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Abstract. In this paper, we establish necessary and sufficient conditions for boundedness of m-linear
p-adic integral operators with general homogeneous kernel on p-adic Lebesgue spaces and p-adic Morrey
spaces, respectively. In each case, we obtain the corresponding operator norms. Also, we deal with some
particular examples and compare them with the previously known from the literature.

1. Introduction and Theorems

The goal of this article is to investigate the boundedness property of the m-linear integral operator Tp
m

acting on Lebesgue spaces and Morrey spaces over Qp. Here and below dx stands for the normalized Haar
measure onQp satisfying that the measure of Bo(0) is 1. We write dy = dy1 · · · dym. See [6] for more aboutQp,
for example. The symbol dz will have a similar meaning. We define the m-linear p-adic integral operator
Tp

m.

Definition 1.1. Let m be a positive integer, f1, f2, . . . , fm be nonnegative locally integrable functions on Qp, and
let K : Rm+1

+ → [0,∞) be a function homogeneous of degree −m. The m-linear p-adic integral operator Tp
m with the

kernel K is defined by

Tp
m( f1, . . . , fm)(x) =

∫
Qm

p

K(|x|p, |y1|p, . . . , |ym|p)
m∏

i=1

fi(yi)dy, x ∈ Q∗p.

Let t ∈ R and 1 < q < ∞. Then the weighted Lebesgue space Lq(Qp, |x|tp) is the set of all measurable
functions f for which

‖ f ‖Lq(Qp,|x|tp) =

∫
Qp

| f (x)|q|x|tpdx


1
q

< ∞.

Our conclusion in this paper calculates the operator norm of Tp
m.
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Theorem 1.2. Let αi ∈ R, 1 < qi < ∞, i = 1, 2, . . . ,m. Define q and α by 1/q =
m∑

i=1
1/qi and α =

m∑
i=1
αi. Assume

1 ≤ q < ∞. Then Tp
m extends to a bounded linear operator from Lq1 (Qp, |x|

α1q1/q
p )×· · ·×Lqm (Qp, |x|

αmqm/q
p ) to Lq(Qp, |x|αp )

if and only if

Cm =

∫
Qm

p

K(1, |y1|p, . . . , |ym|p) ·
m∏

i=1

|yi|
−

1
qi
−
αi
q

p dy < ∞. (1)

Moreover,

‖Tp
m‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp ) = Cm. (2)

A couple of clarifying remarks may be in order.

Remark 1.3.

1. It should be noticed here that if m = 1, α =
q
r − 1 and K is a symmetric function, Theorem 1.2 recaptures a

result in [5].
2. Theorem 1.2 can be located as a passage of the results in [2].

Next, we give a sharp estimate of m-linear p-adic integral operator Tp
m on the product of weighted p-adic

Morrey spaces. Given a measurable set E ⊂ Qp, we write |E|H =
∫
E

dx. Let Bγ(a) = B(a, pγ) for a ∈ Qp and

γ ∈ Z. Let β ∈ R, 1 ≤ q < ∞ and λ ∈ (−1/q, 0). We define the weighted p-adic Morrey space Lq,λ(Qp, |x|
β
p) to

be the set of all measurable functions f for which

‖ f ‖Lq,λ(Qp,|x|
β
p) = sup

γ∈Z,a∈Qp

‖ f ‖Bγ(a);q,λ,β < ∞,

where

‖ f ‖Bγ(a);q,λ,β =

 1

|Bγ(a)|β(1+λq)
H

∫
Bγ(a)

∣∣∣ f (x)
∣∣∣q |x|βpdx


1
q

.

Theorem 1.4. Let α, β ∈ R, 1 < q < qi < ∞, 1/q =
m∑

i=1
(1/qi), β =

m∑
i=1
βi, λ =

m∑
i=1
λi, −1/qi < λi < 0 and

fi ∈ Lqi,λi (Qp, |x|
βiqi/q
p ), i = 1, . . . ,m. If

Lm =

∫
Qm

p

K(1, |y1|p, . . . , |ym|p) ·
m∏

i=1

|yi|
α
(

1
qi

+λi

)
−

1
qi
−
βi
q

p dy < ∞, (3)

then Tp
m is bounded from Lq1,λ1 (Qp, |x|

β1q1/q
p ) × · · · × Lqm,λm (Qp, |x|

βmqm/q
p ) to Lq,λ(Qp, |x|

β
p) with the operator norm less

than or equal to Lm. Moreover, if λ1q1 = · · · = λmqm and α > 0, then

‖Tp
m‖Lq1 ,λ1 (Qp,|x|

β1q1/q
p )×···×Lqm ,λm (Qp,|x|

βmqm/q
p )→Lq,λ(Qp,|x|

β
p) = Lm. (4)

It might be interesting to compare Theorem 1.4 with the results in [1]. In fact, in the setting of Morrey
spaces, we learn that the maximizer exists.

For the proof of Theorem 1.2 and 1.4, we employ the following two facts. First of all, |xy|p = |x|p|y|p for
all x, y ∈ Qp. Next, we have

|{|x|p ≤ pγ}|H = pγ,
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|{|x|p = pγ}|H = |{|x|p ≤ pγ}|H − |{|x|p ≤ pγ−1
}|H =

(
1 −

1
p

)
pγ,

if γ ∈ Z. A direct consequence is that we have the p-adic change of variables∫
Qp

f (px)dx = p
∫
Qp

f (x)dx

for any f ∈ L1(Qp).
As is seen from these facts, the measure of Qp satisfies the doubling condition: |Bγ+1(a)| = p|Bγ(a)| for

γ ∈ Z. Thus, the weighted Morrey space Lq,λ(Qp, |x|
β
p) can be considered as the weighted case of Morrey

spaces considered in the paper [3].

2. Proof of Theorem 1.2

We will start with considering an example of Lq′ (Qp, |x|
αq′/q
p )-functions. For 0 < ε < 1, α ∈ R and Q > 0,

we set

f ε(y) =

 0, |y|p < 1,

|y|
−

1
q′ −

α
q −

Qε
q′

p , |y|p ≥ 1.

We calculate the Lq′ (Qp, |x|
αq′/q
p )-norm of f ε.

Lemma 2.1. We have

‖ f ε‖q
′

Lq′ (Qp,|x|
αq′/q
p )

=
1 − p−1

1 − p−εQ .

Proof. We calculate

‖ f ε‖q
′

Lq′ (Qp,|x|
αq′/q
p )

=

∫
|y|p≥1
|y|−1−Qε

p dy

=

∞∑
i=0

∫
|y|p=pi

|y|−1−Qε
p dy

=

∞∑
i=0

p−i(1+Qε)
|{|y|p = pi

}|H

=

∞∑
i=0

p−iQε
(
1 −

1
p

)
.

Since p > 1, the series above converges and we obtain the desired result.

We prove Theorem 1.2. First we prove the sufficiency of the theorem. Let fi ∈ Lqi (Qp, |x|
αiq′i
p qi) for each i.

Suppose that (1) holds. Write the left-hand side out fully and use the triangle inequality to have

‖Tp
m( f1, . . . , fm)‖Lq(Qp,|x|αp ) =

∫
Qp

∣∣∣∣∣∣∣
∫
Qm

p

K(|x|p, |y1|p, . . . , |ym|p) ·
m∏

i=1

fi(yi)dy

∣∣∣∣∣∣∣
q

|x|αp dx


1
q

≤

∫
Qp

∫
Qm

p

K(|x|p, |y1|p, . . . , |ym|p)
m∏

i=1

| fi(yi)|dy


q

· |x|αp dx


1
q

.



Ts. Batbold et al. / Filomat 36:3 (2022), 801–812 804

By the p-adic change of variables and the fact that |xz|p = |x|p|z|p for all x, z ∈ Qp, we obtain

‖Tp
m( f1, . . . , fm)‖Lq(Qp,|x|αp ) ≤

∫
Qp

∫
Qm

p

K(1, |z1|p, . . . , |zm|p)
m∏

i=1

| f (xzi)|dz


q

|x|αp dx


1
q

.

Using Minkowski’s inequality, we have

‖Tp
m( f1, . . . , fm)‖Lq(Qp,|x|αp ) ≤

∫
Qm

p

∫
Qp

m∏
i=1

| f (xzi)| · |x|αp dx


1
q

· K(1, |z1|p, . . . , |zm|p)dz.

Now, we invoke the assumption α =
m∑

i=1
αi and we obtain

‖Tp
m( f1, . . . , fm)‖Lq(Qp,|x|αp ) ≤

∫
Qm

p

K(1, |z1|p, . . . , |zm|p) ·

∫
Qp

m∏
i=1

(| fi(xzi)|q · |x|αi
p )dx


1
q

dz.

Using Hölder’s inequality, we have

‖Tp
m( f1, . . . , fm)‖Lq(Qp,|x|αp ) ≤

∫
Qm

p

K(1, |z1|p, . . . , |zm|p) ·

 m∏
i=1

∫
Qp

| fi(xzi)|q · |x|αi
p


qi
q

dx


1
qi

dz

= Cm ·

m∏
i=1

‖ fi‖Lqi (Qp,|x|
αiqi/q
p ).

Thus, we obtain

‖Tp
m‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp ) ≤ Cm. (5)

Assume instead that Tp
m is bounded on Lq(Qp, |x|αp ). For 0 < ε < 1 and i = 1, 2, . . . ,m, we take

f εi (yi) =

 0, |yi|p < 1,

|yi|
−

1
qi
−
αi
q −

ε
qi

p , |yi|p ≥ 1.

Then fi ∈ Lqi (Qp, |x|
αiqi/q
p ). We estimate

‖Tp
m( f ε1 , . . . , f εm)‖Lq(Qp,|x|αp ) =

∫
Qp

∣∣∣∣∣∣∣
∫
Qm

p

K(|x|p, |y1|p, . . . , |ym|p)
m∏

i=1

f εi (yi)dy

∣∣∣∣∣∣∣
q

|x|αp dx


1
q

from below. Write D(a) =
{
(y1, y2, . . . , ym) : |yi|p ≥

1
|a|p
, i = 1, 2, . . . ,m

}
for a ∈ Qp. Then we have

‖Tp
m( f ε1 , . . . , f εm)‖Lq(Qp,|x|αp ) ≥

∫
|x|p≥1

∫
D(1)

K(|x|p, |y1|p, . . . , |ym|p)
m∏

i=1

f εi (yi)dy


q

|x|αp dx


1
q

=

∫
|x|p≥1

∫
D(x)

K(1, |y1|p, . . . , |ym|p) ·
m∏

i=1

|xyi|
−

1
qi
−
αi
q −

ε
qi

p dy


q

· |x|αp dx


1
q

.
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Now take ε = p−k, k ∈N. We abbreviate

Cm(ε) =

∫
D(1)

K(1, |y1|p, . . . , |ym|p)
m∏

i=1

|yi|
−

1
qi
−
αi
q −

ε
qi

p dy.

We have

‖Tp
m( f ε1 , . . . , f εm)‖Lq(Qp,|x|αp ) ≥

∫
|x|p≥|ε|p

Cm(ε)q
|x|−1−ε

p dx


1
q

= Cm(ε)

∫
|x|p≥|ε|p

|x|−1−ε
p dx


1
q

= Cm(ε)

∫
|z|p≥1
|z|−1−ε

p dz


1
q

· |ε|
−
ε
q

p .

Thanks to Lemma 2.1, we have

‖Tp
m( f ε1 , . . . , f εm)‖Lq(Qp,|x|αp ) ≥ Cm(ε)

(
1 − p−1

1 − p−ε

) 1
q

· |ε|
−
ε
q

p = Cm(ε)
m∏

i=1

‖ f εi ‖
Lqi

(
Qp,|x|

αiqi
q

p

) · |ε|− εqp .

Let k→∞. Then by Fatou’s Lemma, we have

‖Tp
m‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp ) ≥ Cm. (6)

Then by (5) and (6), we get

‖Tp
m‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp ) = Cm.

Theorem 1.2 is proved.

3. Proof of Theorem 1.4

Unlike the weighted Lebesgue spaces Lq′,λ(Qp, |x|
βq′/q
p ) contains a power function.

Lemma 3.1. Let f̂ (x) = |x|
α
q′ +αλ−

1
q′ −

β
q

p , x ∈ Qp for α > 0, β ∈ R and −1/q′ < λ < 0. Then f̂ ∈ Lq′,λ(Qp, |x|
βq′/q
p ).

Proof. Consider the following two cases.

(i) If |a|p > pγ and x ∈ Bγ(a), then |x|p = max{|x − a|p, |a|p} > pγ. Since − 1
q′ < λ < 0, we have

1

|Bγ(a)|α(1+λq′)
H

∫
Bγ(a)

∣∣∣ f̂ (x)
∣∣∣q′ |x| βq′

q
p dx =

1

|Bγ(a)|α(1+λq′)
H

∫
Bγ(a)
|x|α+αλq′−1

p dx

<
1

|Bγ(a)|α(1+λq′)
H

∫
Bγ(a)

pαγ+αγλq′−γdx = 1.

(ii) If |a|p ≤ pγ and x ∈ Bγ(a), then |x|p ≤ max{|x − a|p, |a|p} ≤ pγ, so x ∈ Bγ. In this case Bγ(a) = Bγ, thus

1

|Bγ(a)|α(1+λq′)
H

∫
Bγ(a)

∣∣∣ f̂ (x)
∣∣∣q′ |x| βq′

q
p dx =

1

|Bγ|
α(1+λq′)
H

∫
Bγ
|x|α+αλq′−1

p dx

=
1 − p−1

1 − p−α(1+λq′)
.
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From the above estimates, we get that f̂ ∈ Lq′,λ(Qp, |x|
βq′/q
p ).

We prove Theorem 1.4.
Suppose that (3) holds. By the p-adic change of variables, we have

Tp
m( f1, . . . , fm)(x) = |x|mp

∫
Qm

p

K(|x|p, |xy1|p, . . . , |xym|p)
m∏

i=1

fi(xyi)dy.

Since K is homogeneous of degree −m, we obtain

Tp
m( f1, . . . , fm)(x) =

∫
Qm

p

K(1, |y1|p, . . . , |ym|p)
m∏

i=1

fi(xyi)dy.

Let γ ∈ Z and denote yBγ(a) = B(ya, |y|ppγ). By Minkowski’s inequality, we have

 1

|Bγ(a)|α(1+λq)
H

∫
Bγ(a)
|Tp

m( f1, . . . , fm)(x)|q · |x|βpdx


1
q

≤

∫
Qm

p

K(1, |y1|p, . . . , |ym|p)

 1

|Bγ(a)|α(1+λq)
H

∫
Bγ(a)

∣∣∣∣∣∣∣
m∏

i=1

fi(xyi)

∣∣∣∣∣∣∣
q

|x|βpdx


1
q

dy.

Hölder’s inequality yields

 1

|Bγ(a)|α(1+λq)
H

∫
Bγ(a)
|Tp

m( f1, . . . , fm)(x)|q · |x|βpdx


1
q

≤

∫
Qm

p

K(1, |y1|p, . . . , |ym|p)
m∏

i=1

‖ fi(·yi)‖Bγ(a);qi,λi,βi dy.

By the p-adic change of variables and the definition of weighted Morrey norms, we have

 1

|Bγ(a)|α(1+λq)
H

∫
Bγ(a)
|Tp

m( f1, . . . , fm)(x)|q · |x|βpdx


1
q

=

∫
Qm

p

K(1, |y1|p, . . . , |ym|p)
m∏

i=1

|yi|
α
(

1
qi

+λi

)
−

1
qi
−
βi
q

p ‖ fi‖yiBγ(a);qi,λi,βi dy

≤

∫
Qm

p

K(1, |y1|p, . . . , |ym|p)
m∏

i=1

|yi|
α
(

1
qi

+λi

)
−

1
qi
−
βi
q

p dy ·
m∏

i=1

‖ fi‖Lqi ,λi (Qp,|x|
βiqi/q
p )

= Lm

m∏
i=1

‖ fi‖Lqi ,λi (Qp,|x|
βiqi/q
p ).

Thus Tp
m is bounded from Lq1,λ1 (Qp, |x|

β1q1/q
p ) × · · · × Lqm,λm (Qp, |x|

βmqm/q
p ) to Lq,λ(Qp, |x|

β
p) and

‖Tp
m‖Lq1 ,λ1 (Qp,|x|

β1q1/q
p )×···×Lqm ,λm (Qp,|x|

βmqm/q
p )→Lq,λ(Qp,|x|

β
p) ≤ Lm. (7)
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For the converse when λ1q1 = · · · = λmqm and α > 0, we employ functions f̂i as in Lemma 3.1. We calculate 1

|Bγ(a)|α(1+λq)
H

∫
Bγ(a)
|Tp

m( f̂1, . . . , f̂m)(x)|q · |x|βpdx


1
q

=

 1

|Bγ(a)|α(1+λq)
H

∫
Bγ(a)

∣∣∣∣∣∣∣
∫
Qm

p

K(1, |y1|p, . . . , |ym|p)
m∏

i=1

fi(xyi)dy

∣∣∣∣∣∣∣
q

· |x|βpdx


1
q

by using the assumption λ1q1 = · · · = λmqm = λq and α > 0: 1

|Bγ(a)|α(1+λq)
H

∫
Bγ(a)
|Tp

m( f̂1, . . . , f̂m)(x)|q · |x|βpdx


1
q

=

∫
Qm

p

K(1, |y1|p, . . . , |ym|p) ·
m∏

i=1

|yi|
α
(

1
qi

+λi

)
−

1
qi
−
βi
q

p dy

 1

|Bγ(a)|α(1+λq)
H

∫
Bγ(a)
|x|α+αλq−1

p dx


1
q

= Lm ·

(
1 − p−1

1 − p−α(1+λq)

) 1
q

= Lm ·

m∏
i=1

‖ f̂i‖Lqi ,λi (Qp,|x|
βiqi/q
p ) ·

1
(1 − p−α(1+λq) )1/q

m∏
j=1

(
1 − p

−α(1+λ jq j )
) 1

qj

= Lm ·

m∏
i=1

‖ f̂i‖Lqi ,λi (Qp,|x|
βiqi/q
p ).

Therefore,

Lm ≤ ‖T
p
m‖Lq1 ,λ1 (Qp,|x|

β1q1/q
p )×···×Lqm ,λm (Qp,|x|

βmqm/q
p )→Lq,λ(Qp,|x|

β
p) < ∞. (8)

Combining (7) and (8), we complete the proof of Theorem 1.4.

4. Examples

In this section, we discuss our main results with regard to some particular choices of kernels. Actually
many classical integral operators are special cases of the integral operator Tp

m if one chooses a suitable
function K. We write

|(y1, y2, . . . , ym)|p = max(|y1|p, |y2|p, . . . , |ym|p).

For example,
(i) m-linear p-adic Hardy operator

Rp
⊗

( f1, . . . , fm)(x) =
1
|x|mp

∫
|(y1,y2,...,ym)|p≤|x|p

f1(y1) · · · fm(ym)dy, x ∈ Q∗p,

if K(|x|p, |y1|p, . . . , |ym|p) = |x|−m
p · χ{|(y1,...,ym)|p<|x|p}(|y1|p, . . . , |ym|p);

(ii) m-linear nontensorial extension of p-adic Hardy-Littlewood-Pólya operator

Qp
¬⊗

( f1, . . . , fm)(x) =

∫
Qm

p

f1(y1) · · · fm(ym)(
max{|x|p, |y1|p, . . . , |ym|p}

)m dy, x ∈ Q∗p,
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if K(|x|p, |y1|p, . . . , |ym|p) = 1
[max(|x|p,|y1 |p,...,|ym |p)]m ;

(iii) m-linear tensorial extension of p-adic Hardy-Littlewood-Pólya operator

Qp
⊗

( f1, . . . , fm)(x) =

∫
Qm

p

f1(y1) · · · fm(ym)dy
(max{|x|p, |y1|p}) · · · (max{|x|p, |ym|p})

, x ∈ Q∗p,

if K(|x|p, |y1|p, . . . , |ym|p) = 1∏m
i=1 max(|x|p,|yi |p) ;

(iv) m-linear tensorial p-adic Hilbert operator

Pp
⊗

( f1, . . . , fm)(x) =

∫
Qm

p

f1(y1) · · · fm(ym)dy∏m
i=1(|x|p + |yi|p)

, x ∈ Q∗p,

if K(|x|p, |y1|p, . . . , |ym|p) = 1∏m
i=1(|x|p+|yi |p) ;

(v) m-linear nontensorial p-adic Hilbert operator

Pp
¬⊗

( f1, . . . , fm)(x) =

∫
Qm

p

f1(y1) · · · fm(ym)dy
(|x|p + |y1|p + · · · + |ym|p)m , x ∈ Q∗p,

if K1(|x|p, |y1|p, . . . , |ym|p) = 1
(|x|p+|y1 |p+···+|ym |p)m .

The proofs of part (ii) of next corollaries are quite similar to the ones of part (i). So, we will only give
the proof of part (i) of next corollaries.

Corollary 4.1. (i) Maintain the assumptions of the Theorem 1.2. Then Rp
⊗

is bounded from Lq1 (Qp, |x|
α1q1/q
p ) × · · · ×

Lqm (Qp, |x|
αmqm/q
p ) to Lq(Qp, |x|αp ) if and only if αi < q(1 − (1/qi)), i = 1, 2, . . . ,m. In addition,

‖Rp
⊗
‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp ) =

(1 − p−1)m∏m
i=1(1 − p(1/qi)+(αi/q)−1)

.

(ii) Maintain the assumptions of the Theorem 1.4. If −α
(

1
qi

+ λi

)
+ 1

qi
+

βi

q < 1, then Rp
⊗

is bounded from

Lq1,λ1 (Qp, |x|
β1q1/q
p ) × · · · × Lqm,λm (Qp, |x|

βmqm/q
p ) to Lq,λ(Qp, |x|

β
p). Moreover, if λ1q1 = · · · = λmqm and α > 0, then

‖Rp
⊗
‖Lq1 ,λ1 (Qp,|x|

β1q1/q
p )×···×Lqm ,λm (Qp,|x|

βmqm/q
p )→Lq,λ(Qp,|x|

β
p) =

(1 − p−1)m∏m
i=1(1 − pδi )

,

where δi = −α
(

1
qi

+ λi

)
+ 1

qi
+

βi

q − 1, i = 1, . . . ,m.

Proof. Due to Theorem 1.2, Rp
⊗

is bounded on Lq(Qp, |x|αp ) if and only if

CR⊗ =

∫
Qm

p

χ{|(y1,...,ym)|p<1}(|y1|p, . . . , |ym|p) ·
m∏

k=1

|yk|
−(1/qk)−(αk/q)
p dy

=

∫
|(y1,...,ym)|p≤1

m∏
k=1

|yk|
−1/qk−(αk/q)
p dy < ∞.

The convergence and exact value of this integral has been studied by Wu et al. in [7] and we have that the
integral converges when αi < q(1 − (1/qi)). Furthermore,

CR⊗ =
(1 − p−1)m∏m

i=1(1 − p(1/qi)+(αi/q)−1)
.



Ts. Batbold et al. / Filomat 36:3 (2022), 801–812 809

We remark that Corollary 4.1 can be located as a passage to the p-adic setting of the results in [4]. It is also
interesting to compare Corllary 4.1 with the results [9], where Wu, Mi and Fu worked in central Morrey
spaces. See [7, 8] for more about the p-adic Hardy operator.

Corollary 4.2. (i) Maintain the assumptions of the Theorem 1.2, Qp
¬⊗

is bounded from Lq1 (Qp, |x|
α1q1/q
p ) × · · · ×

Lqm (Qp, |x|
αmqm/q
p ) to Lq(Qp, |x|αp ) if and only if αi < q(1 − (1/qi)) and −1 < α. In addition,

‖Qp
¬⊗
‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp ) =

(1 − p−1)m(1 − q−m)
(1 − p−(1/q)−(α/q))

∏m
i=1(1 − p(1/qi)+(αi/q)−1)

.

(ii) Maintain the assumptions of the Theorem 1.4, if −α
(

1
qi

+ λi

)
+ 1

qi
+

βi

q < 1 and α
(

1
q + λ

)
−

1
q −

β
q < 0, then Qp

¬⊗

is bounded from Lq1,λ1 (Qp, |x|
β1q1/q
p ) × · · · × Lqm,λm (Qp, |x|

βmqm/q
p ) to Lq,λ(Qp, |x|

β
p). Moreover, if λ1q1 = · · · = λmqm and

α > 0, then

‖Qp
¬⊗
‖Lq1 ,λ1 (Qp,|x|

β1q1/q
p )×···×Lqm ,λm (Qp,|x|

βmqm/q
p )→Lq,λ(Qp,|x|

β
p) =

(1 − p−1)m(1 − q−m)
(1 − p−δ)

∏m
i=1(1 − pδi )

,

where δ = −α
(

1
q + λ

)
+ 1

q +
β
q and δi = −α

(
1
qi

+ λi

)
+ 1

qi
+

βi

q − 1, i = 1, . . . ,m.

Proof. By Theorem 1.2, Qp
¬⊗

is bounded on Lq(Qp, |x|αp ) if and only if

CQ¬⊗ =

∫
Qm

p

∏m
i=1 |yi|

−(1/qi)−(αi/q)

|(1, y1, y2, . . . , ym)|mp
dy < ∞.

The convergence and exact value of this integral has been studied by Wu et al. in [7] and we have that the
integral converges when αi < q(1 − (1/qi)), i = 1, 2, . . . ,m and −1 < α. Furthermore,

CQ¬⊗ =
(1 − p−1)m(1 − q−m)

(1 − p−(1/q)−(α/q))
∏m

i=1(1 − p(1/qi)+(αi/q)−1)
.

See [7, 8] for more about the p-adic Hardy–Littlewood–Polya operator.

Corollary 4.3. (i) Maintain the assumptions of the Theorem 1.2, Qp
⊗

is bounded from Lq1 (Qp, |x|
α1q1/q
p ) × · · · ×

Lqm (Qp, |x|
αmqm/q
p ) to Lq(Qp, |x|αp ) if and only if 0 < (1/qi) + (αi/q) < 1. In addition,

‖Qp
⊗
‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp ) =

(
1 −

1
p

)2m

·

m∏
i=1

1(
1 − p−(1/qi)−(αi/q)) (1 − p(1/qi)+(αi/q)−1) .

(ii) Maintain the assumptions of the Theorem 1.4, if 0 < −α
(

1
qi

+ λi

)
+ 1

qi
+

βi

q < 1, then Qp
⊗

is bounded from

Lq1,λ1 (Qp, |x|
β1q1/q
p ) × · · · × Lqm,λm (Qp, |x|

βmqm/q
p ) to Lq,λ(Qp, |x|

β
p). Moreover, if λ1q1 = · · · = λmqm and α > 0, then

‖Qp
⊗
‖Lq1 ,λ1 (Qp,|x|

β1q1/q
p )×···×Lqm ,λm (Qp,|x|

βmqm/q
p )→Lq,λ(Qp,|x|

β
p) =

(
1 −

1
p

)2m

·

m∏
i=1

1(
1 − p−δi−1) (1 − pδi

) ,
where δi = −α

(
1
qi

+ λi

)
+ 1

qi
+

βi

q − 1, i = 1, . . . ,m.
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Proof. By Theorem 1.2, Qp
⊗

is bounded on Lq(Qp, |x|αp ) if and only if

CQ⊗ =

∫
Qn

p

m∏
i=1

|yi|
−(1/qi)−(αi/q)

max(1, |yi|p)
dy < ∞.

Let Sk = {y : |y|p = pk
}. Arithmetics shows

CQ⊗ =

∫
Qm

p

m∏
i=1

|yi|
−(1/qi)−(αi/q)
p

max(1, |yi|p)
dy =

m∏
i=1

∫
Qp

|yi|
−(1/qi)−(αi/q)
p

max(1, |yi|p)
dyi


=

m∏
i=1

∫
|yi |p≥1

|yi|
−(1/qi)−(αi/q)−1
p dyi +

∫
|yi |p<1

|yi|
−(1/qi)−(αi/q)
p dyi


=

m∏
i=1

∑
k≥1

∫
Sk

|yi|
−(1/qi)−(αi/q)−1
p dyi +

∑
k≤0

∫
Sk

|yi|
−(1/qi)−(αi/q)
p dyi


=

m∏
i=1

(1 − 1
p

)∑
k≥1

pk(−(1/qi)−(αi/q)) +

(
1 −

1
p

)∑
k≤0

pk−k((1/qi)+(αi/q))


=

(
1 −

1
p

)m m∏
i=1

∑
k≥1

pk(−(1/qi)−(αi/q)) +
∑
k≥0

pk((1/qi)+(αi/q)−1)


=

(
1 −

1
p

)m m∏
i=1

∑
k≥1

pk(−(1/qi)−(αi/q)) +
∑
k≥0

pk((1/qi)+(αi/q)−1)


=

(
1 −

1
p

)2m

·

m∏
i=1

1(
1 − p−(1/qi)−(αi/q)) (1 − p(1/qi)+(αi/q)−1) ,

where the series converge due to 0 < (1/qi) + (αi/q) < 1, i = 1, 2, . . . ,m.

Corollary 4.4. (i) Maintain the assumptions of the Theorem 1.2, Pp
⊗

is bounded from Lq1 (Qp, |x|
α1q1/q
p ) × · · · ×

Lqm (Qp, |x|
αmqm/q
p ) to Lq(Qp, |x|αp ) if and only if 0 < (1/qi) + (αi/q) < 1, i = 1, 2, . . . ,m. In addition,

‖Pp
⊗
‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp ) =

(
1 −

1
p

)m

·

m∏
i=1

1
2

+

∞∑
k=1

(
p−((1/qi)+(αi/q)−1)k + p((1/qi)+(αi/q))k

1 + pk

) .
(ii) Maintain the assumptions of the Theorem 1.4, if 0 < −α

(
1
qi

+ λi

)
+ 1

qi
+

βi

q < 1, then Pp
⊗

is bounded from

Lq1,λ1 (Qp, |x|
β1q1/q
p ) × · · · × Lqm,λm (Qp, |x|

βmqm/q
p ) to Lq,λ(Qp, |x|

β
p). Moreover, if λ1q1 = · · · = λmqm and α > 0, then

‖Pp
⊗
‖Lq1 ,λ1 (Qp,|x|

β1q1/q
p )×···×Lqm ,λm (Qp,|x|

βmqm/q
p )→Lq,λ(Qp,|x|

β
p) =

(
1 −

1
p

)m

·

m∏
i=1

1
2

+

∞∑
k=1

(
p−δik + p(δi+1)k

1 + pk

) ,
where δi = −α

(
1
qi

+ λi

)
+ 1

qi
+

βi

q − 1, i = 1, . . . ,m.

Proof. By Theorem 1.2, Pp
⊗

is bounded on Lq(Qp, |x|αp ) if and only if

CP⊗ =

∫
Qm

p

m∏
i=1

|yi|
−(1/qi)−(αi/q)
p

1 + |yi|p
dy < ∞.
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Since series
∞∑

k=1
p−((1/qi)+(αi/q))k and

∞∑
k=0

p((1/qi)+(αi/q)−1)k converge when 0 < (1/qi) + (αi/q) < 1, i = 1, 2, . . . ,m, we

have

CP⊗ =

∫
Qm

p

m∏
i=1

|yi|
−(1/qi)−(αi/q)
p

1 + |yi|p
dy

=

m∏
i=1

 ∑
1≤k<∞

∫
Sk

|yi|
−(1/qi)−(αi/q)
p

1 + |yi|p
dyi +

∑
−∞<k≤0

∫
Sk

|yi|
−(1/qi)−(αi/q)

1 + |yi|p
dyi


=

(
1 −

1
p

)m

·

m∏
i=1

∑
1≤k

p−((1/qi)+(αi/q)−1)k

1 + pk
+

∑
k≤0

p−((1/qi)+(αi/q)−1)k

1 + pk


=

(
1 −

1
p

)m

·

m∏
i=1

 ∞∑
k=1

p−((1/qi)+(αi/q)−1)k

1 + pk
+

∞∑
k=0

p((1/qi)+(αi/q))k

1 + pk

 < ∞.
Therefore,

‖Pp
⊗
‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp )

=

(
1 −

1
p

)m

·

m∏
i=1

 ∞∑
k=1

p−((1/qi)+(αi/q)−1)k

1 + pk
+

∞∑
k=0

p((1/qi)+(αi/q))k

1 + pk


=

(
1 −

1
p

)m

·

m∏
i=1

1
2

+

∞∑
k=1

(
p−((1/qi)+(αi/q)−1)k + p((1/qi)+(αi/q))k

1 + pk

) .

Corollary 4.5. (i) Maintain the assumptions of the Theorem 1.2, Pp
¬⊗

is bounded from Lq1 (Qp, |x|
α1q1/q
p ) × · · · ×

Lqm (Qp, |x|
αmqm/q
p ) to Lq(Qp, |x|αp ) if and only if αi < q(1 − (1/qi)) and −1 < α. In addition,

‖Pp
¬⊗
‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp ) = CP¬⊗ .

(ii) Maintain the assumptions of the Theorem 1.4, if −α
(

1
qi

+ λi

)
+ 1

qi
+

βi

q < 1 and α
(

1
q + λ

)
−

1
q −

β
q < 0, then

Pp
¬⊗

is bounded from Lq1,λ1 (Qp, |x|
β1q1/q
p ) × · · · × Lqm,λm (Qp, |x|

βmqm/q
p ) to Lq,λ(Qp, |x|

β
p). Moreover, if λ1q1 = · · · = λmqm

and α > 0, then

‖Pp
¬⊗
‖Lq1 ,λ1 (Qp,|x|

β1q1/q
p )×···×Lqm ,λm (Qp,|x|

βmqm/q
p )→Lq,λ(Qp,|x|

β
p) =

(1 − p−1)m(1 − q−m)
(1 − p−δ)

∏m
i=1(1 − pδi )

,

where δ = −α
(

1
q + λ

)
+ 1

q +
β
q and δi = −α

(
1
qi

+ λi

)
+ 1

qi
+

βi

q − 1, i = 1, . . . ,m.

Proof. By Theorem 1.2, Pp
¬⊗

is bounded on Lq(Qp, |x|αp ) if and only if

CP¬⊗ =

∫
Qm

p

∏m
i=1 |yi|

−(1/qi)−(αi/q)
p

(1 + |y1|p + · · · + |ym|p)m dy < ∞.

Clearly,

|(1, y1, y2, . . . , ym)|mp ≤ (1 + |y1|p + · · · + |ym|p)m
≤ mm

|(1, y1, y2, . . . , ym)|mp .
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Thus, CP¬⊗ is convergent if and only if∫
Qm

p

∏m
i=1 |yi|

−(1/qi)−(αi/q)

|(1, y1, y2, . . . , ym)|mp
dy < ∞.

Then, by Corollary 4.2, we have that the operator Pp
¬⊗

is bounded on Lq(Qp, |x|αp ) if and only if αi < q(1−(1/qi))
and −1 < α. Hence,

‖Pp
¬⊗
‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp ) = CP¬⊗ .
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