategies used by Mongolian exporters. We show that a variational inequality approach is one
option to prove that game theory is applicable in the analysis of the Chinese copper market, as it is spatial
and concentrated. To solve the profit maximization problem with a concave objective function for each player

and linear strategy set, it can be reduced to variational inequalities. Numerical calculations allow us to predict
the responses of certain parameters against external factors or so-called non-economic shocks, such as changes
in Chinese import policies, strikes in Chile, etc. In the future, if Mongolia builds a new copper smelter, it will
be a competitor within a more concentrated market than that of the current copper concentrate trade. Thus,
the importance of developing such a model is increasing.

1. Introduction

The international copper trade is of great importance to the global
economy, and there is growing interest among researchers in determin-
ing the competitive behavior of red-metal exporters. Currently, China
is the biggest importer of copper (as well as copper concentrate) and
accounts for almost half of the world’s consumption. This demand
is attracting an ever-increasing number of potential suppliers, while
existing incumbents are trying to protect their shares in this growing
market by investing in capacity extension. Thus, it is of significant
interest to determine the competitive strategies of the major exporters
to China and evaluate different options by using game theory. Game
theory has been widely applied in many fields, including economics,
social sciences, engineering, industry policy, international trade, and
negotiating techniques. Recently, the applications of game-theoretical
approaches have expanded to a larger scale than equilibrium models
in the field of economics as well as for research around commodity
markets. Similar studies have been conducted by Lorenczik and Panke
(2016) and Lorenczik et al. (2017), and a great deal of research
work has also been carried out in the energy and coal sectors. One
way to solve the Nash equilibrium problem is to reduce it to vari-
ational inequality problems, as the players’ utility functions need to
be simultaneously optimized for their respective strategy sets. Harker
(1984, 1986) surveyed the general oligopoly theory and general spatial

* Corresponding author.

equilibrium to understand how they can be reduced into variational
inequalities and links between markets. Recently, the investigations
into the generalized Nash equilibrium have also been intensified (see
for instance Facchinei and Kanzow (2010)). For recent applications of
the Nash equilibrium in insurance and banking, we refer to Battulga
et al. (2018).

We aimed to investigate the applicability of game-theory-based
models in analyzing the market as well as the competitive strategies
of Mongolian (copper) concentrators as agents (players) in the Chinese
market by using the generalized Nash equilibrium model. To solve the
profit maximization problem with a concave objective function for each
player and linear strategy set, the model was reduced to variational
inequalities.

With regard to economics, in this paper, we address the competitive
strategies within the Chinese market that are used by big copper miners
from Chile, Peru, Australia, Indonesia as well as two miners from
Mongolia who represent small suppliers. To the best of our knowledge,
this is the first attempt to use game theory to define such strategies,
especially in the copper market. Although similar work has been carried
out by Lorenczik and Panke (2016) in the international coal market, our
work differs from their study many ways. First, we chose the copper
sector due to its importance for Mongolian macroeconomic stability;
second, we employed a variational inequality approach (see Altangerel

E-mail addresses: otgochuluu@board.mik.mn (Ch. Otgochuluu), altangerel@gmit.edu.mn (L. Altangerel), battur@seas.num.edu.mn (G. Battur),
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Table 1
World copper production by country (in %)
Source: https://www.icsg.org.

Country 1985 1990 1995 2000 2005 2010 2015
Chile 16 18 25 35 36 34 31
China 3 3 4 4 5 8 9
Peru 5 3 4 4 7 7 7
USA 13 18 19 11 8 7 7
Congo 6 4 0 0 0 3 6
Australia 3 3 4 6 6 5 5
Russia 0 0 5 4 4 4 4
Zambia 6 5 3 2 3 4 4
Canada 9 8 7 5 4 3 4
Mongolia 0 0.5 0.9 1 1 2 2

and Battur (2012)); and third, we included a new shared constraint that
represents the import market volume with the aim of capturing policy
shocks.

2. International and Chinese copper market

According to the US Geological Survey, the world had proven
reserves of 770 million tons of copper in 2017. The total installed mine
capacity is around 22 million tons per year. The international copper
study group maintains an up-to-date database of registered mines.
There are over 366 registered mines on the list, and 220 of them are
estimated to be active during any given year. Chile has the highest level
of proven reserves and the largest installed mine capacity. However,
due to a decrease in the copper grade, the main copper deposits are
expected to be depleted over the next few decades. Overall, the trend
toward a supply shortage in the market will continue to increase in the
near future.

2.1. International market and its concentration

Based on the Herfindahl-Hirschman index (HHI),' The world copper
market can be described as having almost free competition,; it has a very
low HHI score of 299.3. The ten largest mines and two in Mongolia
(Oyu Tolgoi* and Erdenet®) together produce 29% of the world’s total
supply. According to game theory, each country or producer is a “price
taker” in the world copper market. The total copper (concentrate)
exports reached a value of $ 58.5 billion in 2017, with 54% of the
total volume being delivered by mines in South America, especially
Chile and Peru. Mongolia was the second biggest exporter in Asia after
Indonesia. On the other hand, the total import value was $ 58.5 billion
in 2017, and Chinese smelters alone accounted for 43% of this total. If
we include Japan, India, and South Korea, Asian buyers accounted for
77% of the total global imports.

Table 1 shows the trend in the market concentrations of producer
nations, which especially reflects the rise of the Chilean and Chinese
markets.

Chile has mines owned by the Chilean state as well as mines
operated by multinational corporations. Thus, we assumed that not all

! The HHI is a standard measure of market concentration and is used to
determine market competitiveness. A market with an HHI score of less than
1500 is a competitive marketplace, 1500 to 2500 is a moderately concentrated
marketplace, and 2500 or greater is a highly concentrated marketplace.

2 Oyu Tolgoi, a copper-gold mine in the South Gobi region of Mongolia,
approximately 550 km south of the capital Ulaanbaatar, holds one of the
largest undeveloped high-grade copper deposits in the world. (www.ot.mn).

3 Erdenet Mining Corporation SOE is one of the biggest ore mining and
processing factories in Asia. At present it is a fairly large complex processing
26 million tons of ore per year and producing around 530.0 thousand tons of
copper concentrate and around 4.5 thousand tons of molybdenum concentrates
annually. (https://www.erdenetmc.mn/en).
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of the mines in Chile follow the “nation’s strategy”, and each of them
participates in the international market as a single player or profit-
maximizing agent. Table 2 shows the market concentration based on
mines (instead of nations), taking the year 2015 as an example.

At the mine level, we can see a more “free” or competitive market.

2.2. Chinese import market as a concentrated and spatial market

Herfindahl (1967) defined spatial markets according to transport
opportunities. Further, Zhang et al. (2017) argued that the Chinese
copper industry can be considered a spatial market. The calculated av-
erage HHI value of the Chinese import market for copper concentrate,
which was around 2300, shows that the market is heavily concentrated.
Thus, as suggested by Luengo (2015), the oligopoly theory accurately
explains this situation. In reality, the Chinese market can be classi-
fied as being between highly and moderately concentrated. Thus, we
considered the Chinese import market as concentrated and, based on
the oligopoly theory, took into account factors such as dominant state-
owned enterprises and state policies on import tariffs, reserves, the
environment, protection, and the security of supplies. In 2007, the total
Chinese import value was $ 8.5 billion, of which miners from South
America contributed 58.9%. The five biggest suppliers were Chile, Peru,
Mongolia, Australia, and the USA. After ten years, in 2017, the import
value increased to $ 25 billion, and South America contributed 57.2%.
The five biggest suppliers at this stage were Peru, Chile, Mongolia,
Australia, and Mexico. The future demand is expected to grow due
to urbanization, investments in infrastructure, and the use of electric
vehicles.

The concentration of the Chinese copper import market is different
from that of the global market due to its spatial characteristics. Further,
Zhang et al. (2017) argued that Chinese smelters have become more
dependent on copper concentrate imports and that this import market
can be described as a spatial market due to the transportation and tariff
constraints present (see Table 3).

3. Cournot-Nash equilibrium models in China’s copper market

Cournot (1838) established the foundation of the oligopoly the-
ory by modeling the competition between two producers (duopoly).
Later, Nash (1951) extended the competition model and provided
a generalized form with n players. As mentioned above, many re-
search studies have been carried out on the equilibrium models of
oligopolistic markets. Hashimoto (1985) and Harker (1986) argued that
variational inequality is suitable for analyzing a spatial market with
a homogeneous product. Dafermos and Nagurney (1987) showed that
game-theory-based oligopolistic game models are applicable in con-
strained spatial markets, which are more concentrated than standard
“free” markets. We argue that the natural commodity market (in this
case, that of copper concentrate) is oligopolistic due to bulk trade, the
need for substantial investment, and the dominant Chinese market.

3.1. The classical model and variational inequality formulation

With oligopolistic market equilibrium, we assumed that there are
n firms producing a common homogeneous commodity, and the price
n

p; of firm i depends on the total quantity ¢ = Y x;. Let h;(x;) denote

the cost of the firm i with respect to the produclt=i}m level x;. Then, the
profit of the firm i is given by

n
[ilxp, x5, .00,%,) = xip,-(z x,-) —-hi(xp), i=1,...,n

i=1

Let X; C R, i = 1,...,n be the strategy set of the firm i, which

is assumed to be convex. Each firm would aim to maximize its own
profit by simultaneously choosing a production level and point. x* =


https://www.icsg.org
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Table 2
Market share of world mines and concentrators, 2015.
Source: https://comtrade.un.org/data.
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Country Ownership Production (copper, thous. tn) Market share (%) Rank
Escondida Chile BHP (57.50) 715.2 4.6 1
Grasberg Indonesia Freeport, 539.1 3.5 2
Indonesian Gov
Collahuasi Chile Glencore(44) 493.7 3.2 3
Anglo-American
El Teniente Chile Codelco(100) 464.0 3.0 4
Antamina Peru Glencore(33.75) 438.6 2.8 5
BHP(33.75)
Cerro verde Peru Freeport(53.56) 424.7 2.7 6
KGHM Poland KGHM(100) 417.3 2.7 7
Polska Miedz
Norilsk Russia PJSC(100) 344.7 2.2 8
Los Pelambres Chile Antofagastra(60) 344.0 2.2 9
Oyu Tolgoi Mongolia THR(66) 180.9 1.2 25
Erdenet Mongolia GoM(51) 141.8 0.9 35
Union Section South Africa Anglo-American(85) 0.1 0.0 211
Rest 11,095.9 71.0
TOTAL 15,600.0 100
(x1,x5,....x7) € X = X; X X, X - X X, can be said to achieve Nash Table 3
equilibrium if Share in value in China’s e imports.
Source: www.trademap.org.
JiOE X e X XE e XD S fi( XS XD, Yy € X Vi (D) Exporters 2007 2011 2017
) ) ) . Chile 33.8 24.4 27.5
Moreover, we assumed that each h; is continuously differentiable on Peru 22.4 16.1 29.9
X;, and concave with respect to x;. Then, for each player, we would Australia 7.9 10.7 5
have a convex optimization problem, and the optimality condition for Canada 26 53 2
. USA 5.4 4 2.6
the solution becomes Mongolia 106 67 6.9
- (infi(x*),x,- -x/)20, Vx; € X, 2)
where V_g(z) is a gradient vector of g with respect to variable z and Table 4
n is the dot duct Model parameters and variables.
X, 0= Y x; i, x=(xX1,%X9,...,%,). Y=>1, Vo, ..., is the dot produc -
. 9) Z iJi (X1, - ¥ =012 Ya) p M, Set of copper mines kth country

of two r:-ﬁimensional vectors.

By introducing F(x) := (—VX] fi1(x), ..., —Vxnfn(x)), the problem (1)
can be reduced to the variational inequality problem, which consists of
finding x* such that

(F(x*),x —x*) >0, Vx € X. 3)
3.2. A generalized Nash equilibrium model in the copper market

We assumed that Chile, Peru, Australia, and Mongolia all export
copper concentrate to the Chinese market and considered the Cournot—
Nash competition with four players competing in the Chinese copper
market. As per Lorenczik et al. (2017)’s idea, we introduced the fol-
lowing model for the copper market: Each player makes simultaneously
decisions based on their respective capacities, costs, other players’
outputs, and market demand, price, and investment. All the players are
price takers and try to reach a profit-maximizing goal function. Thus,
the kth player has the following problem: (k = 1,...,4) (see Tables 4
and 5).

[ M|
P = CI () = e v
oms) 2 bow P = G ) = ]
Xy =A{pi> Yii) © P = (a — b 0),
Xpi = Vi < CGP(,L,
(Z) yii S Vs
| M|

N
0= ¥k X=X, X
k=1 i=1

ayxy + ayxy + azxz + ayxy < Total,

Xpio Vi 20, i =1, [ M|}

Total variable costs,
(production and transportation)
S Vi Investment expenditures

capﬂ, The initial production capacity

nax i i ;
i The maximum capacity expansion

Cor(x) = (T + U)Xy

o, i=1,2,3,4 Share of the player i in the Chinese copper market
Total Total Chinese import (Total< 1)
Table 5
Selected copper mines.
N Mine Country Company Production
(equity, %) (thous. tn)
1 Escondida CHL BHP Billiton (57.5) 973.2
2 Grasberg IDN Freeport-McMoRan (90.64) 523.6
3 Collahuasi CHL Anglo American (44.00) 509.0
4 El Teniente CHL Codelco (100.00) 448.0
5 Cerro Verde PER Freeport-McMoRan (53.56) 403.1
6 Antamina PER BHP Billiton (33.75) 399.0
7 Las Bambas PER MMG (62.50) 394.7
8 Los Pelambres CHL Antofagasta (60.00) 345.9
9 Olympic Dam AUS BHP Billiton (100.00) 183.3
10 Erdenet MNG Government of Mongolia (51) 140.7
11 Oyu Tolgoi MNG Turquoise Hill Resources (66) 135.6
12 Prominent Hill AUS OZ Minerals (100.00) 105.3

4. Numerical experiments

4.1. Variational inequality formulation

As mentioned in Section 3.1, the Nash equilibrium model can be
reduced to the variational inequality problem (3), and gradient vectors
for each player can be calculated as follows.


https://comtrade.un.org/data
http://www.trademap.org
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Table 6
Input parameters.
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Table 8
Results with five countries, 2018 (thousands of tons)

Country Mines Export Investment Mines Export Investment Profit ($, thousand) Actual export
CHL Escondida Xi Yir X1 683.4 97.3 7,252.07 973.2
Collahuasi Xi5 Yi2 X2 536.6 50.9 7,252.07 509
EI Teniente Vi3 Y13 X3 504.7 44.8 7,252.07 448
Los Pelambres X4 Yia X4 369.7 34.6 7,252.07 345.9
PER Property X Va1 Xy 489.6 40.3 4,283.25 403.1
Antamina X2 V2 X 425.1 39.9 4,283.25 399
Las Bambas Xp3 3 X3 464.1 39.5 4,283.25 394.7
AUS Prominent Hill X3 V31 X3 195.7 0 726.317 183.3
Olympic Dam X3 V3 X3 115.6 10.5 726.317 105.3
MNG Erdenet Xa1 Yar x4 141.1 0 444.626 140.7
Oyu Tolgoi X4 Vi X4 142.9 444.626 135.6
IDN Grasberg X1 Y51 Xs1 500 0 1,957.22 523.6
Table 7

Results with four countries, 2018 (thousands of tons)

Mines Export Investment Profit ($, thousand) Actual export
X1 1070.5 97.3 7,251.02 978.8
X1a 559.9 50.9 7,251.02 515.9
X13 492.8 44.8 7,251.02 454.1
X4 380.5 34.6 7,251.02 350.8
Xa1 443.4 40.3 4,282.56 405.4
Xy 438.9 39.9 4,282.56 404.7
Xp3 434.2 39.5 4,282.56 396.6
X3, 183.3 0 726.161 184.9
X3y 115.8 10.5 726.161 113.7
X4 140.7 0 444.484 149.7
X 135.6 0 444.484 136.7

Four Chilean exporters:

4 4
ay — b0 —1; — vy + Y x;(=by)
Vf] - k k Li 1i igl Li k R
—Cui i=1
Three Peruvian exporters:
3 3
ay — b O — 7p; — Uy; + X, x9;(—by)
sz - k k 2i 2i i§l 2i k R
—C2i i=1
Two Australian exporters:
5 2
a4 = b0 — 3 — vy + X x3,(=by)
Vf3 — k k 3i 3i ,’Z:] 3i k s
—C3i i=1
Two Mongolian exporters:
5 2
ay — b O — 745 — vg; + X, x45(=by)
Vf4 - k k 4i 4i i§l 4i k

Cai i=1

Therefore, the input parameters can be summarized as follows:

(Xq5.exg) 1 = (xl,-,yl,-), i=1,..,

s

(Xgs a5 X1g) & = (X5 ¥25)s i =1,..0,

4
3
(xp5, -5 X18) 0 = (x3;,¥3), i=1,...,2,
(X195 --Xp0) o = (Xgi,¥4i), i =1,...,2.
Moreover, using the notations

X =X, XX, X X3 X Xy, F(x)= (Vi)

we obtain the problem (3).

4.2. Numerical results

The modeled results are similar to the actual data. The significant
differences between some mines can be explained by short-term non-
economic disturbances, such as the strikes in Chile and community
protests in Peru (see Tables 7 and 8).

4.3. Simulation results

The Chinese copper (concentrate) import volume fluctuates between
3 and 5 million tons per year (2016-2018). The total import volume
can sharply decrease for many reasons (supporting domestic miners,
environmental issues, etc.). In addition, the total import volume can
drastically increase, causing reserves to build up, especially if the prices
are down and supply distortions are expected in the future. How can
Mongolian exporters respond to these changes? (See Fig. 1) Similar
simulations can be constructed to predict reactions to other factors such
as increases in competitors’ capacity.

Using this model, we can also predict the impact of certain policy
shocks. For example, there was high fluctuation in the import volume
to China in 2016-2018 (3-5 million tons) due to Chinese policy and
market changes to protect the domestic mines and build up stocks
(strategic reserves). To capture this development, we used the numer-
ical parameter of Total. The response result of this parameter shows
that Mongolian miners should theoretically be able to export copper
if the Chinese import volume exceeds 1.75 tons. If imports are below
that level, Mongolian miners may not be able to conduct any export
business to China; we assume that the high expenses that Mongolian
miners bear explains this result of the model. If the Chinese import
volume surpasses 2.25 million tons, Mongolian exporters can mobilize
to their full capacity.

Fig. 1 depicts a comparison of the modeled results and actual data
using line plots (a, b) as well as quantile plots (c, d) and indicates that
the model is relatively accurate.

With the simulation model being validated, several sensitive and
parametric analyses were carried out. In Fig. 2, the y-axis shows the
simulated export volumes of the Mongolian miners, and the x-axis
shows the numerical input of the Total parameter, indicating the Chi-
nese import volume. In extreme cases, if Chinese imports drop below
1.5 million tons, only Chilean miners would have a non-negative export
value, which can be interpreted to reflect that Chilean miners have
a higher capacity for survival than their Mongolian competitors (see
Fig. 3). We believe that cost advantages play a major role in the same.

Similar simulations can be carried out using other numerical pa-
rameters such as demand elasticity. Paulus et al. (2011) considered the
reaction to a demand side price by computing four-player model runs
for a [—4,0] bandwidth of elasticities. Peru and Chile’s demands are
stable under China’s viable demand, while Mongolia and Australia’s
productions are sensitive and shown in Fig. 4.
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Fig. 1. A comparison of the modeled results and actual data (in thousands of tons), where 2016 x 11 indicates the value of Escondida’s export in 2016 (cf. Table 6).
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Fig. 4 shows the production plan of the four players under viable the underground mine expansion of Oyutolgoi is completed, the market
elasticity. Mongolian miners are less responsive to price movements if
the elasticity is calibrated to “free market” levels, which means that
these miners would be less competitive if the Chinese import market
moves toward a freer model (see Fig. 5), but the current concentrated increase its profitability by committing to a long-term cost-optimization
market might provide more opportunities for Mongolian exporters. If strategy.

power of this miner could increase, and an updated analysis can be

carried out based on this model. The Erdenet mining operation can
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5. Conclusion analysis of the Chinese import market, we have suggested that the
Chinese market is spatial and highly concentrated, allowing for the
In this paper, we have presented the current situation of the global application of game-theory-based models. Based on Lorenczik et al.
copper market, which involves “free competition”. Based on a similar (2017), we created a simplified model with a single buyer but added
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Fig. 5. Capacity extension of Mongolian miners under viable demand elasticity: four-player model.

a new constraint, namely the Chinese copper concentrate import vol-
ume. Another difference was our suggestion of a variational inequality
approach for solving the model. We chose 12 copper mines from Chile,
Peru, Mongolia, Australia, and Indonesia as competing players in the
Chinese copper market. Altogether, these mines supplied 75 percent
of the Chinese market’s copper demand in 2016-2018. However, five
of them (Escondida, Antamina, Las Bambas, Los Pelambres, Prominent
Hill) are projected to shut down between 2027 and 2040, while the
Chinese demand will continue to increase. On the one hand, this could
provide a tremendous opportunity for Mongolian miners, but on the
other hand, Mongolia might become more dependent on China. The
Mongolian copper mining sector should invest in optimization and
efficiency as well as market research. This paper represents the first
ever attempt to use game theory to analyze the international copper
market. The model used in this paper can be further extended to a
dynamic game or new markets, especially the copper cathode market
if Mongolia builds a new copper smelter.
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MoHroa YicsH Mx Cypryyine, X3parn3sHuit Lnnxkmx Yxaan, MHxeHepunanuiin Cypryyinb

OpuMH YeuiH TOHOI TOXEeepeMKYYH OOJIOX Juaap, ja3ep CKaHHEpbII AlUMIVIaH ereraceH
OueTuiiH rafgapryyH LOI3H ererjyuiir OYpTraH aB4, ©HIep HapuilBuianTaii IUCKpET Traaapryy
Oaiiryynax 6omomkToii 0osicoH. MitHXyy Gaiiryyncan ux X3M>K33HAN LPI3H ereraayyauiH Iy yruaHbir
apuirax, H3r KOOPAMHATBIH CUCTEMI OYPTr3X, OHUrOi LIyramyyzblr Oairyynaax 33par Hb MPaKTHKT
eHep au xonboraonroii 6aiinar. CyynuiiH yen 3H3 4uridaidp Xuiiraaxk Oaiiraa MaTeMaTuK apryyabir
TaHWILYYJIHA.
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! Monron Yncen Ux Cypryyis

2 Mouron Yicein Bonoscponsin Ux Cypryyiib

In this talk, we consider an integro cubic spline problem to reconstruct an approximating
function by using the integral values on arbitrary successive subintervals. The general approximation
error is studied and the super-convergence property is also derived when the interval is equally
partitioned. Moreover, it works successfully when not-a-knot boundary conditions are given. Shape
preserving properties of the integro cubic spline are also studied. Numerical experiments show our
method is easy to implement and effective.

KBA3U-BAPUALIMIMH TOHLDTIJ1 BULLIMH XYBbJI IMHAMUK CUCTEMTDM
XOJIBOI'JIOX 3APUM AJITOPUTM
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Mowuron-I'epMaHbl XaMTapcaH allirT MAJITMall, TEXHOJIOTHIH UX CYpryyJib

OnTtumu3almitH 6OMJIOTHIH WHMANMIAT nuddepeHnan reoMeTp NexXeNTHiH TyclamKTairaap
0JIOX aJITOPUTMBIH Tajaap aHx 1980-aan OHbI CYYI33p CyAJIarax 3X3JC3H 0ereel CYYJIUiH KUy YadI
3H? YMIUIIIZP SPUUMTIN cynanraa sargax Oaitna. TyxaiinOan, ontumuzaumiin Gonsoro ([1]),
BapuauuiiH TOHIPTMA Ooum  ([5]), epenxuiiacoH TArmuTran ([6]) OoJOH KBa3u-BapHalLMiiH
TOHLPTMAUNH Oumniid ([2-4]) XyBb IIMHY alrOpuTMyyJ cyajaraax OojicoH. KBasu-BapualuiiH
TOHLPTMN OMII Hb MEXaHUKUHH 3arBapTail XonbooToHroop aHX  TOMbBEOJOIACOHOOC TraaHa
epeHxuitncon  HowmitH  ToHUBapuitH  Oomnororoit  ([7]) xombormmor. TyyHs3c TramgHa aypc
OO0JIOBCPYYJIANT, CYJDKIIHUM yperaiblH OOANOTBIT UM X3N03pUIiH 3arBapT WWIDKYYJkK OoiHO. Heree
Tajnaac, 3H3 OOJJOrbIH XYBbJ IUIUHAMNAT OJIOX aJrOpUTM OOJIOBCPYYJIax UMIJIJI Laallua 3pUUMTII
cyJairaa waapanarataid 0erees 3H3 UITMAIUMIAH XYPI3HI 3apUM alrOPUTMbIH Tanaap aBy y33x OOJHO.
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VY1 YYPXAUH KOMITAHUIMH SPIJITUMH XOPOHTI MMH BY TLIMMT OHOBYJIOX Hb

K.DuxGasp' (mokrop Sc.D), M.Dpmausbar! , D.0nonTysa’
enkhbayar.j@seas.num.edu.mn
" Monron Viicsin Ux Cypryyiis, Xaparmsauii Hnmskmx Yxaan, Uaskenepwinimitn Cypryyib

2 Monron Yucein Ux Cypryyis, Busnecuiin Cypryyiib

OpHCT 3HA SIHr KOMOAHU A3IXUHAH TOMOOXOHI TOOLIOCAOX YyNn yypxaiH 80 koMnaHuiiH
IPrIITUIRH XOPOHIe6 yIUPAAX Y ABLBIT IUHXKIIIXY] YYyJl YypXailH KOMIIaHWY 1l MOHTOH XOPOHTUIH
ypCrajsIr caiixpyysax, 3apAjbll Oyypyynax Xeulyypsr OOnrox 3aMaap 3prajTHiiH XepeHTuiir
alUIIanarryii r3csH NyTHANTA XYPUd3. DPraiTUiiH XOpOHTUiiH yp aluurtaii yaupaiara XaparKyyaasr
KOMITaHU Hb XOPOHTMIH X3MXK33T HAIMITIYYICOH X3UiI 4 CaHXYYTMHH 3apiibir OyypyyJsiax 3amaap
ALIUIT aKUJUTaraar H3M3rAyyJsX O0NOMKTON. DH3 Hb SPraiTUIH XOPeHTHidr anb 600X Xyy Oararaii
9X YYCBOPI3p CaHXYYXKYYIIX IIaapaaaraTai, yyayypxailH KOMIIaHAY IbIH XyBbJI SPIONTUIH XOPOHTUITH
30XMCTOI OYTAUTA1 Galix Hb Yp alIruiir HAIMIrAYY19X OONOMXKTOMUT Xapyysxk OaiiHa.

EXPRESSING MANIFOLD M USING CLASSICAL SPECIAL FUNCTIONS

JI.LI>B39HHAMIKIIT
tseveennamjil.d@muls.edu.mn

Xenee Ax Axyiin Nx Cypryynb

Painlev’ equations are nonlinear second-order ordinary differential equations defined
on the complex plane. It has six basic forms. Each of Painlevé equations has its own description
in terms of Hamiltonian systems. In sequel, those Hamiltonian systems can be expressed by
special functions as like Gaussian hypergeometric equation (GHGE), Kummer's cofluent
hypergeometric equation, Bessel equation, Hermite-Weber equation, and Airy equation. It is



Monron YicsH Mx Cypryyinb, X3parn3snuii Hunxkmx Yxaan, MHxeHepunanuiin Cypryyinb

OH> @KW LyYTUaHT LB3I3H ereraieec OHUroi UIyraMyyIblr sulraxjaa rajapryyH Bapuauuii
¢yHKumiir amurnacad. lllyyruant mdraH erermen a33p WYy TOTTBOPTOMIOOp OHLION LTYYAMIT
AraxblH TYJA LIF Tyc Oyp I33p 33/M9XYYHIIC XamaapcaH LIMH3 XOMXKIICUUr H3MXK opyyJicaH. MeH
9HIXYY aprbil WYY TOCTBOPTOM, Xs10ap OOJIOXBIr XapyyJlaxblH TyJ eMHe OalicaH Oycan apryyarai
XapblyyJICaH.

JUDOEPDHIIUAI TOTUTIDJIDDP BA SHI'MIMH PEKYPPOHT APTAAP BOJIOX
BOJIOIYY T
JI. OroyHupuar (nokrop Ph.D)
oyuntsetseg@gmit.edu.mn

Momnrou I'epmaHbl XxamMTapcaH aliirt Mantmai, TexHonoruitH Mx cypryyis

3apuM HAr Ooamorsir muddepeHran TAIMMUTIP 00I0X00C TalHa SHTHUWH PeKyppIHT
apraap 6010x 06a T3p X0J000HOC 3apUM UyXaJl TOMBEOT TOMBEOIOX OONIOMIKUIT Xapax oM.

STOCHASTIC DIVIDEND DISCOUNT MODEL BASED ON VAR PROCESS

I".barrynra
battulga.g@seas.num.edu.mn

Momnroun YinceiH Ux Cypryynb, Xaparmsuuit nnxmx Yxaan, Maxenepumsnuiin Cypryyis

This paper deals with some results of stochastic dividend discount model based on VAR
process. We get following main results: In this paper we derived closed form formula of mult-period
theoretical price of six type stocks and introduce impulse response analysis. When innovation process
has multivariate normal distribution we get closed form expression for distribution of future stock price.
We analytically derives a formula for the covariance between future random stock prices. We obtain
closed form formula and recurrent formula for linear minimum MSE predictor of all six type stocks.
Also we construct formula of maximum likelihood estimation and generalized least estimation for all
six type stocks. Finally, we developed connection between stochastic dividend discount model and
portfolio selection theory.

[TPOT'PAM XAHI'AMIK MBPI'IXKJIMIMH CYPTAJITBIH XOTOJIBOPUNUT CYJIKID 'PADLIH
APT'A X3PDAI'JI3H TOJIOBJIOX BOJIOMXUUT CYJAJICAH Hb
JI. Amapcanaa
amar@muls.edu.mn

Xenee Ax Axyitn Ux Cypryynnuiin Mnaxenep, Texnonoruitn Cypryynib

OpuuH ye[ OJOH LIMHKIIX YXaaHbl candap TAr3pUAH JOTPOOC HUMIMUIH LIMHKIX YXaaH,
OONOBCPONTBIH  CaJIOAPBIH CyHajiraa WIMHKWITHA Y MaTeMaTWKWitH apra TeXHWKYYHd epreH
X3p3rasra3x 6oscoH. CypranTbIH Yid axkusiaraanbl 3arsapuiaii rpadbiH OHOJIBIT X3PATiIyNK OHOBYJIOX
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Session F1: Optimization, Control and Simulation

Library Building, NUM

5th floor, room 502

Time

Speaker and title Chair

14:00-14:15

Ider Tseveendorj

Laborator of Mathematics in
Versailles, UVSQ, Université Paris
Saclay, France

Covering Balls Techniques for
Nonconvex Optimization

14:15-14:30

14:30-14:45

14:45-15:00

15:00-15:15

L. Altangerel

German-Mongolian Institute for
Resources and Technology, Mongolia
Variational Inequalities And Some
Applications of Nash Equilibrium
Problems

B. Saheya and Jein-Shan Chen

1 College of Mathematical Science,

Inner Mongolia Normal University, P.

R. China

Comparison of Eight Smoothing Ch.Altannar
Neural Networks For Absolute Value

Equation

Mend-Amar Majig, Bayartugs
Tamjav

National University of Mongolia,
Mongolia

University Timetabling With
Evolutionary Algorithm

R.Mijiddorj , T.Zhanlav
Mongolian National University of
Education, Mongolia

Numerical Solution of Burgers'
Equation by Local Integro Spline

15:15-15:30

Coffee Break

11



Odontuya Enkhbayar, Batnasan Namsrai (National University of
Mongolia)

17:00-18.00

WEALTH DISTRIBUTION AND INCOME INEQUALITY IN
MONGOLIA GINI COEFFICIENT CALCULATION
Ayush Battsengel (National University of Mongolia)

17:00-18.00

NUMERICAL SOLUTION OF THE HAMILTON-JACOBI-
BELLMAN EQUATION FOR STOCHASTIC OPTIMAL CONTROL
PROBLEM WITH HARA UTILITY FUNCTION AND
PROPORTIONAL TRANSACTION COSTS

Nyamsuren Dorj, Batsukh Tserendorj (Mongolian University of Science
and Technology, University of Finance and Economics, Mongolia)

17:00-18.00

FINANCIAL ANALYSIS FOR MINING COMPANIES IN
MONGOLIA
L. Naranchimeg and U. Ariunbold (National University of Mongolia)

17:00-18.00

MATHEMATICAL MODEL AND RESULTS OF COAL
GASIFICATION

T.Bayartugs , A.Tumenbayar and D.Dashpuntsag

(Mongolian University of Science and Technology)

17:00-18.00

MONGOLIA OPTIMIZATION PROBLEMS OF WORKING
CAPITAL STRUCTURE IN CASE MONGOLIAN MINING
COMPANIES

Enkhbayar Jamsranjav, Erdenebat Munkhdalai, (Mongolian National
University)

17:00-18.00

PROCESS OPTIMIZATION OF COPPER LEACHING
G. Dorjsundui (German-Mongolian Institute for Resources and
Technology)

17:00-18.00

STOCHASTIC (N + 1)-PERIOD DIVIDEND DISCOUNT MODEL
BASED ON COMPOUND NON HOMOGENEOUS POISSON
PROCESS

Battulga Gankhuu, Jacob Kleinow, Altangerel Lkhamsuren, ( National
University of Mongolia, Mongolia)

17:00-18.00

AN IMAGE SEGMENTATION ALGORITHM USING GLOBAL
AND LOCAL IMAGE FITTING ENERGY BASED ON
FRACTIONAL DERIVATIVE

Dultuya Terbish, Enkhbolor Adiya and Tserennadmid Tumurbaatar
(National University of Mongolia, Mongolia)

23 June, 2019

COUNTRYSIDE TRIP FOR FOREIGN PARTICIPANTS

Departure time Depart from

09:30

III corpus of NUM

18



MOHI'OJI YVJICBIH UX CYPI'YVJIb

dﬁh X3p3fﬂ33HVWI LLMH)KHBXU MOHrOA-rEPMAHBI XAMTAPCAH
yXaaH, NHxe Hep41311nNH I I ALNIT MANTMANA
TEXHONOIWIAH X CYPrYVAb

MOHITOA YACBIH

YETRAN CYPryyib

XOPIATJIDDHUU MATEMATHK 2019

XYPJIbIH XOTOJIEOP
UITIDJUNUH XYPAAHT'YHI

YJIAAHBAATAP
2019-11-23



3oxuoH GaiiryyJard OaiiryyJsiaara

MYMUC-nitn XINYUC-niin Xaprrmmdunii Matematukniin Tronxum

Monroua-I'epmanbl Xamtapcan Amurt Maarmanbsid Texnonoruiin Ux Cypryyas

3oxmnoH GaiiryyJjax Kkommuce
C.bar6unar (Ph.D), A.Oux6o0n0p (Ph.D ), 3.Muunamaa (Maructp), 2.MeHxupusr
(Ph.D), M. Xynan (Maructp), 3.Menxupuar (Maructp), b.['anbong (Maructp),

K.Onx6asp (Ph.D),

IPpa3M MHHKHITIHANR 30BJ16J1

P.Oux6at (Sc.D), A.Oux6asp (Ph.D), [{.basuxkapran (Ph.D), JI.XKambaxamu (Ph.D)



XVYPJIbIH XOTOJIEOP

Mounroa Yiceia Ux Cypryyiuiin TeB HOMBIH caHTHIiH

08.40-9.00 Gaiip 5 naBxapt

byprrn

Yuacon 502 TOOT XypJIbIH 6pP66
XypaJigaaH
Hoonartuiin yitn axunnaraa
09:00-09:10  MYMUC-nitn XIIYUC-nitn XMT-nitH spximry goktop C.baTémimar yr xamH».
Xyramaa HnTrary, naTrymiie c3a38 XypJsbIH gapra
P. Dux0ar
09:10-09.40  MYHC-uitn Busznecuiin cypeyynv
OHOBUJIOJI, OHOBUTOM yIUPJIArblH dIUIH 3aCTHHH XOpIrin"
E.R.Csetnek
09:40-10:10  University of Vienna,Faculty of Mathematics
Proximal splitting methods in image processing
IL.I'omGoayynss, Jl. Hanaraopax J1.Basimokapran
. . YyoCcMX
10:10-10:50
MOHTO0JT OpHBI Yyp aMbCTallbIH OOPHUIIONT, araap MaHaal-ra3ap
OYypXPBUMHH XapuilLaH yHIwWIDI
10:50-11:00 Xypana oposIor4abiH 3ypar aBax
11:00-11:20 Laiinbl 3aBcapJara
XOpariaHuil MATEMATHK, CTATHCTUKUIH caja0ap XxypaJjagaaH
CX-A Monroa Yacein Ux Cypryyauiin TeB HOMbIH caHruiid 6aiip 2 paBxaprt
502 Toot epee
Xyraunaa Narrsry, narraauiie 138 XypJasIH 1apra
B.Cap-On

11:20-11:35  LIVTHUC, XLIVC
MDbUIrHiiH HHXeHepwna 0a a3 MateMaTk

A. Bar-Dpmud!, P. Mukuaaopx?

IBHXAY, Xox xomvin Bazwiuiin ux cypeyyio

2MYBHC, M>032151 3ytiH MIHXUM

Tex cuctem JIPX MOHIOJI X3JIHUH OarublH 3apuM acyyaiij

11:35-11:50

L.Barcyx
11:50-12:05  CO3UC

. K.Dux6as
Mouroa Yincein bycumiuiin HraH 3aresap P

J.Xonropsy., 3.Yyranoasip

MYHCXIITVHC

byrapxaii apamOuiin auddepenunan tarmurrauin Jin
CUMMETp aHaJIU3

12:05-12:20

H.banxunnsam, A.I'omGocypan
12:20-12:35  IIVTHC, XILIVC
Spectral mapping theorem and its applications

12:40-14:00 Onpuita 30or NOVOTEL 1 naBxap

14:00-14:15  B.Bapc6oan, I'.JIpH39H
MYUC, XILIVHC
An Optimal Control Problem for Financial Management

T. Kannas, X. OTrongop:x
IMDT, MAS, SEAS, NUM and SAS, MUST

14:15-14:30 Optimization by parameters in the iterative methods for
solving nonlinear equations
14:30-14:45 I'.Maxraz, Il.Hapaurspsa C.bar6uimr

MYUC "XITYHC




XYPAAHT'YHU

OHOBYJIOJI, OHOBUTOM YJIUPJIATBIH DUINH
3ACTUIMH XD2PATJIDD

P.Onx6ar

MYHC-uiin Busnecutin cypeyyis
renkhbat46@yahoo.com

Wntrann  OHOBYIION, OHOBUTOH yAMPIUIATBIH acyyIUlyyl 3ax 333/UiH 31uiiH 3aCruiiH
TyAaramgax Oyl acyyanyyIbIl LIMAAB3PI3X3J ©pPreHeep X3paridrank OaitHa. OHOBUNOINBIH
OHOJIBbIH [J100a1 ONTUMU3ALUIH OPUMH YEUHH apryys d1uilH 3aCTHiiH OHOJbIH JICOHTHEBBIH OpLL,
rapublH 3arsap, BanpacblH >auiiH 3acruiiH T>HUB3pUiH oHOJ, KaHTOpOBHMYMilH IIyraman
IPOrpaMwIANIbIH OHOJI, [TOHTpAraHbl OHOBYTON yaUpAJIarbiH OHOJI, H3IuiiH TOrIOOMBIH OHOI,
ConoyruiiH ecentuiin 3areap, PamcaiiH TaTBapbIH OHOJI 33p3r aCyyUTYy bl TOWMIIOH aBY Y3HO.
TYYHYI5H OJIOH TOIJIOIYTOH TOIJIOOMBIH OHOJIBIT TJ100allb ONTUMU3ALM DYy LIMIIKYYJI3H,
Hpammmitn T3HIBIp 6010X OHOBUTOM HOXIUTMIT TOMBEOHO. Y HIIABIPINNIH GyHKIMITH TaBUTIax
maapAgareir cyapyynax 3amaap ConoyruitH ecenTuiiH 3arsap Hb TYAr3p OWII OHOBUJIOJNBIH
00JI0H mapaMmeTpT ONTUMU3AUMAH OOAJIOro pyy LWWDKYYJIIXMNAT XapyyiHa. Dusct Hb Ckyil,
MapkoBUUMiiH 3arBapyys I33p YHISCISH TaTBapblH OHOBYTOW yaupAsarbiH Oomiioro 6a Gary
COHTOJITBIH IMHAMUK OHOBYJIOJIBIH OOIUIOTYYABIT IHIMH33P TOMBEOJIHO.

PROXIMAL SPLITTING METHODS IN IMAGE
PROCESSING

Csetnek Erno Robert

University of Vienna, Faculty of Mathematics
ernoe.robert.csetnek@univie.ac.at

Several applications in image processing, data classification, clustering, etc. can be modeled as
structured non-smooth optimization problems. We start with a short introduction into first order
methods of proximal-splitting type. These are numerical methods where each object is evaluated
individually during the scheme, either by means of the prox-operator (for non-smooth functions)
or by the gradient for the smooth terms. We propose a unifying scheme, which covers and improve
the convergence analysis of several methods from the literature, like the ADMM, Proximal
ADMM and primal-dual algorithms. We test the theoretical results on an example in image
processing.
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Mini courses (hybrid online/on site)

https://Imv.math. fr/ci -2021/
ps://lmv.math.cnrs.fr/cimpa —

“ Multi-leader-follower games: recent theoretical advances
and applications to the management of energy”
Enkhbat Rentsen

“Optimization Applications in Economics and Finance”

Coordinators : Altangerel Lkhamsuren, GMIT
Laurent Dumas, Versailles University

Didier Lucor
“Introduction to optimization under uncertainty”

Sandra Ulrich NGueveu
“Reformulation and decomposition for integer programming”

- Delphine Sinoquet
é"&f C ‘ I\/I pA “Black-box simulation based optimization : algorithms and applications”

Ider Tseevendorj

'
E I I I I LMV “Global optimization with piecewise convex functions”

Laboratoire de mathématique:
GERMAN - MONGOLIAN INSTITUTE de Versailles - CNRS UMR 810
FOR RESOURCES AND TECHNOLOGY
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GERMAN - MONGOLIAN INSTITUTE
FOR RESOURCES AND TECHNOLOGY

CIMPA SCHOOL - ULAANBAATAR, MONGOLIA

DATA ASSIMILATION,
OPTIMIZATION AND APPLICATIONS

July 5-10, 2021

CIMPA School Final Report

Title of the school: Data Assimilation, Optimization, and Applications
Dates: July 5-10, 2021

Location: German-Mongolian Institute for Resources and Technology, Nalaikh



I. Summary

The CIMPA research school “Data Assimilation, Optimization, and Applications” took
place in hybrid form from July 5 to July 10, 2021, at German-Mongolian Institute for
Resources and Technology, Mongolia. Organizers of the research school are Prof.
Laurent Dumas, Versailles University, France, and Prof. L.Altangerel, German-
Mongolian Institute for Resources and Technology, Mongolia. The supervisor of the
school from the CIMPA is Prof. Lidia Fernandez. Originally it was planned to be
organized fully in the GMIT campus. Because of the COVID pandemic situation and
after several discussions with CIMPA representatives, the organizers decided to organize
the research school in hybrid form.

Optimization problems are encountered in many fields (engineering, finance, economics),
and they can lead to various mathematical formulations: convex or nonconvex type
function, black-box function, integer or continuous type, and with various

constraints. The objective of this CIMPA school is to present various topics in the field
of optimization and data assimilation to solve such applied problems.

Opening ceremony agenda

14:00 — 14:15 Greetings by
* Prof. B.Battsengel (Rector of GMIT)
* Prof. Lidia Fernandez (CIMPA)
* Mr. Philippe Merlin (Ambassador of France)

14:15 - 14:20 Musical performance (student band)
14:20 — 14:30 Brief introduction about the CIMPA research school and
speakers

II. Scientific content

Six courses took place during this school. They all deal with various aspects of
optimization and will often be linked with a particular application (finance,
energy, ...).

During the first two days of the conference, an introductory course on
optimization (basic theory in convex analysis, standard numerical tools like
gradient-based or gradient free methods, etc...) was given.

Each course is divided into three talks of one hour and a half.

List of courses:



ONLINE: “Multi-leader-follower games.: recent theoretical advances and
applications to the management of energy” (Didier Aussel, Perpignan
University)

ONSITE: “Optimization Applications in Economics and Finance” (Enkhbat
Rentsen, National University of Mongolia)

ONLINE: “Introduction to optimization under uncertainty” (Didier Lucor, LISN
Lab, Paris Saclay University)

ONLINE: “Reformulation and decomposition for integer programming” (Sandra
Ulrich Ngueveu, Toulouse University)

ONLINE: “Black-box simulation-based optimization: algorithms and applications”
(Delphine Sinoquet, IFPEN agency)

ONSITE: “Global optimization with piecewise convex functions” (Ider
Tseevendorj, Versailles University)

Online classes were organized using Zoom software:

Date 05-juil. 06-juil. 07-juil. 08-juil. 09-juil. 10-juil.
Local time Mon Tue Wed Thurs Fri Sat
Course 3 Course 5 Course 3 Course 3
Course 0 Course 0 Course 2 Course 6 Course 4 Course 5
Course 1 Course 2 Course 4 Course 4 Course 6 Course 6
17.15-18.45 Course 0 Course 1 Course 1 Course 2 Course 5

Introduction to optimization and data assimilation (Laurent Dumas)
Global optimization with piecewise convex functions (Ider Tseevendorj)

Reformulation and decomposition for interger programming (Sandra Ulrich Ngeveu)
Oplimization applications in economics and finance (Enkhbat Rentsen)

Black box simulation based optimization: algorithms and applications (Delphine Sinoquet)

Course 5 Multi leader follower games: recent theoretical advances and applications ti the management of energy (Didier Aussel)

Course 6 Introduction to oprimization under uncertainty (Didier Lucor)

I1I. Participants

The research school organizers created the Google Form for the registration, it was
integrated with links websites of the school:

https://Imv.math.cnrs.fr/cimpa-2021/

https://docs.google.com/forms/d/e/IFAIpQLSdDMAYiqLS EcdL9awqfWHIIPNwX52C
2RV6S3X6wtG2jTkOIA/viewform




https://www.gmit.edu.mn/v/88

We had registered participants from Mongolia, including NUM, MUST, Institute of
Mathematics and Digital Technology from MAS, GMIT, Khovd University, Shine
Mongol Institute, France, Italy, Spain, Senegal, Argentina, Morocco, and Pakistan.
Additionally, 8 young scientists from the Institute of Mathematics and Digital
Technology and GMIT attended classes at GMIT campus and followed all lectures during
the research school. Online lectures have been organized using Zoom software and live
streams to the Facebook page of GMIT to attract more followers during the research

school.

Names

Ne

Organizatio/University

E-mail

Status

1 E.Enkhtsolmon

2 | J.Davaajargal

Institute of

enkhtsolmon(@mac.ac.

mn

Mathematics and

iTiavaai argal@gmail.c

Digital Technology, | om
3 | G.Gantigmaa MAS gantigsces@gmail.co
m
4 | Sh.Iderbayar
5 | Ch.Ankhbayar NUM Ankhaa.2020@gmail.
com
6 | S.Baasansuren MUST bsnsm@must.edu.mn
7 | A.Bat-Erdene Institute of Bateredene.04021107

8 | M.Chagdarjav

Mathematics and

(@gmail.com

Digital Technology,
MAS

chagdarjavm@mas.ac.
mn

9 | B.Byambakhorol

GMIT, master
student

b.byambakhorol@gmi
t.edu.mn

Local participants

IV. Financial Report

Budget for CIMPA research school '""Data assimilation, optimization, and

applications"
Ne Classification Units Quantit Unit price Amount /¥/ Amount Resource
y /Euro/
Travel costs of Versaill
1 Prof. Ider 1 1000 Euro 1000 ersal s
: University
Tseveendorj




Accommodation
and meal costs for
local speakers and

participants (5
days* 4 people)

day

20

200000

4,000,000.00

1159

Transportation (50
km*2 times*5
days*7 cars)

liter

280

1450

406,000.00

118

Coffee break

100

10000

1,000,000.00

290

Consumables/
certificate
preparation,
presents

1,000,000.00

290

GMIT, Basic
Research Project
funded by
Mongolian
Foundation

Lunch and meal (6
days *20 people)

day

120

30000

3,600,000.00

1043

Equipment for
online teaching

4,257,000.00

1234

CIMPA

Total

14,263,000.00

5134

V. Pictures

Links of news broadcasted and published during after the research school:

Eagle TV:

https://www.facebook.com/gmit.edu/videos/505232373911339

On the website of the Ministry of Science and Education of Mongolia:

https://www.meds.gov.mn/post/70463

The English version of this news from MonTsaME:

https://www.montsame.mn/en/read/270088?tbclid=IwARObvyjz5RHuT8c4-

617vPbTj42XWdIQRWuNSbIZ2AIHSL-YDgdo2iDJsXU
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Figure 2: First lecture on Introduction to Optimization and Data Assimilation by Prof. Laurent Dumas
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Figure 7: Local speakers and participants in GMIT campus

Figure 8: Dliring the CIMPA school in the morning



Figure 10: Prof. Enkhbat Rentsen, National University of Mongolia
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Figure 8: Certificates to participants
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Appendix: registered participants using Google Form

Title | First Name Last Name Institution name

1 ABDOULAYE UNIVERSITE ABDOU MOUMOUNI DE
Dr. | ALI IBRAHIMA NIAMEY

2 | Mr | Alejandro Membrilla University of Granada

3 Mr | Ankhbayar Chuluunbaatar National University of Mongolia

4 Ms | Ankhchimeg Ganzorig GMIT

5 Ms | Anun Ganbat AND SYSTEMS TECH

6 | Dr. | Ariungerel Jargal MUST

7 | Dr. | Ariungerel Tsereljav Khovd university

g Institut de Mathématiques et de Sciences
Mr | ARNAULD TUYABA Physiques (IMSP) de Dangbo-Bénin

9 Mr | Azjargal Enkhbayar Mongolian National University of Education

10 | Ms | Bataa Dulguuntuya Dulguuntuya

11 | Dr. | batbileg Sukhee NUM

12 Mr batsaikhan enkhtuvshin MOHTr0J1 yICHIH MIMHXKJIAX yXaaHbl aKaJeMu

13 | Dr. | Bayanjargal Darkhijav National University of Mongolia

14 | Mr Burenarvijikh Damdinsuren Khovd university, department of math and

15 Institute of Mathematics and Digital
Ms | chadgarjav Munkhdalai Technology

16 | Mr | Dagvasuren Ganbold National University of Mongolia

17 | Ms | Damaris Kilango African Institute for Mathematical Sciences

18 | Mr | Davaajargal Jargalsaikhan Mongolian Academy of Science

19 | Ms | Davaasuren Bayarmagnai Dawka

20 | Ms | Davgadorj Sukhbaatar None




21 | Ms | Delgermaa Erkhemjargal MVYUC

22 | Dr. | Dultuya Terbish National University of Mongolia

23 | Dr. | Enkhbayar Jamsranjav National University of Mongolia

24 Ms Enkhtsolmon Erdeneoldokh institute of mathematics and digital technology

25 | Ms | Erdenepvrew Enhtsatsral There is no institution

26 | Ms | Erdenetuya Bayandalai Applied mathematics

27 | Mr esen dashnyam National university of Mongolia

23 Institute of Mathematics and Digital
Mr | Gankhulug Erdembileg Technology

29 | Ms | Gantigmaa Ganlkhagva Gantigmaa

30 | Mr | Iderbayar Shiilegbat Mongolian Academy of Sciences

31 | Ms | Khaliun Enkhtuvshin 14th school

32 | Prof | Lkhamsuren Altangerel GMIT

33 | Mr | Miguel Reyes National University of Salta- Argentina

34 | Dr. Mohammed Abdellaoui FSDMn USMBA Fez, Morocco

35 | Dr. | Muhammad Adil Khan University of Peshawaf

36 | Ms | Munkhsaikhan | Anuudari National university of Mongolia

37 Institut de Mathématiques et de Sciences
Mr | Norbert Djahou | TOGNON Physiques (IMSP)

38 | Ms | Otgonbileg Dolgormaa National University of Mongolia

39 | Ms | Shine' Tulgat EmpaTTC Akademy

40 | Ms | Shinetsetseg Otgonsuren Mongol aspirations school

41 | Mr | Tengis Odgerel National University of Mongolia

42 | Mr | Tserennorov Munkhtogtokh | New Mongol Institution of Technology

43 | Ms | Tseveensuren Tsagaankhishig | Tseveensuren
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