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Abstract. In this paper, we establish necessary and sufficient conditions for boundedness of m-linear
p-adic integral operators with general homogeneous kernel on p-adic Lebesgue spaces and p-adic Morrey
spaces, respectively. In each case, we obtain the corresponding operator norms. Also, we deal with some
particular examples and compare them with the previously known from the literature.

1. Introduction and Theorems

The goal of this article is to investigate the boundedness property of the m-linear integral operator T?,
acting on Lebesgue spaces and Morrey spaces over Q,. Here and below dx stands for the normalized Haar
measure on Q, satisfying that the measure of B,(0) is 1. We write dy = dy; - - - dy,,. See [6] for more about Q,,
for example. The symbol dz will have a similar meaning. We define the m-linear p-adic integral operator
Th.

Definition 1.1. Let m be a positive integer, f1, f2, ..., fm be nonnegative locally integrable functions on Q,, and

let K : R — [0, 00) be a function homogeneous of degree —m. The m-linear p-adic integral operator T}, with the
kernel K is defined by

Tfn(flr cen /fm)(x) = me K(|X|p, |y1|pr ceey |ym|p) Hfl(]/z)dy/ X € Q;;
i=1

P

Lett € Rand 1 < g < oco. Then the weighted Lebesgue space L1(Q,, |x|§,) is the set of all measurable
functions f for which

1
q
1 llzo@, gy = (f If(x)lqlxli,dx] < 0.
Qy

Our conclusion in this paper calculates the operator norm of T?,.
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m m
Theorem 1.2. Let o; € R, 1 < g; < o0,i=1,2,...,m. Defineqand a by 1/q = Y, 1/g; and o = Y, ;. Assume
i=1 i=1

1 < g < oo. Then T}, extends to a bounded linear operator from LT (Q,, |x|;”ql/q)><- -~ L1(Q,, |x|;‘”"7"’/‘7) to L1(Qy, x1%)
if and only if

Co = f K 1ylos - Ayuy) - | [ 1, ™ dy < oo. (1)
Qy i=1
Moreover,
1T, = Cu- (2)

L1(@Qp Il )X Lm (Q befs ™ 1) L1(Q |2
A couple of clarifying remarks may be in order.

Remark 1.3.

1. It should be noticed here that if m = 1, = 1 — 1 and K is a symmetric function, Theorem 1.2 recaptures a
result in [5].
2. Theorem 1.2 can be located as a passage of the results in [2].

Next, we give a sharp estimate of m-linear p-adic integral operator T}, on the product of weighted p-adic
Morrey spaces. Given a measurable set E C Q,, we write |E|g = f dx. Let By (a) = B(a,p”) fora € Q, and
E

y€Z. LetpeR,1<g < and A € (-1/g,0). We define the weighted p-adic Morrey space L9(Q,, |x|£) to
be the set of all measurable functions f for which

= sup |Iflls,@urp <

Wfllorgu ity = S
L9 (lexl}’) y€Z,aeQ,

where

1

1 !

||f||B,,(ﬂ>;q,A,ﬁ=[— f ) |x|5dx} :
y(@)

1+A
1B, (@) Jb

Theorem1.4. Let o, e R, 1 < g < gi <00, 1/g=Y1/q), = YBi, A= X Ai, =1/q: < A; < 0 and
i=1 i=1 i=1

fi € LAy, i), i=1,...,m. If

L= [
Q

then Th, is bounded from L7"1(Q,, leﬁlql/ T x oo x LinAn(Q,, |x|£’”q”’/ ) to L1(Q,, leﬁ) with the operator norm less
than or equal to L,,. Moreover, if Mgy = -+ = Ayqy and a > 0, then

mn a ;+Ai — ===
K(l/ |y1|pr ey |ym|p) . H |yi|p(% ) L dy < 00, (3)
i=1

11
P

Il = L. (4)

LN (@ fp ™)L (Q ) L1 (@ )
It might be interesting to compare Theorem 1.4 with the results in [1]. In fact, in the setting of Morrey
spaces, we learn that the maximizer exists.

For the proof of Theorem 1.2 and 1.4, we employ the following two facts. First of all, [xyl|, = |x[,|yl, for
allx,y e Qp. Next, we have

{xlp < p"He = p7,
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v y y— 1 ,
{lxl, = p" Y = lxly < p" i = ity < p7Hu = (1 - E)P’,

if y € Z. A direct consequence is that we have the p-adic change of variables

fQ S =p f@ St

forany f € Ll(Qp).
As is seen from these facts, the measure of Q, satisfies the doubling condition: |B,,1(a)| = p|B,(a)| for

y € Z. Thus, the weighted Morrey space L¥(Q,, leﬁ) can be considered as the weighted case of Morrey
spaces considered in the paper [3].

2. Proof of Theorem 1.2

We will start with considering an example of Lq'(Qp, |xlzq// ")-functions. For0 < ¢ <1,a € Rand Q > 0,
we set
, 0, lyl, <1,
fy =1 -s-s-9
yl, ;o lylp = 1.

We calculate the L7 (Qy, IXIZ“J’/ ")-norm of fe.
Lemma 2.1. We have

, 1-pt
el P

T (lexl;:q’/q) T 1= p—eQ ’

Proof. We calculate
e — -1-Qe d
“f ”Lq/(Qp/lxlgq’/ﬁ) fl‘ |y|P Y

L e
i=0 ¥ lylp=p'

=Y Pyl = plin

Since p > 1, the series above converges and we obtain the desired result. [

We prove Theorem 1.2. First we prove the sufficiency of the theorem. Let f; € L7(Q,, |x|ziq’/'ql-) for each i.

Suppose that (1) holds. Write the left-hand side out fully and use the triangle inequality to have

q i

m
f K(xly, 1l - lymly) - [ | fiwdy |x|;;dx]
Qy i=1

P

ITh(fi - s Sl ey = (f

(1

1

m q :
[f@, K(lep,lyllp,...,lymlp)l_[|fl~(yi)|dy] -|x|;}dx] '

P i=1
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By the p-adic change of variables and the fact that |xz|, = |x|,|z|, for all x,z € Q,, we obtain

m q 7
I (fi- ., fm)||Lq(Qp,|x|g)S[ f ( f K(1,|zl|p,...,|zm|p)]_[|f<xzi>|dz} |x|;:dx) .
Q \ vy i=1

Using Minkowski’s inequality, we have

1

m q
||Tfn(f1,---,fm)||Lﬂ(Qp,|x|;;)Sf [f Hlf(xzi)l~|xl;§dx] <K@, |z1lp, - - -, [Zmlp)dz.
Q\VQ i

P

m
Now, we invoke the assumption « = ), @; and we obtain
i=1

m i
||Tfn(f1,---,fm)||Lq(Q,,,|x|;;)Sf K(1/|Zl|pr-~-rlzm|p)'(f H(Iﬂ(xzi)lq-|x|;f")de dz.
o Q

P i=1

Using Holder’s inequality, we have

9 o
m ? q;
||Tfn(f1,---,fm)||Lq(Q,,,|x|g) Sf K(, |Zl|pr-~-/|zm|p)'[ (f Iﬁ(xzi)l‘?-lxI;“J dx] dz
Qy -1 Q,

1
m
= Cm . H |Iﬂ||Lqi(Qp,|X|;;ifli/fl)*
i=1

Thus, we obtain

Il < Cn. (5)

L@y ey XL (Q e ) S LA(Qy ) =

Assume instead that Tf,, is bounded on L1(Q,, |x|f;). ForO<e<landi=1,2,...,m we take

0, |yi|p <1,

fiy) =4 = i-ues
A 7 R AR §

Then f; € L%(Q,, |x|§"q‘/ 7). We estimate

q q
a
|x|p dx]

from below. Write D(a) = {(]/hyz, e Ym) t Yily = ﬁ, i=12,... ,m} for a € Q,. Then we have

“TZl(flé/ cee /f;Z)”L‘Y(Q,,,lxl;;) = [f j‘; K(|x|p/ |]/1|p/ ceey |]/m|p) H f:(yz)dy
i=1

P P

m q %
T CF ) Foollia z[ f| | [ f L Kl ) ] | J‘i*'(yi)dy] |x|;;dx]
x,>1 |\ Jpa ol

m L.V i
= K@, Iyl - ymlp) - | [lcwl,™ 7 "dy | - |xi0dx| .
[Llpzl[L(X) Yilp ]/pH]/p y p

i=1
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Now take ¢ = p~%, k € IN. We abbreviate

1@ ¢

Cu(e) = f o K(L, Iy, - - ,|ym|p>1_[|y,|ﬁ’”dy.
D

We have

1

q

||Tfn(ffr---,frf,)||m(@,,,|x|g) > (f Cm(é‘)q|x|;1_£dx]
|x|p2|5‘p

%
::cm@)Lf\ IxEL*dx]
|x‘p2‘5|p
P
= Cple) (f |Z|;1_Sdz] . |£|p 7
Iz, >1

Thanks to Lemma 2.1, we have

1
—1

) el = m<e>H||f lufe %;,)-ISI;;.

Let k = oco. Then by Fatou’s Lemma, we have

1-
T (ff s falliay ) = Cm(é')(l

Il > Con.

LI(@Qp Il Ty xLm (Q ey ™) — L@, I3
Then by (5) and (6), we get

Tl =Cn.

L (@ ey ™)X L (Q ™ ™ 1) S LA(Qy Jalg)

Theorem 1.2 is proved.

3. Proof of Theorem 1.4

Unlike the weighted Lebesgue spaces L74(Q,, leﬁq,/ 7) contains a power function.

B

, 5+an-} -t . ,
Lemma 3.1. Let f(x) = |x|; T ", x€Q,fora>0,peRand-1/q <A <0. Then f € LT(Q,, |x|£q /q).

Proof. Consider the following two cases.

(i) If |al, > p” and x € B, (a), then |x|, = max{|x — aly, |al,} > p”. Since —% < A <0, wehave

1 f T o 1 a+aldq 1
) fO Wy dx = ——as lxl,
|B'y( )|a(1+/\q | ) P |By(a)|oli1(1+)\q) B,(@)

1 f ay+ayAq’ —
< — prrTM T dx = 1.
1B, @y " i@

(ii) If al, < p” and x € B, (a), then |x|, < maxf{lx — aly, lal,} < p”, so x € B,,. In this case B, (a) = B,, thus

1 q _ a+alq’ 1
B f [f @) W dx = a(mm f I,
Y H

_ 1 -
T 1- p—a(l+/\q')'

805
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From the above estimates, we get that f € LTNQ,, leﬁq//q). O

We prove Theorem 1.4.
Suppose that (3) holds. By the p-adic change of variables, we have

Thfireees @) = [ KO bl o) | | ey,
oy i1

Since K is homogeneous of degree —m, we obtain

Thireees ) = [ Kl i) | | Ay
o i=1

P

Let y € Z and denote yB, (a) = B(ya, |yl,p”). By Minkowski’s inequality, we have

1 ;
[— Ly(”) T (i, )@ |XI£dx]

1+A
IB, (@)l

“

Holder’s inequality yields

m q 7
1 p
K 1l ) | —— f fcyn)| ]| dy.
p P |By(11)|H(1+Aq) B,@ 1:1[ P

i
P

1

1 f P q
_ T (fr, -y f) @I - Ixlodx
{ B, (a)lg(lmq) 5 m m P

“

By the p-adic change of variables and the definition of weighted Morrey norms, we have

K 1Yilyr - by | TIACYB, 0,y
i=1

1
P

1

1 f 8 1
———— | Th(fi - )P - I dx]
[lBym)h;“”’ B, (o) g

1_

e
= f K1yl - lymdy) [ 1, 1filly, @100y
o i=1

1_bi

m m
o f+1,)-2-4
< | K@yl Ayl [T 10 dy - [Tl g oy
Qy i=1 i=1
m
= L | [ il g oy
i=1

Thus T/, is bounded from LA (Q, [x[5'"7) x - x LinAn(Qy, [xi"™/7) to LY(Q,, Ix[}) and

Il < L. (7)

L1 (@ XL (@ ey ) L Q)
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For the converse when A1q; = - -+ = A4, and a > 0, we employ functions f; as in Lemma 3.1. We calculate
{; f ITofi - f?n>(x>|q-|x|‘*dx]q
B, (a)lg(lwlq) B "o b
1 - T %
- (W fB . f@ Kl ) [ oy - |x|,,dx]
by using the assumption A1g1 = -+ = Ay = Agand a > O:

1 f R R p 7
— i T (1, - fun) @I - [xlydx
[lBy(a)lH(l”q’ B,@) b

:f K(l |y1|p |ym|p) . ﬁwila(;f#h) %7%dy ;f |x|a+a/\q—1dx !
R i=1 ’ B, (a) ffI(HA") B
1-p7t );
)

=Lm'(1_p—a<wq
m

. 1

. 1 ~a(1+1j4) \ 7

=Ly - H ”ﬁ“Lﬁiﬂ\i(Qp,|3€|§iqi/q) ’ m H (1 7 )
i=

=1

1

m
=Ly~ H “ﬁ”Lqi,/\i(lexlﬁiqi/q)'
i=1

Therefore,

Lm < ”T51|| < 00. (8)

L1 (@ et ) cLam o (Q )" ) — L9 (@ )

Combining (7) and (8), we complete the proof of Theorem 1.4.

4. Examples

In this section, we discuss our main results with regard to some particular choices of kernels. Actually
many classical integral operators are special cases of the integral operator T}, if one chooses a suitable
function K. We write

|(y1/ Y2,--+, ym)lp = maX(|y1 |p/ |]/2|p/ ceey |ym|p)

For example,
(i) m-linear p-adic Hardy operator

1
m A1) fu(ym)dy, x€ Q;;,
|x[

(Y1 Y2,y lp<Ixly

RE(fi o) fun) () =

(ii) m-linear nontensorial extension of p-adic Hardy-Littlewood-Pélya operator

Qo(fi s fu)¥) = f AWD - fu(ym)

& (maxtlxly, il .. )

dy, x¢€ Q;,,
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: _ 1 .
if K(Ixlp, lyilp, - - s [Ymlp) = [max(xly vl ) ™7

(iii) m-linear tensorial extension of p-adic Hardy-Littlewood-P6lya operator

p _ fiy1) -+ fu(ym)dy "
Qv 100 | G ey By <<%

: - 1 .
if K(|xlp, [y1lp, - - -, [Ymlp) = T max v
(iv) m-linear tensorial p-adic Hilbert operator

fityr) -+ fu(ym)dy
Qy Hiril(lxhz + |y1|p) ’

P firs fu)(6) = €Q,

lf K(|x|p/ |]/1 |p/ cecy |]/m|p) = H

1 .
21 (el +yily)”
(v) m-linear nontensorial p-adic Hilbert operator

o - d
PP (fi, s fin)(X) :f fiy1) - fu(ym)dy

Q (|x|p + |y1|p +-t |ym|p)m’

xeQ,

: - 1
if Ka(1xlp, ko, - - 1Y) = ey

The proofs of part (ii) of next corollaries are quite similar to the ones of part (i). So, we will only give
the proof of part (i) of next corollaries.

Corollary 4.1. (i) Maintain the assumptions of the Theorem 1.2. Then RY, is bounded from L7(Q,, |x|g”“ My x
L (Qp, |x|;"”q"’/‘7) to L‘7(Qp, leg) ifand only if a; < q(1 — (1/q:)),i=1,2,...,m. In addition,

IRZ| a-pr
@ L (Q ey ™)X Lm (Qp Il ™ 1) LA(Qy Jalg) 17, (1 — pA/a+@i/a-1y°

(ii) Maintain the assumptions of the Theorem 1.4. If —az(% + A,-) + ot % < 1, then RL is bounded from
LBA(Qy, ¥l 7) -+ x LInAn(Q, [x[™/7) to LYNQ,, |xf}). Moreover, if Ay = -+ = Ay and a > 0, then
p (1 B P_l)m
||R®” M BI /Ty se so amAm B /9y, 7 g0 e
LIA1(QpJxf, )X+ XL (Qp)lxly )= LI (Qy Jxl,) Hizl(l_pél)
= (LA )+ L4 B =
where 6; = a(qi+/\1)+qi+q ,i=1,...,m.

Proof. Due to Theorem 1.2, Rg is bounded on L7(Q,, |x|;;‘) if and only if

m
(1 /g0~ (ax/
Cro = Lw XUl <t) (Ylps - - [Yimlp) - Hlyklp( WD gy
k=1

4
m
—1/g,—
= f H |yk|p 14k (Otk/‘i)dy < 0.
‘(ylwwym)lpgl k=1
The convergence and exact value of this integral has been studied by Wu et al. in [7] and we have that the

integral converges when a; < g(1 — (1/g;)). Furthermore,

Co = (1 _ p—l)m
Re = .
° T TR, (1 - p(/an+ila-T)
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We remark that Corollary 4.1 can be located as a passage to the p-adic setting of the results in [4]. It is also
interesting to compare Corllary 4.1 with the results [9], where Wu, Mi and Fu worked in central Morrey
spaces. See [7, 8] for more about the p-adic Hardy operator.

Corollary 4.2. (i) Maintain the assumptions of the Theorem 1.2, Q" o 18 bounded from LT (Q,, lef,”q1 / N x-oox
L7(Q,, |x|a’”q"’/q) to LNQp, Ix[y) if and only if a; < q(1 — (1/q;)) and -1 < a. In addition,

I B A-p)"1-q™
-l (Qp,‘xlglql/q)x‘,.qum (Qp,lxl;:mi]m/ﬂ)—)Lq(Qp,L’C‘;}Y) - (1 _ p—(l/q)—(oz/q)) H:‘il(l _ p(l/qi)+(ai/q)—1) .

. o ) ) Bi B
(i) Maintain the assumptions of the Theorem 1.4, if —« (ql + )\1-) +L14 7 <landa (% + )\) - % — ¢ <0, then e

is bounded from L1(Qy, Il ™) x - x LM (Q,, [x[5"™7) to LYNQ,, |x[5). Moreover, if Agy = -+- = Ay and
a >0, then

1l / _ A=p " -q)
~@La1 AT (Q ) -ooxLam A (Q [ /1) L1 Qx5 A -p) 1A -po)

whereéz—a(%+/\)+%+§and6,~:—a(%+)\)+ +&— ,i=1,...,m.

Proof. By Theorem 1.2, Q’:  is bounded on L1(Q,, |x|;';) if and only if

H’?ll |yi|—(1/m)—(ai/q)
co-= [ o ey <
Qy Y1, Y2, Ym p

The convergence and exact value of this integral has been studied by Wu et al. in [7] and we have that the
integral converges when a; < g(1 — (1/g;)),i=1,2,...,m and —1 < a. Furthermore,

o A-p)"1-qg™
O T (1 = p- @@ [, (1 — pUar+a/p-1y’

|
See [7, 8] for more about the p-adic Hardy-Littlewood—Polya operator.

Corollary 4.3. (i) Maintain the assumptions of the Theorem 1.2, Qb is bounded from LT1(Q,, |x|;“q1/ N xox
L1(Qp, | a"‘q’”/q) to L9(Qy, |x|“) ifand only if 0 < (1/q;) + (ai/q) < 1. In addition,

1
P
”Q@”Lﬂl (Qp,|x|;:l‘11/’7)><~--><L17m (Qp \lemqm/q)*U(Qp |x| ) ( ) H (1 _ p_(l/qi)_(ai/q)) (1 — p(l/qi)+(ai/q)—1) .

(if) Maintain the assumptions of the Theorem 1.4, if 0 < —a(% + /\i) + % +

LA (Qy, 1! 7) -+ - x LinAn(Qy, [x[i™17) to LYNQ,, |xfy). Moreover, if A1qy

< 1, then QY is bounded from
= Apgm and a > 0, then

I ==

2m m
| |QZ§ | | A Prailay.,, ... am,Am Pmam/q g By — H —
L1141 (@ e L (Q 1) L0 (@ ) a—po- 1)(1 oy

i=

whereéi:—a(%+/\i)+%+%—1, i=1,...,m
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Proof. By Theorem 1.2, Qf, is bounded on L1(Q,, |x[7) if and only if

m lyil~ (1/q1)—(ai/q)
f | | ~————dy < oo.
-~ max(1, |yilp)

Let Sy ={y : lyl, = pk}. Arithmetics shows
(1/qi)—(ai/q)

f ﬁlylp dy H f il “’M)dy,
" max(1, |yily) w1 | Jo, max(l, lyily) 1

1

1 i i 1 -(1 i)—\&i
f |]/l| 1/g:)—(ai/9)— dy +f |]/i|p( /9i)—(a /q)dyi]
lyilp21 lyilp<1

1/g; i/q)—1 1/q; i
Zflylp( =@l g, +Zf|y|p</q> (a/q)dy]

===g

k>1 k<0
= - a=~(ai/9) 4 (1 - 2 Zpk k(1/40)+(a/9))
i=1 ( P k> 1 P k<0
1 m m L
—[(1-2 (~(1/g)~(axi/ ) K(1/q)+(axi/g)=1)
-3 TT[geereme T
i=1 \k>1 k>0
1 m m L
_[(1-2 (~(1/g)~(axi/ ) K(1/g)+(@i/q)-1)
-3 TT[gereme x
i=1 \k>1 k>0

1 2m  m 1
=|1-= H
p (1 p- (1/gi)- (al/q)) (1 p(l/q)+(az/q) 1)

i=

where the series converge due to 0 < (1/g;) + (ai/q) <1,i=1,2,...,m. O

Corollary 4.4. (i) Maintain the assumptions of the Theorem 1.2, P is bounded from L1 (Q,, |x|§1'h/ )y x - x
L7(Q,, lea’"q”’/q) to LI(Qy, Ix[) if and only if 0 < (1/)) + (ai/q) <1,i=1,2,...,m. In addition,

1\" (1 > (prWa@lp-Dk 4 p(@/0)+a/ak
P = N . _
IPg ”Lmo T Ty Lam (Q ey Ty L (Qy ) (1 P) H [2 * Z( 1+ pk '

i=1 k=1

(if) Maintain the assumptions of the Theorem 1.4, if 0 < —a(% + /\i) + % + % < 1, then P is bounded from

LM(Q,, |x|51‘11/'1) X - x LA (Q,, |x|£"“7’”/q) to LYM(Q,, |x|§). Moreover, if A1q;

1 m < (oK 4 P ©+1k
||Pp || A Pra1/q Bmam/q By = 1 - H + Z ’
®NLNAL(Qp e, ™) X LamAm (Qy |1, )= LI (Qy,lxl,) 2 — 1+ P

whereé,-z—a(%+/\i)+%+%—1, i=1,...,m

- = ApGm and a > 0, then

Proof. By Theorem 1.2, Pg is bounded on L1(Q,, |x|;’,‘) if and only if

(1/q0)—(ailq)

" 1yl
Cp, = f Ml gy <o
g H L+ yily
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Since series Y, p~(/a)+@/Dk and Y p(1/a)+@i/D-Dk converge when 0 < (1/g,) + (ai/q) < 1,i=1,2,...,m, we
k=1 k=0
have

—(1/qi)—(ai/q)

o1 1yl
Cp®=f -  q
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Corollary 4.5. (i) Maintain the assumptions of the Theorem 1.2, P! is bounded from L7(Q,, lezlql/ Nyx - x
L7(Q,, |x|g"“7’”/'7) to L(Qy, IxIy) if and only if a; < q(1 - (1/g;)) and =1 < a. In addition,
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(ii) Maintain the assumptions of the Theorem 1.4, if —« (% + /\i) + % + % <land a (% + /\) - % - § <0, then

P’ is bounded from L1 (Q,, leﬁlql/q) X -+ X LI (Q,, leﬁ”’q”’/q) to L7"M(Q,, lef,). Moreover, if \1q1 = -+ = Al
and o > 0, then
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whereéz—a(%+/\)+%+§and6i= ( +/\)+ +‘i— ,i=1,...,m.

Proof. By Theorem 1.2, P/, is bounded on LY(Q,, |x[7) if and only if
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Clearly,
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Thus, Cp_, is convergent if and only if
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Then, by Corollary 4.2, we have that the operator P’i® isbounded on L7(Q,, |x|f,‘ )ifand onlyif a; < g(1—-(1/g:))
and -1 < a. Hence,
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